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PREFACE. 



Ten- years ago the author presented to the public his 
Treatise on Algebra, a comprehensive theoretical and 
practical work. The generous favor with which that 
book has been greeted, some forty editions having been 
sold, indicates that he in some degree provided for the 
wants of classes in that department. 

But it has been noticed that, in consequence of the 
improved condition of our public schools at the present 
time, pupils are enabled to complete their arithmetical 
studies at a comparatively early age ; and in consequence, 
a demand has arisen for an easy algebraic course to 
follow. To meet this growing demand, this work has 
been prepared. 

While the aim has been to render the course easy 
and simple, great care has been taken that this should 
not be secured at the expense of strength and thor- 
oughness. . 

The analytic method has been pursued, with a view 
to a strictly logical development of the science, it being 
believed that one of the principal benefits of the study 
of mathematics is to teach the learner how to reason 
with elegance and exactness. 

Brief articles on the Discussion of Problems, Ration- 
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alization, Radical Equations, and the Theory of Quad- 
ratic Equations, have been inserted to render the course 
more complete and better suited to the range of classes 
in academies as well as in common schools. 

Every effort has been made to include valuable im- 
provements, and all that is required by the best stand- 
ards of instruction. To this end, the latest foreign works 
on the subject have been examined and compared, and 
the most prominent practical teachers of this country 
freely consulted. 

Especial credit is here due to H. B. Maglathun, A.M., 
who has been associated with the author in the prepara- 
tion of this book. To his correct scholarship, discrim- 
inating judgment, and ability as a mathematician, the 
value of this treatise is chiefly due. 



NOTE TO TEACHERS. 



In general, pupils who may have mastered the author's Com- 
mon School Arithmetic, his New Practical Arithmetic, or any 
other similar book, are prepared to enter upon the study of this 
elementary course of Algebra. 

For the convenience of those who require a less extended 
course, several articles and some problems, in the present edi- 
tion of this work, have been marked by a *, to be omitted at 
the option of the teacher. Among the material thus marked, 
will be noticed, Greatest Common Divisor of Polynomials, Art. 
99 ; Interpretation of Negative Results, Zero* and Infinity, etc., 
.Art. 179-184; Cube Root of Polynomials, Art. 226; Radical 
Equations of the Quadratic Form, Art. 277, 278 ; Theory of 
Quadratic Equations, Formation of Equations, Discussion of the 
General Equation, Art. 289-297. Other articles can be also 
omitted, if desirable, without marring the unity of the work. 

This book, therefore, can be equally well used as an abridged 
course, or as a complete algebra, which is an advantage that 
other similar manuals do not often present 

Boston, October, 1872. 
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ELEMENTARY ALGEBRA. 



DEFINITIONS AND NOTATION. 

1. Quantity is anything that can be measured; as dis- 
tance, time, weight, and number. 9 

2. The Unit of quantity is one of the same kind as the 
quantity, taken as the standard, or unit of measure. 

3* Mathematics is the science of quantities and their 
relations. 

Letters and other characters used in mathematics, to indicate 
quantities, and signs used to denote their relations, or operations 
to be performed, are called symbols. 

4. Algebra is that branch of mathematics in which quanti- 
ties considered are represented by letters or other symbols ; their 
relations are investigated, and the reasoning is abridged, by 
means of signs. 

5. Addition is indicated by an erect cross, +» called 
plus. Thus, 10 -f- 4, read ten plus four, signifies that 
10 and 4 are to be added. 

. 6. Subtraction is indicated by a short horizontal line, 
— , called minus. Thus, 10 — 4, read ten, minus four, 
signifies that 4 is to be subtracted from 10. 

Define Quantity. Unity of Quantity. Mathematics. Algebra. How is 
Addition indicated 1 Subtraction ? 
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7« Multiplication is indicated by an inclined cross, X. 
Thus, 8X2 signifies that 8 and 2 are to be multiplied 
together. 

In Algebra, the inclined cross is usually omitted, ex- 
cept between two arithmetical figures, separated by no 
other sign, and the absence of any sign indicates multi- 
plication. Thus, a b signifies that a and b are to be mul- 
tiplied together. 

Note. Sometimes a period is used in place of the inclined cross; 
but this should never be done when there is danger of mistaking it for 
the decimal point. Thus, a . b signifies that a and 6 - are to be mul- 
tiplied together, and 2.3.5.7 indicates that 2, 3, 5, and 7 are to be mul- 
tiplied together ; but 2 . 3 would be read two and three tenths, unless the 
connection made it obvious that multiplication was intended. 

8. Division is indicated by a horizontal line, with one 
dot above and another below, -v-. Thus, 8 -f- 2 signifies 
that 8 is to be divided by 2. 

Division is otherwise often indicated by writing the 
dividend above and the divisor below a horizontal line, 
in the form of a fraction. Thus, f signifies the same as 
8-5-2. 

Note. In expressing the ratio of two quantities in a proportion, the 
line of the sign -§- is omitted, and the two dots (:) are used to imply a 
division of one quantity by another. 

9. Equality is indicated by two short horizontal lines, 
=. Thus, 10 + 6 ^= 16 signifies that the sum of 10 
and 6 is equal to 16. 

Note. In writing a proportion, the f quality of ratios is usually indi 
cated by four dots (: ;). 

10. Inequality is indicated by the angle >, or <, the 
opening being towards the larger quantity. Thus, 12 + 
5 > 14 signifies that the sum of 12 and 5 is greater 

How is Multiplication indicated ? Division ? Equality ? Inequality ? 
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than 14 ; and 14 < 12 + 5 signifies that 14 is less 
than the sum of 12 and 5. 

11, A Parenthesis, ( ), or a Vinculum, , is used to 

include quantities which are to be considered together, or 
subjected to the same operation. Thus, (4-|-2-{-6) X 3 
signifies that the sum of 4, 2, and 6 is to be multiplied 
by 3 ; and 9 — 5-7-2 signifies that the difference of 9 
and 5 is to be divided by 2. 

1 Examples. 

1. 9 -f- 16 + 11 indicates how many? Ans. 36. 

2. It — 6 -f- 3 indicates how many? / ^ 
\ 3. 25x3 + 6 — 2 = how many? ; Ans. 79. 

4. 56 -7- 7 + 2 indicates how many ? / [) 

5. !i±i + 20 = how many ? Ans. 29. 

Of — ^ 1 = how many? Ans. 1. 

„ 16 X 11 32 + 13 . ,. , , 9 

7. — ^ — indicates how many? / 

8. Find the value of (17 — 5) X 8. Ans. 96. 

9. Find the value of 108 + 12 -f- (16 — 4.) Jc 

ln A ,, 27 + 6 , 115 + 35 , ^ * A 

10. Add — +- and ^ h 41. Ans. 50. 

11 25 ' 

11. Subtract (19 ~~2 X 10 from ( 81 ~ 63 ^ X 6 * 

12. Show that — ™— + 14 > 3 X 4. / 

13. Show that (1137 — ' 869) -*- 67*'< (101 + 37) 
•f- 23.' ' 

How is a Parenthesis or a Vinculum used? 



10 ELEMENTARY ALGEBRA. 

ALGEBRAIC NOTATION. 

12. Algebraic Notation is of a mixed character, con- 
sisting principally of the figures of Arithmetic and of 
the letters of the alphabet. 

13* Figures of Arithmetic are used to represent known 
quantities and determined values. 

14, Letters are used to represent any quantity what- 
ever, known or unknown. 

15* Known Quantities, or those whose values are 
given, are generally represented by the first letters of 
the alphabet, as a, b, c. 

Unknown Quantities, or those whose values are to be 
determined, are generally represented by the last letters 
of the alphabet, as x, y, z. 

16* Numerical Quantities are those represented by fig- 
ures. 

Literal Quantities are those represented by letters. 

17. Factors are quantities which are to be multiplied 
together. 

18. A Coefficient of a quantity is a figure or letter 
prefixed to it, to show how many times the quantity is 
to be taken. Thus, in* 4 a = a -f- a -f- a + a, 4 is the 
coefficient of a, and indicates that a is taken 4 times ; in 
bx, b is the coefficient of x, and indicates that x is 
taken b times ; >iftl in 5 c y, 5 may be regarded as the 
coefficient of cy, or 5 c as the coefficient of y. 

When no^tfbefficient of a quantity is written, 1 is un- 
derstood to be its coefficient. Thus, a is the same as 
1 a, and x y is the same as 1 x y. 

Of what does Algebraic Notation consist ? What are Figures used to rep- 
resent? Letters? How are Known Quantities represented? Unknown 
Quantities ? Define Numerical Quantities. Literal Quantities. Factors. 
A Coefficient. 
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As 4o indicates that four a'a are to be added to- 
gether, or that a is to be taken four times, it is evident 
that a and 4 are to be multiplied together. The expres- 
sion bx also indicates that x is to be multiplied by b. 
Hence, when a figure and a letter, or two letters, are 
separated by no sign, multiplication is understood, and 
the quantities are to be used as factors. (Art. 7.) 

Note. This method of expressing multiplication cannot be extended to 
figures separated by no sign. Thus, 82 could not be used to denote the 
product of 8 and 2, because that form is already appropriated in Arithmetic 
to eighty-two, or the sum of 8 tens and 2 units. 

In such expressions as 8 (2 + 3), multiplication is understood, for the 
figures 8 and 2 are separated by a sign. 

19. An Exponent is a figure or letter written at the 
right and above a quantity, to indicate the number of 
times the quantity is taken as a factor. Thus, x X & 
•X x, or xxx, may be written x 8 , in which 3 is the 
exponent of x, and indicates that x is taken 3 times as 
a factor. 

If the minus sign is prefixed to an exponent, it indi- 
cates that the quantity is to be used as a divisor. Thus 

a* 1 

a 2 b" 1 c~ 8 is the same as =—=, and x" 2 is the same as 3 . 

Unless a parenthesis or vinculum is used, an exponent 
affects only the single letter or figure to which it is 
affixed. Thus, in the expression 3a& 2 , the 2 affects 
only the b. If it were to extend its power to the whole 
expression, it would be written thus, (3a&) 2 . 

Note. It will be observed that the coefficient and exponent both sig- 
nify how many times a quantity is taken. The one, however, denotes 
that it is taken as" an additive quantity, the other as & factor. Thus, 5 a 
denotes 5 a's added together, ora + fl + fl + fl + fl, while a* de- 
notes 5 o's multiplied together, or aXaXaXaX a. 

What does the absence of any sign between two quantities indicate? 
Define an Exponent. How far does the power of an exponent extend ? 
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2t. A Power #f any quantity is the product #btained 
by taking that quantity one or more times as a factor, 
and is expressed by an exponent. Thus, 

a X a = a 2 , read a square, is the second power of a ; 

o> X X Q> = a 3 , read a cube, is the third power of a ; 

<*' X a X «X a = a 4 , read a fourth, is the fourth pow- 
er of a. 

When a quantity has n# exponent written, it is under- 
stood' to be the first pfwer. Thus, a is the same as a 1 , 
or the first power of a. 

Note. The relation of a power to a product is similar to that of a 
product to a sum. The addition of equal quantities, or of a quantity to 
itself, is multiplication; and the multiplication of equal quantities, or of 
a quantity by itself, is raising to a power. Thus, 3 a is either the sum 
of three o's, or the product of 3 and a ; and a 3 is either the product of 
three a's, or the third power of a. 

21. A Root* of any quantity is a factor which, taken a 
certain number #f times, will form that quantity. Thus, 

a is the second #r square root of a 2 , since a X « = a 8 ; 
a is the third or cute root of a 8 , since a X & X a = a 3 ; 
a is the fourth root #f a 4 , since aX«XaXa = a 4 - 

22. The Radical Sign, \/, when prefixed t# a quantity, 
indicates that the root is to be taken. Thus, 

s/ a indicates the second or square root of a ; 

\f a indicates the third or cube root of a ; 

4/ a indicates the fourth root of a. 

The index of the root is the figure or letter written 
over the radical. Thus, 2 is the index of the square 
root, 3 of the cube root, and so on. 

When the radical has no index over it, 2 is under- 
stood. Thus, \/a is the same as \/a. 

A fractional exponent is also used to indicate a root. 

Define a Power. A "Boot. What does the Radical Sign indicate * 

Define an Index of the root. 
\ 

\ 
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Thus a? indicates the square root of a, and a? indicates 
the cube root of a. The numerator of the exponent de- 
notes the power, and the denominator the root. Thus, 
6* indicates the fifth power of the fourth root of b, or 
the fourth root of the fifth power of b. 

algHebraic expressions. 

* 

23* An Algebraic Expression is a quantity written in 
algebraic language. Thus, 

2 a is the algebraic expression for 2 times the num- 
ber a. 

3 a 2 is the algebraic expression for 3 times the square 
of the number a. 

5 a -f- 1 b s is the algebraic expression for 5 times a, 
augmented by T times the cube of b. 

24. The Terms of an algebraic expression are its parts 
connected by the signs + or — • Thus, 

a and 6 are the terms of the expression a -f- b ; 

2 a, b 2 , and — 2 a c, of the expression 2 a -\- b 2 — 2 a c. 

25* The Degree of a term is the number of literal fac- 
tors which it contains. Thus, 

3 a is of the first degree, since it contains but one lit- 
eral factor. 

ab is of the second degree, since it contains but two 
literal factors. 

5 a b 2 is of the third degree, since it contains but 
three literal factors. 

The degree of any term is determined by adding the 
exponents of its several letters. Thus, 

3 a b 2 c 3 is of the sixth degree, since 1 -f- 2 + 3 = 6. 

What does a fractional exponent indicate ? ,. Define an Algebraic Ex- 
pression. The Terms of an algebraic expression. Degree of a term. 

2 . 
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26. A Monomial is an algebraic expression consisting 
of only one term ; as, 5 a, lab, or 3 b 2 c. 

27. A Polynomial is an algebraic expression consist- 
ing of more than one term ; as, 

a + 6, or 3a 2 + 6 — 5 ft 8 . 

28. A Binomial is a polynomial of two terms ; as, 

. a — b, 2a+6 2 , or $ac* — b. 
29* A Trinomial is a polynomial of three terms ; as, 

a-{-b-\-c, or ab-\-c 2 — fc 8 . 
30, Homogeneous Terms are those of the same degree. 
Thus, the terms a 2 , 3 6 c, — 4 x 2 are homogeneous. 
A polynomial is homogeneous when all its terms are 
homogeneous. Thus, the polynomial a 8 -f- a 6 c — #* is 
homogeneous. 

31 • Positive Terms are those having the plus sign ; as, 
-\-a, or -{-ab?. 

When a term has no sign written, it is understood to 
be positive. Thus, a is the same as -\-a. 

32* Negative Terms are those having the minus sign ; 
as, — a, or — 2 be 2 . This sign should never be omitted. 

33* Similar or Like Terms are those containing the 
same letters, affected by the same exponents. 

Thus, 2xy and — T xy are similar terms; 

also, 3 a 2 b 3 and 9 a 2 6 s are similar terms. 

34. Dissimilar or Unlike Terms are those containing 
different letters or exponents. 

Thus, a b and a d are dissimilar terms ; 

also, bx 2 y and bxy 2 are dissimilar terms. 

35* The Keciprocal of a quantity is 1 divided by that 
quantity. 

Define a Monomial. A Polynomial. A Binomial. A Trinomial. 
Homogeneous Terms. Positive Terms. Negative Terms. Similar Term* 
Dissimilar Terms. A Reciprocal of a quantity. 
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Thus, the reciprocal of a is -, and of x-{-y is -j^-« 

Note. The reciprocal of a fraction is that fraction inverted. Thus, ~ 
is the reciprocal of — . 

The following examples will serve for an exercise on 
the preceding principles. 

Examples. 

Put in the form of algebraic expressions : — 

1. Three times b, added to two times o. 

Ans. 2 a + 3 b. 

2. Three times b, subtracted from five times a. 

Ans. 5 a — 3 6. 

3. -The sum of a and b, diminished by c. 

Ans. a -\- b — c. 

4. The sum of x and two times y, diminished by z. 

5. a plus the product of 6' and c, minus *d. 

Ans. a -f- be — d. 

6. The sum of a and b multiplied by the difference of 
c and d. ' Ans. (a-\-b) (c — d). 

T. Five times b, divided by four times c. 

56 

Ans. — . 

4c 

8. Four times a, divided by three times c. 

9. a diminished by b, divided by a multiplied by b. 

10. a plus b, multiplied by c into d. 

Ans. (a-\-b) cd. 

11. Two times a, plus the quotient of b divided by c. 

12. Six times a square into b cube, plus three times 
c square into d cube. Ans. 6 a 2 6 8 -|- 3c 2 ^ 8 . 

13. a fourth power minus b fifth, divided by a minus 
b square. 
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14. Two a square, into a minus b, into c plus d, plus 
c cube. Ans. 2 a 2 (a — b) (c + d) + <?. 

15. Fifteen a cube plus b fifth, divided by a square 
minus b square, plus two c. 

16. The reciprocal of c minus d, plus two a square, 

minus b cube. Ans. - — -7 + 2 a 2 — 6 s . 

c — a ■ 

17. The reciprocal of a into b square, minus the recip- 
rocal of a square plus c square. „t ^ - < > • (\ ? ■ 

18. The square root of a, plus the square root of b. 

Ans. \f a-{-\/b. 

19. The cube root of a, minus 6. Ans. \/a — b. 



20. The square root of a minus b. Ans. \/ a — b. 

21. The cube root of x, minus the square root of x. 

22. Write a polynomial of three terms, with its third 
term negative. 

23. Write a homogeneous binomial of the first de- 
gree ; a homogeneous trinomial of the third degree, with 
its second term negative. » . 

X INTERPRETATION OF ALGEBRAIC EXPRESSIONS. 

36* The Interpretation of an algebraic expression con- 
sists in rendering it into arithmetic, by means of the 
numerical values assigned to its letters. 

37« The Numerical Value of an algebraic expression 
is the result obtained by substituting for its letters their 
numerical values, and then performing the operations 
indicated. 

Thus, the numerical value of 

' 4a + 36c — d, 

What is the Interpretation of an algebraic expression ? Row is its 
Numerical Value obtained ? 
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when a = 4, 6 = 3, c = 5, and d = 2, 

is 4X4 + 3X3X5 — 2 = 59. 

Examples. 

Interpret and give the numerical values of the follow- 
ing expressions, when ' 

a = 12, 6 = 3, c = 2, d =4, m == 5, n = 9. 

1. y+i—^+d.^ 

2. y o^+.c — A - y 

3. 42_5&_|_4 C _7<J. =- 

6. f+» + £jC * 

-8. 2c(a — 5) — (5 + c)rf. 

12. Find the value of c 4 — 4 c 8 -f- 3 c — 6, when c = 4. 

13. If a = 6, 6 = 5, ,c==4, rf = l, a; =- 0, find the 
value of Ik* -\-(b — c) (d — x). Ans. 253. 

14. If ^=4. 6==2, c = 3, d = l f find the value of 
ibH—1 (6 + c — <?). Ans. 32. 

15. If x = 3 and y = 5, find the value of 

(9-fo(i + l) + (*' + 5)($ + f)-112. ^ 

16. If 6 = 2, c==3, d=l, find the value of 

*/Sb*+ VTOOd*- V 2^ Ans. 5. 

IT. If a = 6, 6 = 5, c = 4, find the value of 

2 a s/b-— dct+ A/2a§-\-$. Ans. 20. 

& 2* 



Ans. 


IT. 


Ans. 


34. 




/S 


Ans. 


54. 


Ans. 


166. 


Ans. 


48. 




O 


Ans. 


16. 


Ans. 


507. 


Ans. 


29. 


Am 


». 9. 
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18. If o = 2, b = 3, c = 4, find the value of 

V27T2-^/2/+V2a?- Ans. 9. 

19. If o=10, 5 = 8, x =12, y = 4, find the value of 
[11+ tiy (x+y) — (a — fy # (* — y). Ans. 38. 

AXIOMS. 

38* An Axiom is a self-evident truth. 
Algebraic operations are based upon definitions and 
the following axioms : — 

1. If the same quantity, or equal quantities, be added 
to equal quantities, the sums will be equal. 

2. If the same quantity, or equal quantities,, be sub- 
tracted from equal quantities, the remainders will be 
equal. 

3. If equal quantities be multiplied by the same quan- 
tity, or equal quantities, the products will be equal. 

4. If equal quantities be divided by the same quan- 
tity, or equal quantities, the quotients, will be equal. 

5. If the same quantity be both added to and sub- 
tracted from another, the value of the latter will not be 
changed. 

6. If a quantity be both multiplied and divided by an- 
other, the value of the former will not be changed. 

*l. Quantities which are equal to the same quantity 
are equal to each other. 

8. Like powers and like roots, of equal quantities, are 
equal. 

9. The whole of a quantity is equal to the sum of all 
its parts. 



^ 



efine an Axiom ? Upon what are algebraic operations based ? Re- 
peat the axioms given. 
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ALGEBRAIC PROCESSES. 

39. The Processes of Algebra, in general, are only 
those of Arithmetic extended, or rendered more compre- 
hensive by the aid of letters taken in combination with 
figures. (Art. 12.) 

The processes of Algebra are employed in the demon- 
stration of theorems and in the solution of problems. 

40* A Theorem is the statement of some relation or 
property, the truth of which is required to be demon- 
strated. 

41 . A Problem is a question proposed for solution, or 
something to be done. 

42. An Equation is the expression of equality between 
two quantities* Thus, 

x = a — b, 

is an equation, expressing equality between x and a — b. 

43* The First Member of an equation is the quantity 
on the left of the sign of equality ; and 

The Second Member is the quantity on the right of 
that sign. Thus, in the equation, 

5x-\-y = b-\-c, 
5 x -\- y is the first member, and b -f- c is the second. 

44* The Solution of a problem or question by Algebra, 
consists of two parts. 

1. In stating the question, by expressing its conditions 
in the form of an equation. 

2. In solving the equation, by finding the value of the 
unknown quantity. 

What is said of the Processes of Algebra? Define a Theorem. A 
Problem. An Equation. The First Member of an equation. The Second 
Member. Solution of a problem. 
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Hence, the solution of the equation is the solution of 
the problem. 

45* The Verification of the value found for the un- 
known quantity, is the process of proving that it will 
satisfy the conditions of the question. 

Thus, in the equation, 

2* = 9 + 5, 
if the value of x be found to be 7, it may be verified by 
substituting 7 for x, and showing that 

2Xt=9 + 5. 

46* To show some of the simpler algebraic forms and 
processes pertaining to the solution of problems, there 
are introduced the following 

Examples. 

1. The sum of the ages of two boys is 21 years, and 
the age of the older is twice that of the younger ; what 
is the age of each ? 

SOLUTION. In this question, if the age 

T , fAl „ ^ of the younger were known, 

Let x — age of the younger ; ,,,-,,,. . ' 

2 x — a«e of the older • We ° 0U d ' by dcmblm & * 

A x — age ol tne older , obtain ^ rf ^ older 

3* = 21 years. The age of the younger, 

x = 7 years, the younger ; theni may ^ regarded as 
2 x = 14 years, the older. the unknown quantity. 

verification. 7 + 14 = 21. We therefore represent 

the age of the younger by 
x ; then, as the age of the older is twice that of the younger, 2 x 
will represent the age of the older ; and x + x 2 x, or 3 x, will rep- 
resent the sum of their ages, which, by the conditions of the ques- 
tion, is 21 years. Hence, if 3 a; equals 21 years, a:, the age of the 
younger, must be one third of 21 years, or 7 years; and 2i, the 
age of the older, must be 2 times 7 years, or 14 years. 

Define the Verification of the value of an unknown quantity. Explain 
the operation. 
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2.- John had "45 cents; after spending a part of them, 
he found he had twee as many left as he had spent; 
how many cents had he spent? Ans. 15 cents. 

3. James and William together have 56 apples, and 
one has as many as the other ; how many has each ? 2 $ 

4. A tree 60 feet high was broken at such a point 
that the part broken off was 3 times the length of the 
part left standing ; required the length of each part. 

Ans. Part left standing, 15 ft. ; part broken off, 45 ft. 

5. The .greater of two numbers is 5 times the less, and 
their sum is 126 ; required the numbers. 

Ans. Less number, 21 ; greater number, 105. 

6. My horse and chaise together are worth $340, and 
the horse is worth 3 times as much as the chaise ; what 
is each worth ? Ans. Chaise, $ 85 ; horse, $ 255. 

• 7. A gentleman divided property, amounting to $2500, 
between his two sons, A and B, and gave B 4 times as 
much as he gave A ; how much did he give to each ? 

Ans. A, $500; B, $2000. 

8. The sum of three numbers is 72; the second is 
equal to twice the first, and the third is equal to three 
times the first; what are the numbers? 

SOLUTION. We represent the first 

Let x = first number; numb f * *' * hen ' M the 

, . second number is twice the 

2 x = second number ; 



Sx = third number. 



first, 2x will represent the 
second; as the third num- 
® x = • 2. Der j s three times the first, 

x = 12, first number ; $ x will represent the third; 

2 x = 24, second number ; and x -f- 2 x -f- 3 x, or 6 x, 

3 a; = 36, third number. will represent the sum of 

verification. 12 + 24 + 36 = 72. *" three numbers ' which ' b * 

the conditions of the question,. 

•^< 5?_>» 

Explain the operation. 
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is 72.' Hence, if 6x equals 72, x, the first number, must be one 
sixth of 72, or 12; 2ar, the second nunber, must be 2 times 12, 
or 24 ; and 3 x, the third number, must be three times 12, or 36. 

9. It is required to divide $ 300 among A, B, and C, 
so that B and G may each have twice as much as A. 
.How many dollars will each have? 

Ans. A's share, $ 60 ; B's share, $ 120 ; C's share, $ 120. 

10. Henry bought some apples, pears, and oranges, 
for 63 cents ; he paid for the pears 2 times as much as 
for the apples, and for the oranges 4 times as much as 
for the apples ; what did he pay for each kind of fruit ? 

11. The sum of the ages of A, B, and C is 78 years; 
but B's age is twice that of A, and C's is equal to the 
sum of A's and B's ; what is the age of each ? 

Ans. A's, 13 years ; B's, 26 years ; C's, 39 years. 

12. A farmer sold a sheep, cow, and horse for $ 180 ; 
the cow brought 7 times as much as the sheep, and the 
horse 4 times as much as the cow ; bow much did he 
get for each? 

Ans. Sheep, $ 5 ; cow, $ 35 ; horse, $ 140. 

13. The sum of three numbers is 350 ; the second is 
four times the first, and the third is one half the sec- 
ond ; what are the numbers ? 

Ans. First, 50 *, second, 200; third, 100. 

14. John traveled 84 miles in 3 days ; he traveled 3 
times as far the second day as the first, and half as far 
the third day as the first two days together; how many 
miles did he travel each day ? 

Ans. First, 14 miles ; second, 42 miles ; third, 28 miles. 

15. Three men together contributed for the aid of 
wounded soldiers, $ 600. A gave a certain sum, B gave 
4 times as much, and C gave an amount equal to the 
difference between what the other two gave. How much 
did each contribute ? Ans. A, $ 75 ; B, $ 300 ; C, $ 225. 
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ADDITION. 

47. Addition, in Algebra, is the process of collecting 
two or more quantities into one equivalent expression, 
called* the sum. 

48. In algebraic addition there are three cases, de- 
pending upon the similarity and signs of the terms : — 

I. When the terms are similar,' and have the same 
sign. 

II. When the terms are similar, and have different 
signs. 

III. When the terms are dissimilar, or some similar 
and others dissimilar. 

CASE I. 

49. When the terms are similar, and have the 
same sign. 

I. John has 4 books, Edward 6 books, and James 1 
books ; how many books have they all ? 

operation. It is evident, by Arithme- 



4 books, 

6 books, 

7 books, 
IT books, 



or, 



a 7 tic, that the sum of 4 books, 

, 6 books, and 7 books is 17 

books. 
' Now, instead of writing 

17 b the word books, we may 

simply use the letter b ; or 
-we may represent one book by the letter b ; then, 4 b will rep- 
resent 4 books, 6 b will represent 6 books, and 7 b will represent 
7 books; and since 4 books -f- 6 books -f- 7 books =17 books, 
4b + 6b+7b=17b. . 

2. Let it be required to find the sum of — 45, — 6 5, 
and — lb. 

Define Addition in Algebra. How many Cases in algebraic addi- 
tion? Name them. Explain the first operation under Case I. 
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operation. In the same manner as in the pre- 

a * ceding operation, ( — 4 6) -\- ( — 6 6) 

fi t + ( — 7 6)= — 17 6; since, what* 

. ever 6 may represent, it is taken, in 

— the first term, — 4 times; in the sec- 

— IT ^ ond, — 6 times; and in the third, 
— 7 times ; or, in all, — 17 times. 



Hence, when the terms are similar and have the same 
sign: 

RULE. 

Add the coefficients, and to (heir sum, with the common 
sign, annex the common letter or letters. 

Note. It mast be remembered, that when a quantity has no coef- 
ficient written, 1 is understood (Art. 18), and that when a term has 
no sign written, + is understood (Art. 31). 

Examples. 
(3.) (4.) (5.) (6.) 





2a 


4ax 


2xy 


— 3a6c 






3a 


2ax 


f zy 


— / a6c 






5a 


f ax 


i *y 


— babe 






a 


6 ax 


Ixy 


— 2abc 






la 


5 ax 


2xy 


— 8a6c 






6a 


2ax 


l*y 


— 4a6o 






24 a 


20ax 


14: xy 


— 23 a 6 c 






(7.) 


(8.) 


(9.) 


(10.) 






— ±bx 


6 ran 2 


2a + 6 


3c 2 d — a 8 *? 






— Ibx 


5. ran 2 


/a + 6 


' c 2 d- r a s c 






— 35a; 


/ ran 2 


4a + 6 


2c l d — d i c 






— 26* 


3 ran 2 


la + b 


5c 2 d — a*c 






— 56a; 


2 raw 2 


Sa + b 


fc 2 d — c?c 






-- 2/// 


//-))\ 'V- 


l)Ct •/ •/ 


■/in- /.-.-. 






Explain the operation. 


Repeat the Rule. The Note. , 
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11. What is the sum of — 6n, — 4n, — n, — Sn, 
and — 12 n ? v Ans. — 31 n. 

12. What is the sum of 5x, 2x, x, 3x, 4c x, %x, x, 
and 8 a:? Ans. 30 a. 

13. What is the sum of 2x-\-3y, x-\-$y, 3x-{-y, 
6x-\-2y, x-\- 4 y, and 4 x + y ? Ans. IT x -\- 19 y. 

14. What is the sum of 7 a 2 — b, 3 a 2 — 3 b, 6 a 2 — 2 b, 
2a 2 — b, 4a 2 — 6*, and a a — 46? Ans. 23a 2 — IT b. 

CASE IL 

50. When the terms are similar, and have differ- 
ent signs. 

1 . Let it be required to add + 8 a, — 5 a, -\-1 a, and 

Since the terms to be added are 

some positive and others negative, in 

finding their sum regard must be 

paid to their signs. Now, the signs, 

-f- and — indicate, not only opposite 

processes, but may be regarded as 

used to denote opposite qualities, 

effects, or conditions of quantities. 

Thus, if a merchant's gains are indicated by +, his losses will 

be indicated by — ; if distance north be reckoned -{-, distance 

south will be — , and so on. Hence, two equal quantities, of which 

one is positive and the other negative, will exactly balance, or cancel 

^each other. 

Now, in the. example, -|-8a+ 7a=*-|-15a; and — ba — 3 a,* 
or ( — 5a) + ( — 3a) = — 8a. But — 8a cancels + 8 a in the 
quantity -j- 15 a, which leaves -J- 7 a for the sum of the quantities. 

2. A merchant having a certain capital, in the first 
quarter of the year gained 6 a dollars, and in the second 
quarter gained 5 a dollars, but in the third and fourth 

Explain the first operation. 
3 




OPERATION. 


+ 6a, 


+ 5a, 


-to, 


— 9a, 



26 ELEMENTARY ALGEBRA. 

quarters lost 1 a and 9 a dollars. What was the result 
of the business at the end of the year ? 

We indicate the gains as positive, 
and their opposite, the losses, as neg- 
ative. 

The sum of — 9 a and — 7 a is 
— 16 a, and the sum of -f- 5 a and 
-{-6 a is + 11 a. But -\- 11 a can- 
— 5 a. eels — 11a in the quantity — 16 a % 

which leaves — 5 a, or a loss of 
5 a dollars. 

From the preceding operations, it appears that, 

The Algebraic Sum of a positive and a negative quantity 
is numerically the Difference of the two quantities, with the 
sign of the greater prefixed. 

Hence, when the terms are similar, and have different 
signs : 

RULE. 

Add the coefficients of the positive terms, and also the 
coefficients of the negative terms, and (o the difference of 
these sums, with the sign of the greater, annex the common 
letter or letters. 

Examples. 



(3.) 


(4.) 


(5.) 


(6.) 


3a 


4aa? 


2bx-\- Bby 


3 a 2 — 4*2/* • 


5a 


— 2ax 


Sbx— 2by 


** + xi? 


— 2a 


Sax 


— 5 bx -|- ±by 


_ 4 x * — 3 x j? 


la 


1 ax 


4tbx — by 


2x 2 + 2x'if 


— 4a 


Max 


— 6bx-\- Iby 

— 2bx + Uby 


X 2 — x\f 


9a 


> *'-*,* y 


7. What is the 


sum of a — b, — 2 


a — "lb, 1 a—'ltb, 


— 3 a + 3 b, — 8 a -f b t and a + 1 b ? 


Ans. — 4 a -|- b. 



Explain the second operation. What is the Algebraic Sum of a posi- 
tive and a negative quantity ? Repeat the Rule. 
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8. What is the sum of 5 cd 2 + 1 a 2 b, — 3 cd 2 — 5 a*b % 
9cd*—lQa 2 b, _4cd 2 + a 2 &? Ans. 7 cd 2 — la*b. 

CASE HI. 

51. When the terms are dissimilar, or some similar, 
and others dissimilar. 

1. What is the sum of 2 a, 5 b, and — act 

operation. If the given terms were similar, 

2 fl I a ac the addition could be performed by 

• uniting them into one (Art. 50) ; but 

the terms being dissimilar, we can only add them by writing them 
one after the other, with their respective signs ; which gives 2 a -f- 
5 b — ac. 

.2. What is the sum of Sa-{-b, —2a — 2b, and 

operation. We write similar terms in the 

oil same column, for convenience in per- 

9 9 , forming the operation. 

Beginning at the left, we find 

6q-|-36 — 2c -f3a — 2a+6a=7a, which we 

*T a -\- 2 b — 2 c write under the column added ; and 

-f-& — 2 6 + 36 = 4-2 6, which we 

write under the column added; and there being no term similar 

to — 2 c, we write it, with its proper sign, after the other terms 

obtained, and have as the entire sum, 7 a -|- 2 6 — 2c. 

Hence, since this case clearly includes the two pre- 
ceding cases, for the addition of algebraic quantities, the 
following 

GENERAL RULE. 

Write similar terms, with their proper signs, in the same 
column. 

Add each column, and to the results obtained annex (he 
dissimilar terms, with Jheir proper signs. 

. . — — ■ , - ■ 

Explain the first operation. The second. Repeat the Rale. 
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Note. It is immaterial in what order terms connected by -+- and — 
may stand, provided each term has its proper sign. Thus, — b + a is 
the same as a — 6. 

It is, however, more common to commence a polynominal with a posi- 
tive term, unless there is_a special reason for some other arrangement 

Examples. 

(3.) (4.) 

3 ax — by-\- a? 2 a; + 8 i/ 8 

ax-\-2by 6x — 41/ 8 — 2x* 

±ax — 3by + 2x* ^ 3^ -\- x* 

bby — x* — 4a? + t/ 8 — 3a 8 

$ax-\-Sby-\-2x 2 4z+8y 3 — 4 a 5 

5. What is the sum of — alP — c d\ — a #* -(- c d\ 

— Zab +crf 2 ,and5a^ + c(i a ? 

6 What is the sum of 3a: — 1 y-\-2z, 4= t/ — |— 6 2: — x, 

— 3 z — 2 1/ + a, and 4x-J-3z — yj 

Ana. 6x — 6 y -{- S z -{- a. 

7. Wliat is the simplest equivalent expression for 

— 5 ax + 2by — T, 3£y+18 — 4 z, ±ax — 9 — by, 
and26 + 3aa; — 2by? Ans. 2 ax + 2by + 28 — 4*. 

8. Add a*-f ax*+ bx + 2, 3 ** — 4a* 2 — 6 &xy+.T, 
and 3a 8 — 3aa 2 — T&x — 19. 

Ans. 7 a* — 6 ax 2 — 6bx — 6bxy — 10. 

9. Find the sum of 8 a 2 a; 2 — Sax, 7 a x — 5 x y, 

— hax -[- 9xy — ft 2 c 3 , and 2a 2 x 2 -{-xy. 

Ans. 10 a 2 x 2 — ax-\-bxy — P <?. 

52* Similar quantities, of any kind, may be added by 
taking the algebraic sum of their coefficients ; and quan- 
tities inclosed in a parenthesis may be considered as one 
quantity. (Art. 11.) 

1. What is the sum of 3 (a + b), 5 (a + b), and 
8 (a + b) ? 

Repeat the Note. How may quantities in a parenthesis be considered f 
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operation. We consider (a -|- b) as a single 

q ( JL.K\ quantity. Then, since 8 times, 5 . 

» , , A times, and 8 times any quantity, will 

p , i x equal 16 times that quantity, 

8 ( a + b ) 3 (a + b) + 5 (a -f 6) + 8 (a + b) 

16 (a + b) = 16 (a + &). 

2. Required the sum of 5 (a -|- #), 6 (a -(- #), 8 (a -|- ^)> 
3 (a + a;), and (a + x). Ans. 23 (a + x). 

3. Required the sum of 3 (x 2 — a), 2 (x* — a), — (x 3 — a), 
6(a*-a), and (a 2 -*). / /f/T l /J 

4. Find the sum of 4 \/ a — x, 3 \/ a — x, — 7 \/ a — x, . 
2\/a — a:, and \f a — a\ Ans. 3\/a — x. 

5. Find the sum of 7 y — 4 (a + 5), 6 i/ + 2 (a -f b), 
2y+(o + J), and 2/ — 3(a + »). 

Ans. 16 y — 4 (« + *)• 

6. Find the sum of 2 (x — y) 2 , 3 (x — i/) 2 , (a: — y) 8 , 

— (* — 2/) 2 + (* + 2/)> and (*•+ 2/)- 

Ans. 5 (x — i/) a + 2 (a; + y). 

53* When dissimilar terms have a common factor 
(Art. IT, 18), they may be added by annexing that fac- 
tor to the sum of its coefficients, inclosed in a paren- 
thesis. 

The quantity whose coefficients are added will then be 
considered as a single quantity. 

1. Required the sum of ax 2 , bx 2 , and ex 2 . 

operation. The terms, although dissimilar, have 

a a common factor, a^, which as such 

, « we use in the addition. Then, since a 

times, b times, and c times z* will 

equal z* multiplied by the sum of a, 



(a -\- b -\- c) x 2 h t an d c, we indicate the addition of 

a, b } and c, which are dissimilar, and, 

Explain the operation. How may dissimilar terms having a common 
factor be added ? Explain the operation. 
3* 
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inclosing the sum in a parenthesis, write it as the coefficient of 
jc*, and thus obtain the sum required. 

2. What is the sum of b x, abx, and 2 c x t 

Ans. (b + « b -\- 2 c) x. 

3. Find the sum of 3 ay, — -cy, and — 2 ay. 

Ans. (a — c) y 

4. What is the sum of (a-\-b) x and (a — c) x ? 

Ans. (2 a -|- b — c) x. 

5. What is the sum of (a -|- b) x, 2c x, and 2a;? 

Ans. (a + 6 + 2c + 2)ar. 

6. What is the* sum of a x + b and c a? + d ? 

Ans. (a -|- c) x + J + & 

7. Add ax-\-1m,1ax — 3 m, and £ x -\- 4 wi^ 

Ans. (8 a + i) a; + 8 w. 

8. Find the sum of ax 2 -\-<bx and c a? a — d x. 

Ans. (a -f c) ar 1 + (& — d) x. 

I 

SUBTKACTION. 

54. Subtraction, in Algebra, is the process of find- 
ing the difference between two algebraic quantities. 
The Subtrahend is the quantity subtracted. 

The Minuend is the quantity from which it is sub- 
tracted. 

The Difference, or Remainder, is the quantity left after 
the subtraction is performed. 

1 , # If I have 8 a dollars and give away 3 a dollars, how 
many shall I have left ? 

Define Subtraction in Algebra. Subtrahend. Minuend. Difference. 
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bb 
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operation Since 8 times any quantity less 3 

times the same quantity will equal 5 
times the quantity, 8a - 3 a «= 5 a. 
3 a It will be noticed that in express- 

5 a » ing the difference between the quan- 

tities, the sign of the subtrahend is 
changed from -f- to — . 

% l Let it be required to take 8 b from 5 b. 

We cannot, numerically, take 8 times 

any quantity from 5 times the same 

quantity. If we take 5 b from 5 6, 

° nothing will remain; there is yet, 

— 3 b however, a quantity, 3 b, to be sub- 

traded, with nothing to take it from, 

which we indicate by — 8 5. 

As in the previous example, the expression for the difference is 
5 b — 8 &, and this expression reduced to its simplest form, accord- 
ing to the rules of Addition (Art. 50), is — 3 6. 

3. A 'thermometer was observed to stand at one time 
• at IT degrees above zero, and at another time at 5 de- 
grees below ; required the difference in range. 

operation. ^ or degree we write a*, and indi- 

cate the range above zero as posi- 

' tive, and that below as negative. 

^ Then the difference of range, which 

-j- 22 d evidently must equal the degrees 

above zero plus those below, will be 

1 7 d -f- 5 d = 22 d, or 22 degrees. 

Here, as in the former operations, in expressing the difference, 
the sign of the. subtrahend is changed, but in this case from — 
to+. 

It will also be observed that the algebraic difference between two 
quantities may be numerically greater than either of them. 

4. Let it be required to take b -|- c from a. 

Explain the first operation. The second. The third. 
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operation. If we take b from a, the remainder 

is obviously a — b. But a is to be 
diminished by c, as well as b, conse- 
quently the true remainder will be 



a 

b + c 



<* — ° — c a — b diminished by c, or a — b — c, 

5. Let it be required to take b — c from a. 

operation. ^ we ta ^ e * ^ rom °» we ODtam 

a — &. But, in doing this, we subtract 

a c too much, consequently the true re- 

g mainder will be a — 6 increased by 

a — b -\- c c, or a — 6-f-c. 

Now, in performing each of the 

above operations, we have simply changed the signs of the sub. 

trahend, and then added it to the minuend. 

In like manner may any quantity whatever be subtracted from 

another. 

Hence, for the subtraction of algebraic quantities, the 

GENERAL RULE. 

Conceive the signs of all the terms of the subtrahend to be 
changed, from -J- t° — > or from — to -(-, and then proceed 
as in addition. 

Note. Subtraction may be proved, as in Arithmetic, by adding tho 
remainder, or difference, to the subtrahend. If the work is right, the sum 
should equal the minuend. 

Examples. 

(6.). (T.) (8.) (9.) • (10.) 

ba — 12 a: 21 y — Zxy 14 y 

2a — 4x —21y + 1 xy 3y 

3 a — Sx 42 y —lOxy 

Explain the fourth operation. The fifth operation. Repeat the gen- 
eral Rule. How may subtraction be proved? 
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y ' P 

(11.) (12.) (13.)' (14.). 

— la 4aar* -8X 2 / Bx — 2a 

— 16a ax 2 +8xV 4ar-f a 

— x — 3a 



(15.) (16.) 

27a — 7ft + 5a: — bx*-\-cx— bd 

13ft — 1x bx* + cx — 12d — 19 



7 



21a — 20ft+12a: — 2bx* + 7d+19 

11. From 12 b take 14 5. Ans. —2 b. 

18. From 27a take- — 9a. Ans. 36a. 

19. From —8c take — 8 c. 

20. From 5 x take — 1 x. Ans. 12 x. 

21. From —lid take 4d. 

22. From a -f- 5 take — a. Ans. 2 a -k ft. 

23. From a + & take a — b. Ans. 2 ft. 
,24. From a — b take a -|- b. , Ans. — 2 b. 

25. From a — b take £ — a. Ans. 2 a — 2 b. 

26. From bxy take 3a?y — 3. Ans. 2 xy -{-%!' 
21. From a-\-b-{-c take a — 5 — c. Ans. 25 + 2c. 

28. From x take a: + y. Ans. — t/. 

29. From x -f- 5 take y — 2. Ans. a; — y -|- 7. 
'30. From a 2 5 take a ft 2 . Ans. a 2 5 — a 5 s . 
31.. From 16 a 2 ft 2 take — 15 a 2 ft 2 . Ans. 31 a 2 ft 2 . 

32. From 2 a? — y 2 take — 2 a: 2 — y 2 . Ans. 4 a*. 

33. From 6 (a + ft) take 3 (a + ft). Ans. 3 (a + ft). 

34. From 4 (a — ft) take — 5 (a — ft). 

Ans. 9 (a — ft). 
85. Subtract 3 a; y — X s — la from bxy-\-2x*-\-2a. 

Ans. 2 x y 4- 3 x* 4- 9 a. 
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36. Subtract 3 a b x — 7 from 6 a 5 * + 12 — 3 a? y. 

Ans. 3 abx -(- 19 — 3 a: y. 

37. Subtract bx* + cx — 12 d from ax 5 — b x 2 -\- c x. 

Ans. a a? — 2 b x* + 12 d. 

38. From 3 a + & + c — d, take 3 a + 6 — 18. 

Ans. c — d + 18. 

39. From 5 x — b take — 2 a; y + £. 

Ans. b x -\-2xy — 2 b. 

40. From 8 a (a — y) + 4 & y + <*» take 2 a ( a — y) 

— Y * y + 4 a 8 . Ans. a (a — y) + 11 b y — 3 a 8 . 

41. If the minuend is a 8 -(- 3 fl 2 c -(- « ^ — a b c, and 
the subtrahend is a £* — a £ c -|- ^ what will be the dif- 
ference ? Ans. a 3 + 3 ft 2 c — ft*. 

42. Subtract 8o-f 4J — 5c — 2a; from — 6 a — 4 i 

— 12 c + 12 x. Ans. — 14 a — 8 b — 1 c + 14 x. 

43. From 2 a * -|- & 2 — 4cfk, take 3 a & -f 2 & 2 — c 

— 3&C + 4& 2 . Ans. — ab — 3<?-f 46c — 5 6 2 . 

55* The subtraction of a polynomial from any quantity 
may be indicated, without performing the operation, by 
writing after the minuend the subtrahend, inclosed in a 
parenthesis, with the negative sign prefixed. 

Thus, the subtraction of a 2 + & — c from 5 « a is indi- 
cated by the expression, 

5 a 2 — (a 2 + b 2 — c). 

Eemove the parenthesis, and, since the sign — prefixed 
indicated that all the included terms were* to be sub- 
tracted from 5 a 2 , we change their signs, and have 
5 a 2 — a 2 — ft 2 + c, or 4 a 2 — P + c. 

Conversely, the expression 5 a 2 — a 2 — ft 2 -}- c may be 
transformed to its previous equivalent form of expression, 
5 a 2 — (a 2 -f- b 2 — c), by changing the signs of the last 

How may the subtraction of a polynomial be indicated ? 
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three terms and inclosing them in a parenthesis, with the 
sign — prefixed. Hence, 

The signs of all the terms of a quantity must be changed 
when the quantity is inclosed in a parenthesis, with the sign — 
prefixed; also, when a quantity is taken out from such a pa- 
renthesis, its signs must be changed. 

Note. It must not be forgotten that, in snch expressions as 5a* 
*— (a* + 6* — c), the sign of a 8 is really plus, as no sign is expressed. 
The sign — before the parenthesis belongs to a 2 + 6 8 — c, as a whole. 

1. Indicate the subtraction of a -f- b from x. 

Ans. x — (a + b). 

2. What is the value of a; — (a -f- h) ? 

Ans. x — a — b. 

3/ Place the last two terms of x — a — b in a paren- 
thesis, without changing the value expressed. 

Ans. x — (a -{- b) t or x -J- ( — a — b). 

4. What is the value of a — (b — c — d -j- e) ? 

Ans. a — b -j- c -f- d — e. 

5. Indicate the subtraction of 5 a 2 -f- b 2 from — 6 o a 

— b. Ans. — 6 a 2 — b — (5 a 2 + b 2 ). 

6. Reduce the expression — 6 a 2 — b — (4 a 2 -|- b 2 ) to 
its simplest form. Ans. 10 a 2 — b — b 2 . 

1. What is the value of a s — b 3 — (3 a 2 b — 3 a b 2 ) ? 
Ans. a 3 — b* — 3 a 2 b -\- S a b 2 . 

8. Place the last three terms of a 2 b -\- x tf — a c 

— *i ab — 6 + 9 as 8 y 2 in a parenthesis, with the negative 
sign prefixed, without changing the value expressed. 

Ans. a 2 b + xtf — ac — (7 a & -f- 6 — 9 x* tf). 

9. What is the value of 10 a 2 — (— 4 a 2 + b 2 — c 2 ) ? 

How are the signs of a quantity affected by inclosing it in a paren- 
thesis with the negative sign prefixed? By taking it out? 
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56* When dissimilar terms have a common factor, their 
difference may often be conveniently expressed by annex- 
ing that factor to the difference of its coefficients, in- 
closed in a parenthesis. 

The coefficients whose subtraction is expressed will then 
be considered a single quantity. 

1. Required to take dx from ex, 

operation ^ e two terms have a common 

quantity, x, which as such we use in 
cx the subtraction. 

Then, since d times x taken from 

(c — d) x c times x will leave c times x less a 

times x, we have the expression 
(c — d) x, 

2. From 3 x y* take X s y, Ans. (3 x y — ar 3 ) y. 

3. From 7 a b c s take a d c*. Ans. (lab — ad)c*. 

4. From ay-\-by take cy-\-by. Ans. (a — c)y. 

5. From ax — b take cx — d. 

Ans. {a — c) x — b -f- d. 

6. From ay — by -\- cy take y -|- ay — by, 

Ans. (c — l)y. 

1. Subtract cx 2 — cx from a x* -\- bx. 

Ans. (o — c) a^ -(- (£ + c) a\ 
8. From aa?-\-mxy-\-nx-\-b, take c a? — d xy -\-ex 
— z, Ans. (a — c) a^ + (m -f- d) x y -f- (n — c) a: -f- b -f- 2:. 

MULTIPLICATION. 

57t Multiplication is the process of taking one quantity 
as many times as there are units in another quantity. 

The Multiplicand is the quantity to be multiplied or 
taken. 

How may the difference of dissimilar terms often be expressed ? Ex- 
plain the operation. Define Multiplication. The Multiplicand. 
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The Multiplier is the quantity by which we multiply. 

The Product is the result of the operation. 

The multiplicand and multiplier are often called factors. 

58# The product of factors is the same, in whatever order 
they are taken. 

For, the product contains one factor as many times as there are 
units in the other. Thus, the product of a X h or b X a> will be 
ah units, since b taken a times, is the same as a taken b times. 
Let a = 4 and 6 = 3, we have 4 X 3, or 3 X 4, equal to 12. 

Note. Numerical factors are usually placed before literal ones, as 
coefficients, and letters are most frequently placed in the order of the 
alphabet 

59* The product of two factors having like signs is positive ; 
and the product of factors having different signs is nega- 
tive. Thus, 

1. Let it be required to find the product of + oby 

+*• 

Now, a is to be taken as many times as there are units in b, 
and as the sum of any number of positive quantities is positive, the 
product, a 6, must be positive, or -f- a b. (Art 20, Note.) If b = 4, 
the product of a by b may be represented thus, a X 4 = a -[- a 
-[- a -f- a =*= 4 a. 

2. Let it be required to find the product of — a by 
+ 5. 

Here we must take — a as many times as there are units in b 1 
and as the sum of any number of negative quantities is negative, 
the product must be negative, or — ab. If b = 4, the product of 
— a by b may be represented thus,( — a)X4=( — a )+ ( — a ) + 
( — a ) + ( — a ) — — a — a — a — a== — 4a * 

3. Let it be required to find the product of -J- a by — b. 

Define the Multiplier. The Product. What are called factors? Does 
the order in which factors are taken affect the product? What is the 
product when factors have like signs ? What is the product when fac 
tors have different signs? 
4 
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The negative multiplier, — 6, indicates that a is to be taken as 
many times as there are units in b, but it is to be subtracted, 
rather than added. Hence, as a positive quantity becomes nega- 
tive by subtraction, the product must be negative, or — a b. If i 
= 4, the product of a by — b may be represented thus, a X ( — 4) 
as — a — a — a — a = — 4 a. 

4. Let it be required to find tbe product of — a b}' 
— b. 

Here we must take — a as many times as there are units in b, 
and subtract; and as a negative quantity becomes positive by sub- 
traction, the product must be positive, or a b. If b = 4, the pro- 
duct of — a by — b may be represented thus, ( — a) X ( — 4) 
*= — (—a) — ( — <0 — ( — a) — ( — o) = c-|-c-fa-fc = 4fl. 
• 

Note. If any difficulty is experienced in conceiving quantities to be 
independently additive or subtractive, they may be regarded as added to, 
or subtracted from, 0, the neutral point, or starting-point, of all positive 
and negative quantities. 

60. From the foregoing discussion it will be noticed, 
in brief, that in multiplication of algebraio quantities, 

Like signs produce -f-, and unlike signs produce — . 

61 • In multiplication of algebraic quantities, there will 
be three cases : — 

1. When botb factors are monomials. 
II. When one factor is a polynomial. 
III. When both factors are polynomials. 

CASE I. 

62, When both factors are monomials. 
1. If a man earn T a dollars in 1 week, bow much 
will he earn in 2 b weeks ? 

In Multiplication of algebraic quantities, what do like signs produce-1 
Unlike signs ? How many cases of algebraic multiplication 1 
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operation. Since the factors in multiplication 

. may be taken in any order (Art. 58), 

7 a X 2 6 is the same as 7 X 2 X « 

2 ^ X b ; then, 2 times 7 fc= 14 ; b times 

14 a b a = a b ; and 14 times a b =« 14 a 6, 

the required result. 

2. Required the product of 2 a 8 by a*. 

operation. Since the exponent of a quantity 

. indicates the number of times the 

quantity is taken as a factor (Art. 
a 19), 2 a 8 is the same as 2aaa; and 

2 a 5 a' is the same as a a ; then, a a times 

2aaa=2aaaaa, or 2a 5 . The ex- 
ponent, 5, in the result might have been obtained at once, by tak- 
ing the sum of the exponents, 3 and 2, of the common letter a. 
Hence, 

The exponent of a letter in the product is equal to the sum 
of its exponents in the factors. 

From the preceding examples and illustrations of mul- 
tiplication of monomials is derived the following 

RULE. 

Multiply the numerical coefficients of the two factors together, 
and annex to the result the letters of both quantities, giving to 
each letter an exponent equal to the sum of its exponents in the 
two factors. 

Make the product positive, when the factors have like signs, 
and negative when they have different signs. 

Examples. 

(3.) (4.) (5.) (6.) 

3a — 4x — 6a \2x 

2b — Sy + 2b ■ — 3a 



Gab I2xy —12ab — 36ax 

Explain the first operation under Case I. The second operation. To 
what is the exponent of a letter in the product equal ? Repeat the Rule. 



10 
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a) 

4* 
x 



(8.) 
+ 17 a 
— 2b 



(9.) 

— 3a 

— 46 



(10.) 
— lb 

+ 4c 



(11.) 
— 2 m 8 



(12.) 

?x* 
a 2 

75. 



(13.) 

— 5 a 2 

+ 2a» 

— 10 a 8 



_6ro 6 

15. .Multiply 8a£ by —3c. 

16. Multiply — x*y by 2 ax. 
IT. Multiply 20 row* by 3mn. 

18. Multiply fo'c by 2ab. 

19. Multiply — 5 a 2 a 3 by — 3 a 8 a. 

20. Multiply — 3bcd by — bed. 



(14.) 
8**y 
bxy 

40a:V 
Ans. — 24 a be. 
Ans. — 2 ax*y. 
Ana. 60ro 2 w 4 . 

Ans. 14 a 8 6 c. 
Ans. 15 a* a: 4 . 
Ans. 3 J 3 * 2 a* 2 . 



Note. Any number of terms inclosed in a parenthesis may be r*> 
garded as a monomial. 



Ans. a b (x -f- y) 

Ans. 2 a 2 (a + b) 

Ans. a (x — y) 2 , 

% Ans. (a + b)*, 



' 21. Multiply a (x -f y) by J. 

22. Multiply 2 (a + b) by a 3 . 

23. Multiply (x — y) 2 by a. 

24. Multiply (a + 6) 2 by (a + 6). 

25. Multiply — a (a + y) 8 by 2 a (a + y) 2 . 

Ans. -2a 2 (fl + y) 5 

26. Find the product of 2 a* by a. Ans. 2af" + 1 
21. Multiply y™ by y». Ans. y m + n 

28. Multiply (a + J)m by ^ _j_ ^ 

Ans. (a + &) w+8 

29. Find the product of a 2 (a; — y) m by a™ (a: — y) 8 . 

Ans. a 2 + m (a: — y)*+* 
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CASE n. 
63, When one factor is a polynomial. 
1. Required the product of a + b — c multiplied by c. 

operation. Since tte wtole expression a -f- ft 

is to, be multiplied by c, it is evident 

a » c that each term is to be taken c times; 

c c times a « a c ; c times ft = ft c ; c 

ac -\-bc — c a times — c — * — c 1 ; and these partial 

products, connected with their proper 
signs, give ac -{-be — c*, the required product. Hence the 

RULE. 

Multiply each term of the multiplicand separately by the mul- 
tiplier, and connect the partial products by their proper signs. 

Examples. 



(2.) 

ly + i 

4o » 


(3.) (4.) 
4a -|- 4a; 6 x* — a 
— 3w 4ft 


28 ay + 4 a 6 - 

(5.) 
t x -\- 4 y -+- 
x* . 


- 12 a n — 12 w x 24 ft s 2 — 4 a ft. 

(6.) 
a 2 5 a ft — a 2 x -j- a? 
— 4 a a:' 



7. Multiply 4 a 2 ft 3 + 3 x y — ac by — a 2 . 

Ans. — 4 a 4 ft 2 — 3 a 2 a? y -|- a 1 c. 

8. Multiply 4 a 2 y — 6 y + 5 x* by 2. 

Ans. Sa 2 y— 12y+l0a*. 

0. Multiply a 2 — a x -(- sc 2 by x a ft. 

Ans* a 3 ft — a 2 bx -\- abx*. 

Explain the operation under Case II. Repeat the Rule. 
4* 



V 
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10. Multiply — to — n — a — c by — to. 

Ans. m*-\-mn-{-am-\~cm. 

11. Find the product ofSa-fP + a 2 * — Jby4a*. 

Ans. 12a 8 + 4a 8 ft 2 + 4a 4 a: — 4aH. 

12. Find the product of 2x*y — Sxy 2 — y 3 by haxy. 

Ans. lOaa^y* — lbax*tf — 5aa:y*. 

CASE m. 
r64. When both factors are polynomials. 
I. Required the product of 3 a -f- 2 ft by a -j- ft. 

operation Since the multiplicand must be 

taken as many times as there are 

a ~i~ units in a -f- b (Art. 57), it is evident 

a \ ° that 3 a -f- 2 & must be taken a times 

. " $ a 2 -}- 2 a ft plus 6 times ; a times S a -f- 2 & 

3 a ft _|__ 2ft 2 — 3a* + 2aft; b times 3a -f 2& 

o a i k V ~ i om = 3 a ft -{- 2 ft* ; and the sum of these 

partial products is 3 a* -f- 5 a 6 -f~ 2 6* ; 

the required product. Hence the following 

RULE. 

Multiply each term of the multiplicand by each term of the 
multiplier separately, and add the partial products. 







Examples. 




(2.) 






(3.) 




4« + 35 






5* + 3y 




3a -f- b 
^<^+~oVb 






x — 2y 
5*2+ 3ary 




iab 


+ 

+ 


3 ft 2 

3ft 2 


— lOary- 
5x* — *lxy- 


-6^ 


12a*+i 3ab 


-ey 



Explain the operation under Case III. Repeat the Rule. 
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(4.) 


(5.) 


' (6.) • 


3 a 8 — 2y 


a — J 


bax -f- Zx 


* + y 


a — J 


3ax-f-2x 


ao 




(8.) 


a « + a , c sl + c* 


o" — a" 


+ a 2 - 


a 8 — c 8 


a m — a" 




^+d».^ + rf<*» 


a 2 ™ — a ra+n 


+ a 2 + m 


— a*^ — a 8 *; 4 — 


. c* — a™" 1 "" 


-j_ a 2» _ a 2+» 



a 6 — c 6 a 2m — 2a m+w + a 3+m + a 2 " — a 2+ " 

9. Multiply 3 a: + 2y by 2 a: — 3y. 

Ans. 6a^ — 5xy — 6y*. 

10. Multiply 5 a 2 + 3 x by 5 a 2 + 3 *. 

Ans. 25 a 4 + 30 a*x + 9z*. 

11. Multiply a-\-2x by a — 3 a\ 

Ans. a 2 — a a? — 6 x 2 . 

12. Multiply 3 a — a by 2 a + 4ar. 

Ans. 6a 2 + 10 ax — 4s 2 . 

13. Multiply ar -J- y by x -{- y. Ans. a 2 + 2 xy -|- y 2 . 

14. Multiply x — y by # -|- y. Ans. a 2 — y 2 . 

15. Multiply a 2 + a & + £ 2 by a — b. Ans. a 8 — W. 

16. Multiply a 2 — a -f 1 by a + 1. Ans. a 3 + 1. 
IT. Required the product of x 3 — ax 2 -f- a 2 x — a 8 and 

x + a. Ans. x 4 — a 4 . 

18. Required the product of a 4 — a s y-\-a 2 if — aif + y 1 
and a -f- y. Ans. a 5 -|- y 5 . 

19. Required the product of x 2 + y and rr 2 -f- y. 

Ans. x 4 -f- 2 x 2 ^ -|- y 8 . 

20. Required the product of 2 a & — 3 #* and 3 a b -f 4 W 

Ans. 6 a 2 ft 2 — a J 3 — 12 £ 4 . 

21. Find the product of a? + ary — y 2 by x — y. 

Ans. X s — 2 ary 2 -J- y 8 . 
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r 

22. Find the product of a 8 — 4 a + 16 by a + 5. 

Ans. a 8 + a* — 4 a + 80. 

23. Find the product ofl — a -|- a 2 — a 8 by 1 + a. 

Ans. 1 — a 4 

24. Multiply a* -f- xy + y* by a* — xy + y 2 . 

Ans. a^ + ^^ + y*- 

25. Multiply a — ft* by c — dx. 

Ans. ac — (be -\- ad)x-^-b dx*. 

26. Multiply Zx* — 2xy — y 2 by 2x — 4y. 

Ans. 6 x 8 — 16 a?y + 6 xtf + 4y*. 

27. Multiply x — y + « by a: -f~ # — *• 

Ans. ic 2 — ^* + 2y ar — z 8 . 

28. Multiply 21 x* + 9a*y + Sary' + y 8 by 3* — y. 

Ans. 81a- 4 — y*. 

29. Multiply l+x + a^ + a^by 1 — a: + s* — a?. 

Ans. 1 — x 9 . 

30. Show that a* + y multiplied by rf 1 -[- y is equal 
to c 2, + 2o"y» + f. 

65. The multiplication of polynomials may be indicated 
by inclosing each in a parenthesis, and writing them one 
after the other. When the operation indicated is actually 
performed, the expression is said to be expanded, or devel- 
oped. 

1. Expand (a — b) (a — ft). Ans. a 2 — 2 a b -f ft 2 . 

2. Expand (a + ft) (c + d). 

Ans. ac-j-ftc-|- a ^4"^^ 

3. Expand (a + ft) (a + ft) (a + ft). 

Ans. J + SaH + ZaP + V. 

4. Develop (a + ft) (a -f ft) (a — ft). 

Ans. a 8 + a 2 ft — a ft? — ft 8 . 

5. Develop (a 2 — ajy-J-^ 2 ) (# + y). Ans. a? -f- y 8 . 

How may the multiplication of polynomials be indicated? When is 
the expression said to be expanded, or developed? 
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6. Develop (a -f- b + c) (a — b — c). 

Ans. a 2 — b* — 2bc — (*. 

7. Show that (2x + 3) (2x — 3) (4a 2 + 9) = 16 x* — 81 

8. Find the value of the expression (a* -f- If) (a — b). 

Ans. a n+Y -\-alr — a n b — fl* +1 . 

9. Find the value of the expression (4a m -|- 6 If) (a m — ft 8 ). 

Ans. 4 a 2m + 6 a w #• --• 4 a m 0* — 6 b* + *. 



DIVISION. 

86. Division, in Algebra, is the process of finding how 
many times one quantity is contained in another ; 

Or, it is the process of finding one of two factors, when 
their product and the other factor are given. 
The Dividend is the quantity to be divided. 
The Divisor is the quantity by which we divide. 
The Quotient is the result of the division. 
Division is the converse of multiplication ,jthe dividend 
corresponding to the product, and the divisor and quo- 
tient, to the two factors. 

67* When dividend and divisor have like signs, the quotient 
is positive ; and when dividend and divisor have different 
signs, the quotient is negative. 

For the quotient multiplied by the divisor must produce the 
dividend. Thus, 

(+«*) -7- (+ &) = + <*> for (+«)X (+&) — + a6; 

(+«ft)-r<-*) «,*» (-a) X (-»)- + «*; 

(- ab) + (+b) a, for (-a) X (+ b) ab; 

(_«&)4.(_&)_ + 0, for (+ a )X(— ») «*• 

Hence, in division, as in multiplication, 

Define Division. Dividend. Divisor. Quotient. When is the quotient 
positive? When negative? % 
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Like signs produce -j-, and unlike signs produce — . 

68. In division of algebraic quantities, there will be 
three cases : — 

1. When both divisor and dividend are monomials. 
II. When the divisor is a monomial and the dividend 
a polynomial. 

III. When both divisor and dividend are polynomials. 

CASE I. 

69. When both divisor and dividend are mono- 
mials. 

1. Let it be required to divide 14 a b by T a. 

operation. Now ' the <l uotient must ** a Q 11 **- 

tity which, multiplied by 7 a, the di- 
14: _ 2 b visor, will produce 14 a b, the dividend. 

7 a Such a quantity is 2 b ; which is ob- 

tained by rejecting from the dividend 
a factor equal to the divisor ; or by dividing 14, the coefficient of 
the dividend, by 7, the coefficient of the divisor, and rejecting from 
the dividend the factor a, common to both. 

2. Let it be required to divide a 5 by a 8 . 

operation. Since °* ^ a a a a a » and a* = aaa, 
it is evident that the quotient, or the 
^ quantity which, multiplied by the di- 
es 8 visor a 3 , will equal the dividend a*, 
must be a a, or a*. The exponent 2, 
in the quotient, which is the result of rejecting from the dividend 
a factor equal to the divisor, might have been obtained at once, 
by taking the difference of the exponents, 5 and 3. Hence, 

The exponent of a letter in the quotient is equal to its exponent 
in the dividend, diminished by its exponent in the divisor. 

In division what do like signs produce ? Unlike signs ? How many 
cases in division of algebraic quantities ? Explain the first operation un- 
der Case I. The second. To what is the exponent of a letter in the 
quotient equal ? 
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70. When the exponents of the same letter in the div- 
idend and divisor are equal, the letter may be introduced 
into the quotient, without affecting the value of the ex- 
pression, by writing the letter with the exponent 0. 

For. let a n be any power of the quantity a, then, dividing a* by 

a*, we have 

a n , a* 

— — a *-» = <*> ; but - n — 1. 

Therefore (Ax. 7), a « l ; and as a may have any value what- 
ever, 

Any quantity whose exponent is is equal to 1. 

Hence, by this notation the trace of a letter which 
has disappeared in an operation may be preserved, since 
the introduction of any factor whose value is unity will 
not affect the value of an expression. 

Thus, a° b has the same value as b alone. 

71. When the exponent of any letter in the divisor 
is greater than it is in the dividend, the exponent of 
that letter in the quotient will be negative. 

For, let it be required to divide a* by a 8 , and we have (Art. 69), 

^ = a 8 - fi = a- 8 . 
a 5 

a* 1 1 

Also, -5 "= -5 ; consequently, a ~ 8 = — 3 ; that is, 

Any quantity with a negative exponent is equal to the reciprocal 
of that quantity with an equal positive exponent. 

a 5 1 1 

So, also, -3 = ^. = ^. 

a 6 1 

But, -3 = a* ; consequently, —5 = a* ; hence, 

What is the value of any quantity whose exponent is 0? When 
may a letter he introduced into the quotient without affecting the value 
expressed? What will be the character of the exponent in the quo- 
tient, when that of- the divisor is greater than that of the dividend? To 
nhat is a quantity with a negative exponent equal ? 
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Any factor may be transferred frq/n the divisor to the dividend, 
or the reverse, by changing the sign of its exponent. 

Note. As the signs + and — indicate opposite processes, qualities, 
or conditions (Art. 50), we should infer, from the relations of the signs 
themselves, that, if a positive exponent indicates the number of times a 
quantity is taken as & factor, a negative exponent must show the number 
of times it is used as a divisor. As the negative coefficient indicates sub- 
traction, whether numerically possible or not (Art. 54, Exam. 2), so the 
negative exponent indicates division. (Art 19, Note.) If the expression 
in which a negative exponent stands is already a divisor, then the quan- 
tity which it affects is a divisor of a divisor, and may be regarded as a 
factor of the dividend. 

The relation of positive and negative exponents to each other, and to_ 
the exponent 0, is readily illustrated by such a series as the following, 
in which the exponents decrease regularly by one, to indicate a division 
by 3. 

3», 3 1 , 3 1 , 3°, 8- 1 , 3- 1 , 8- 1 
27, 9, 3, 1, h h ir 

72. From the preceding examples and illustrations we 
have, for dividing one monomial by another, the follow- 
ing 

RULE. 

Divide the numerical coefficient of the dividend by that of the 
divisor, and to the result annex the literal factors of the dividend 
which are not found in the divisor. 

Make the quotient positive, when the dividend and divisor have 
like signs, and negative when they have different signs. 

Note. It is evident from the rule that one monomial cannot be ex- 
actly divided by another: — 

1st. When the coefficient of the divisor is not exactly contained in that 
of the dividend. 

2d. When the same letter has a greater exponent in the divisor than 
in the dividend. 

3d. When the divisor contains one or more letters not found in the 
dividend. 

How may any factor be transferred from the divisor to the dividend 1 
Repeat the Rule. When is exact division of monomials impossible? 
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In each of these cases, the division is to be indicated by writing the 
divisor under the dividend, in the form of a fraction, or by the use of 
negative exponents. 

Examples. 

a) 

3a 
(3.) 

bxyz 



(5.) 
21 ad if 



= — 3x' 



(2.) 


ZctV 

9 m* n* x . n 


(6.) 


— 8a»6 zo 



— 7 adx' 
1. Divide 16 s 2 by 8 a;. Ans. 2x.. 

8. Divide T mxy by x y. 7 / wv 

9. Divide — xy by xy. Ans. — x°if* or — 1*. 

10. Divide 15 a 2 b* by 5 a ft. Ans. 3 a* 8 . 

11. Divide — 15 a 2 s 2 by 5 a a 2 . - s ? " 

12. Divide 10aw#y by — 2 ay. Ans. — 5 rax. 

13. Divide 8*V by —2x 7 y. Ans. —4 ay 8 . 

14. Divide — a 5 by a 4 . Ans. — a. 

15. Divide — 16 a^z 2 by — 4xs. Ans. kxtfz. 

16. Divide a w+n by a\ Ans. a"\ 
IT. Divide a^-" by a*. Ans. a^ 1 " 2 *. 

18. Divide 36a 7 b*c> by 9a 5 5 2 c 4 . Ans. 4a 8 6 4 r 8 . 

19. Divide (a + h)* by (a + h)*. Ans. (a + £) 2 . 

20. Divide 4 (a — bf by 2 (a — 5). Ans. 2 (a — b.) 

21. Divide 2T a W (x + y) s by 3 ¥ (x + y) 5 . 

Ans. 9afr- 1 (x+y)- 2 . 

Note. In the last three examples, the expression in the parenthesis is 
to be considered as one quantity. 
5 . 
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CASE IL 

78* When the divisor is a monomial and the divi- 
dend a polynomial. 

1. Divide 12 a 8 b -f 24 a 8 c — 36 a b by 12 a. 

operation. Since th . e whole ^ideod 

must contain the divisor as 

12 a )12 a »6 + 24«'c-36«6 ^ M ^ ^ j, 

a 2 6 -f~ 2 a 2 c — 35 contained in the terms of 

the former, we divide 12 a" 6, 
-(-24 a* c, and — 86 a 6, respectively, by 12 a, and, connecting the 
partial quotients by their proper signs, have as the entire quo- 
tient, a* b -f- 2 a* c — 8 6. 

RULE. 

Divide each term of the dividend separately, and connect the 
results by their proper signs. 

Examples. 

(2.) (3.) (4.) 

Sa) 6ax + 12ay ab) a*b -f- aV — ab 2xy) 2xy—Gxy* 

2x + 4y a + 6 — 1 1 — By 

4a 8 c) 12 a 4 6c + 20 a 8 6c — So 8 * 8 

-r-t— t ~ — 

(6.) 

6s*)56:c 2 + 106s 8 — 12 6 s s> 

t — v— 7-r-T- 

7. Divide 9 a 2 6 s — 12 a 8 c* by 3 a. 

Ans. 3 a 5* — 4a 8 c*. 

8. Divide 12 «V — 16 aV by — 4a 4 y 8 . 

Ans. — 3^ + 4 ay 2 . 

Explain the operation. Repeat the Rule. 
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9. Divide 25 ft e 2 + 15 a 2 — by by — 5. 

Ans. — 56c 2 — 3 sc 2 -[~ #• 

10. Divide 24 a 8 c 2 a: + 12 a ft 3 *; 4 a: by — 6ac»x. 

Ans. — 4a 2 — 2ft 8 e 2 . 

11. Divide 4a a y — 8a -f- 4a a* by 4a. 

Ans. x y — 2 -f- d. 

12. Divide 5 (a — ft) 2 + 10 (a — b) by 5. 

Ans. (a — ft) 2 + 2 (a — b). 

• 13. Divide (* + yf — (* + y) 2 by (a + y). 

Ans. (a + y) 2 — (x -f y). 

14. Divide (a + c) 2 + 5 (a + *) by (a + c). 

Ans. (a -|- c) + 5. 

Note. When the parenthesis, as in the last answer, has neither coef- 
ficient nor exponent written, it may he dispensed with ; thus, (a + c) -f- 5 
may be written a + c + 5. If the parenthesis is preceded by the minus 
sign, all the signs of the inclosed terms should be changed. (Art. 55.) 

15. Divide a (x + y) — b (x + y) by (x -f y). 

Ans. a — ft. 

^ 16. Divide 3 a (a + b) -f (a + ft) 2 by (a + ft). 

'* Ans. 4 a -|- ft. 

\* IT. Divide 4 (a: + 3) — (x + 3) 2 by (x + 3). 

Ans. 1 — x. 

18. Divide lSa^ft 8 * — lOaft* — 5aft a * by ba&x. 

- Ans. 3 a-* ft — 2 ft" 1 — 1. 



CASE m. 

74, When both divisor and dividend are polyno- 
mials. 

1. Divide a 8 -J-5a 2 a:-J-5aa?-|-a^ by a -\-x. 
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OPERATION. 

a -f- * ) a» + 5 a 2 x + 5 a s* + *» (a 8 + 4 a a -f- ** 

4a 3 x-j-5a#* + a 8 
4a a ar -f~ 4 a a* 

Hie terms of the divisor and dividend are arranged with refer- 
ence to the decreasing powers of the letter a, so that the term 
having the highest exponent of a is placed first, that having the 
next highest immediately after, and so on ; and, since the dividend 
is the product of the divisor and the quotient, the quotient will be 
arranged in the same order as the dividend. 

Now, since the first term of the dividend, as arranged, must equal 
the product of the first term of the divisor by the first term of the 
quotient, or that having the highest power of a, we divide a 3 by a, 
and obtain a 8 for the first term of the quotient. 

The product of the whole divisor by this term, or <fl-\-cfix, sub- 
tracted from the whole dividend, leaves 4 a* x -f- 5 a x 2 -j- a& This 
remainder may be regarded as a new dividend, produced by multi- 
plying each term of the divisor by each of the remaining terms of 
the quotient. 

The first term of this new dividend must have been produced by 
the first term of the divisor multiplied by the second term of the 
quotient, we therefore divide 4 a 2 x by a, and obtain 4 a x as the second 
term of the quotient. 

The product of the whole divisor by this term, or 4 a 2 x + 4 a *2, 
subtracted from the second dividend, leaves aoP-j-z?, for a third 
dividend. Dividing ax 2 , the first term of this dividend, by a, the 
first term of the divisor, we obtain .x«, as the third term of the quo- 

wlih and niulti P 1 J rin g the whole divi80r by *> obtain a * + *■» 
u tra °ted from the last dividend leaves no remainder. 

Q* 

ce, at each step in the operation, we divide the term 
___^ ln ^ *be highest exponent .of some letter in the div- 

Explain the operation. « 
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idend, by the term containing the highest exponent of 
the same letter in the divisor, 

The terms of the divisor and dividend should always be ar- 
ranged in the order of the powers of some letter common to' 
both. 

From what precedes, we deduce, for the division of one 
polynomial by another, the following 

RULE. 

Arrange both dividend and divisor according to the powers 
of some common letter. 

Divide the first term of the dividend by the first term of the 
divisor, and write the result for the first term of the quotient ; 
by which multiply the whole divisor, and subtract the product 
from the dividend. 

Regard the remainder as a new dividend, find the next term 
of the quotient, in the same manner as before, and proceed 
with it as with the first quotient, and so on. 

Note 1. The divisor is sometimes ' placed on the right of the divi- 
dend, that it may he the more readily multiplied by the several terms 
of the quotient, as they are found. 

Note 2. It will not be necessary to bring down any more terms of 
the dividend to form the remainder at each successive subtraction than 
are required by the quantity to be subtracted. 

Note 3. When the first term of an arranged dividend is not di- 
visible by the first term of the arranged divisor, exact division is im- 
possible; and when it is thus found that any remainder is not divisible 
by the divisor, that remainder, with the divisor under it, in the form 
of a fraction, should be written after the quotient found. 

Note 4. The work in division may be proved, as in Arithmetic, 
by multiplication. 

How should the terms of the divisor and dividend be arranged ? Re- 
peat the Rule. Where is the divisor sometimes placed ? What is said 
in Note 2 ? When is exact division impossible ? What is to be done 
with the last remainder? How may division be proved? 
• 5* 
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Examples. 
2. Divide a % + 2ab + V by a -f ft. 



OPERATION. 



q 2 + aft 



a + ft 



a + ft 



Proof 



aft + ft 2 

oft + ft 2 



a + 6 






«'+ 


aft 

a6-f- 


b* 


a»+ 2 


ab-\- 


ft» 



3. Divide a 8 — ft 8 by a -f 6. 

OPERATION. 



2M 



— a J J- 

— a»5- 


-ab* 






aV — 
ab* + 





— 26 s 
4. Divide a 8 — ft 2 by a + ft. Ans. a — b. 

'*. Divide a 8 + 2a 2 ft +^0^ + ft 8 by a 2 + a ft + ft 2 . 

Ans. a -f- ft. 

SQ. Divide <t — Sa 2 b-\-3a& — V i by a — b. 

Ans. a 2 — 2 a ft + ft*. 
^T. Divide a 8 — 1 by a — 1. Ans. a 2 + a + 1- 

8. Divide 8 a 8 — 4 a 2 ft — 6 a ft 2 + 3 ft 8 by 2a — ft. 

Ans. 4 a 2 — 3 ft 2 . 

9. Divide a 4 + 4a -f 3 by s 2 — 2* + 3. 

Ans. ac i + 2*+l. 

10. Divide a 8 — ^ by a 2 + aa: + x 2 . Ans. a — *. 

11. Divide a 4 + 4a 2 ft2-|_i6ft* by a 2 — 2aft + 4ft*. 

Ans. o 2 + 2aft4-4ft 2 . 
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12. Divide a 8 — a? by a — x. Ans. a 8 -f- ax + x*. 

13. Divide a 8 -j- a? by a + id. Ans. a 2 — a x -J- x*. 

14. Divide a 8 — 5 x> — 46 x — 40 by x + 4. 

Ans. x 2 — 9 x — 10. 

15. Divide x 7 — 1 by x — » 1. 

Ans. x 6 + x 5 + ^ + a 3 + rc 2 + x+l. 

, 16. Divide a* + «* by a -f- x. 

Ans. a 4 — a 8 x -f- a 2 a^ — ax'-J-x 4 . 

if. Divide 21 a 5 — 21 b 5 by 7 a — 7 b. 

Ans. Sa' + SaH + Sa^+Sa^ + Sfc 4 . 

18. Divide 2 a 4 + 2 a 8 6 + 5 a 2 J 2 — 6a* 8 +4 J 4 by 
2a 2 — ^aft + fc 2 . Ans. a 2 + 2a&+4$ 2 . 

19. Divide 2a w+1 — <2a n+1 — a w + n -f- a 2 " by 2« — «\ 

Ans. a m — /i". 

20. Divide a* — 3 a 4 by a + x. 

Ans. a 8 — a 2 a; 4- a a? — X s 



a -j-x" 

21. Divide a*^ — 5a 4 5 + 10a 8 * 2 — 10a 2 * 8 + 5a& 4 
— a°b* by a 2 — 2ab + b*. 

Ans. a 8 — 3a 2 5 + 3a5 3 — i 8 . 



THEOREMS. 

75* A Formula, is an algebraic expression of a general 
rule. 

The following theorems give rise to formulas, useful in 
abridging algebraic operations. 

THEOREM L 

76. The square of the sum of two quantities is equal to the 
square of the first, plus twice the product of the first by the 
second, plus the square of the second. 

Define a Formula. What is Theorem 1. ? 
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For, let a represent one of the quantities, and b the other; 
then, 

(a + by — (a -}- b) X (a + b) — a* -f 2a* -f V. 

Hence, the theorem is true. 

Examples. 

1. Find the square of 3 a -|- x*. From the formula, w« 
have 

(3 a + 7*)* = 9 a* + 6 aa* + **. 

2. Square 2x-\-y. Ans. 4a^-f-**y + *•• 

3. Square 6 a 8 + 2 a 2 £. 

Ans. 36a 4 4-24a^ + 4a 4 ^. 

4. Square a 8 6* -f 3 a 2 J 8 c 4 . 

Ans. a*V + %a*Vc* + $o*Vc*. 

THEOREM H. 

77. The square of the difference of two quantities is equal 
to the square of the first, minus twice the product of the first 
by the second, plus the square of the second. 

For, let a represent one of the quantities, and b the other j 
then, 

(a — by — (a — b) X (a — b) — a* — 2ab + ft», 

which proves the theorem. 

Examples. 

1. Find the square of 3 a: — a. We have 

(3a: — a) 2 = 9 a? — 6 a a -f a 2 . 

2. Square 5 <? — 1. Ans. 25 c 2 — 10 c + 1. 

3. Square a 2 — ft 2 . Ans. a 4 -2a J J J + 5V 

4. What is the square of 5 a 2 ft 2 — 10 a 2 ft 8 ? 

Ans. 25 a 4 & 4 — 100 a 4 ^ + 100 a 4 0*. 

Give its demonstration. What is Theorem II. ? Give its demonstration. 
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THEOREM in. 

78. The product of the sum and difference of two quanti- 
ties is equal to the difference of their squares. 

For, let a represent one of the quantities, and b the other; 
then, 

(a + &)X (« — &)-«*-*. 
which agrees with the theorem. 

Examples. 

1. Find the product of3a + 2fcby3a — 2b. 

Ans. 9 a 2 — 4 b 2 . 

2. Required the product of a -f- y by a — y. 

Ans. a 2 — y 2 . 

3. Multiply 5 a + 5 by 5 a — b. Ans. 25 a 2 — b\ 

4. Multiply 9 a + 1 by 9x — 1. Ans. 81 a? — 1. 

5. What is the product of 3 a 2 c + 1Q a V by 3 a 2 c 
r-10ab*? Ans. 9aV- 100 a 2 P. 

6. Multiply 3 a?y + 12 ay* by 3 7?y — 12 a^. 

Ans. 9*V— 144 a 2 /. 

MISCELLANEOUS EXAMPLES. 

1. Required the square of m — n. 

Ans. m 2 — 2 m n -f- n 2 . 

2. Multiply 3a — 2 by 3a — 2. 

Ans. 9 a 2 — 12 a + 4. 

3. Expand (9 a* + 2 J 2 ) 2 . 

Ans. 81a 2 5 2 + 36a#> + 45 4 . 

' 4. What is the product of a — d by a — d? 

Ans. a 2 — 2 a d -{- d 2 . 

5. Expand (2 — a*) (2 — x m ). Ans. 4 — 4 x» + x 2ro . 
What is Theorem III. ? Give its demonstration. 
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6. Multiply cf + 1 by a* — 1. Ans. a* — 1. 

1. Expand (a 9 — V) (a 2 + 5 2 ). Ans. a 4 — P. 

8. Square 1 — 3 c 2 . Ans. 1 — 6 c 2 + 9 c 4 . 



9. Expand (2 + a — b) (2 — a — b). 

Ans. 4 — (a — 5) a . 

10. Expand 2 (a + b) (a — b). Ans. 2 a a — 2 &*. 

11. Expand 3 s (x 2 — a 2 ) 3 . 

Ans. 21 a- 4 — 54 a 2 * 3 + 21 d*. 

12. Expand (1—4 a) (1 — 4 a). 

Ans. 1 — 8 a + 16 a*. 

13. Expand (3 m + 4 n) (3 m — 4n). 

Ans. 9 m 2 — 16»*. 

14. Expand (3 a — 4 x) (3 a + 4 *). 

15. Expand (2 a + 3 x) (2 a + 3 x). 

Ans. 4a 2 +12aa? + 9a^ 

16. Expand (2 a c — 3 b c) (2 a c — 3 b c). 

Ans. 4a 2 c 2 — 12 a&c 2 + 9 Pc 2 . 



IT. Expand (3 — a + £) (3,— a + &). 

Ans. 9— 6(a + &) + (a + £) 2 . 

18. Expand (5 a 1 P -f- T a J) (5 a 2 #» — 7 a £). 

Ans. 25 d*** — 49 a 2 #». 

19. Expand (a> + a) (x — a) (* 2 — a 2 ). 

Ans. * 4 — 2a 2 s 2 + d 4 . 

Note. In expanding the first two factors, apply Theorem III. ; and the 
Theorem II. 

20. Expand (x + 2) (a? — 2) (a? — 3) (x + 3). 

Ans. x 4 — 13 x 2 + 36. 

21. Expand (2 x + 3) (2 a: — 3) (4 x 2 + 9). 

Ans. 16 a* 1 — 81. 

22. Find the value of (x 2 — 1) (x 2 + 1) (a? 4 — 1). 

Ans. X s — 2aJ*+l. 
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FACTORING. 

79. Factoring is the process of resolving a quantity 
into its factors. 

80. The Factors of a quantity are such integral quan- 
tities as, when multiplied together, will produce the given 
quantity. 

81 • A Prime Quantity is one that cannot be divided, 
without a remainder, by any integral quantity different 
from itself, or unity. Thus, a, b, and a -\- c are prime 
quantities. 

82. A Composite Quantity is one that can be divided, 
without a remainder, by some integral quantity other 
than itself, or unity. Thus,, a 2 , ab, and ab -\- ac are 
composite quantities. 

83. Quantities are said to be prime to each other, when 
they have no common factor greater than unity. 

84. One quantity is said to be divisible by another 
when the latter will divide the former without a remain- 
der. Thus, a b is 'divisible by either a or b. 

A composite quantity is divisible by any of its factors, 
and a prime quantity only by itself and unity. 

85 • The difference of any two equal powers of two quanti- 
ties is always divisible by the difference of the quantities. 

For, let a and b represent any two quantities, a being greater 
than b\ then, 

(a* — 5 s ) -j- (a — b) = a* + ab + &*, 
(a 4 — 6 4 ) -j- (a — b) = a s + a*b + ab 2 + 6 s , 
and so on. 

Define Factoring. Factors. Prime Quantity. Composite Quantity. 
When are quantities prime to each other ? When is one quantity divis- 
ible by another % By what is the difference of any two equal powers of 
two quantities divisible? 
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Algo, let b or a become 1 ; then, (a* — 1) -7- (a — 1) 

»a+l;(a»-l)-Ka--l)-a« + a + l; (1 -*)-=-(!—*) 
— 1 + 5, etc. 

86. The difference of two equal even powers of two quan- 
tities is always divisible by the sum of the quantities. 

For, (a« — V) -± (a + b) _ a — 5, 

(a* — &*) _l. ( a -j- b) =- a» — a*6 -f a 6* — &», 
(a 6 — V) -± (a + b) — a» — a 4 6 -f a 8 ft* — a*&» + ab* — 6*, 
and so on. 

Also, (a* — 1) -f- (a + 1) « a — 1; (a* " -^ 1) + (a -f 1) 
_ a 8 — a 1 + a — 1 ; (1 — b*) ~ (1 + b) — 1 — 6, etc. 

87* The sum of two equal odd powers of two quantities is 
always divisible by the sum of the quantities. 

For, 

(a» + b*) -1- (a + b) — a* — a J + b* y 

(a 5 + P) -T- (a + ^ — «* — <*b + a*b* — ab* + 6*, 

( a T _j_ &T) _j_ ( a _|_ ft) xa * _ a 6j _j_ a 4ji _ rf6 » + a » & 4 __ a # j^ ^ 

and so on. 

Also, (a 8 +l)-f.(a+l) = «*--a+l; (a 5 + 1) ^ (a + 1) - 
a 4 — c^ + a* — a + 1; (l + J 8 ) + (1 + ft) « 1 — b + &«, etc. 

CASE I. 

88, To resolve monomials into their prime fao- " 
tors. 

1. Find the prime factors of 12 a* b. 

operation. Since the composite factor 12 is the 

jo 2v2v 3 product of the prime factors 2, 2, and 



a 3 = a X a 
b =b 



3, the composite factor a*, of a and a, 
and b is prime, the prime factors of 
12a a 6 are 2, 2, 3, a, a, and b, or 
12a 2 i = 2X2X3aa5 2X2X3aa&. Hence the follow- 
ing 



By what is the difference of two even powers of the same degree divis- 
ible ? By what the sura of two odd powers of the same degree ? Ex« 
plain the operation under Case I. 
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RULE. 

To the prime factors of the numerical coefficient annex each 
letter written as many times as there are unite in its exponent 

Examples. 

2. Find the prime factors of 8 a b 3 . 

M . Axis. 2 X 2 X Zabbb. 

3. Resolve 21w 8 » 2 x into its prime factors. 

4. Factor 49a 2 b x 2 ^. , Ans. t X T aabxxyyy. 

.5. Find the prime factors of 56 cP&cPzPy. 

'6. Factof 81 b*c*d a?. 

Ans. 3 X 3 X3 X Sbbbccdxxx. 

CASE n. 

89, To resolve a polynomial into two factors, when 
one of them is a monomial. 

1. Find the factors of a c -\- be. 

operation. Since c is a factor common to all 

the terms, we divide a c -\- be by c, 
(ac + bc) -f- c = a + b and obtam f or the other factor, a + & ; 
ac-\-bc=ic(a-\-b) whence, ac -\-bc = c (a + &). 



RULE. 

Divide the polynomial by the greatest monomial factor com- 
mon to aU its terms, and io the quotient, inclosed in a paren- 
thesis, prefix the divisor as a coefficient. 

Repeat the Rule. Explain the operation under Case II. Repeat the 
Rule. 

6 
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Examples. 

2. Factor a V -f- a be. Ans. a b (b -|- c). 

3. Resolve a -J- ay into its factors. Ans. a (1+^)* 

4. Resolve a x -J- x into its factors. 

5. Find the factors of 6 x 4 + 3 a 8 — 9*. 

Ans. 3x(2ar , + a^ — 3). 

6. Resolve 14 b c A x — 21 V c* x -f- 1 b c* x into factors. 

1. Factor 16 a 8 — 12 a 5 + 4 a c. 

Ans. 4a (4a 2 — 35 + c). 

8. Find the factors of 11 a* x — 11 a 2 y + 22 a c. 

Ans. 11 a (Y a x — ay -|- 2 c). 

9. Factor 21 ary + 14 x*y + 21 xy. 

Ans. T a?y (3 a*y + 2 x + 3). 

10. Resolve 14a 4 6 4 x°y — 60^/+ lOaa^y into factors. 
Ans. 2ax*y(1a*b 4 x*— Sx*tf + 5). 

• CASE m. 

90. To resolve a trinomial into two equal binomial 
factors. 

Any trinomial can be resolved into two equal binomial 
factors, when two of the terms are squares and positive, 
and the other term is twice the product of their square 
roots. 

1. Find the factors of a 2 -f 2 a b + #*. 

OPERATION. SinCe * * ^ 8( l Uare ° f «• 

ft* is the square of b, and 2a b 

a 8 = the square of a, k twice the product of aandft, 

V = the square of b, and ^ positive, we have, by 

2ab = twice a X b. Theorem I., Art. 76, for the 

&-\-2ab-\-P=(a-\-b)(a + b). two factors, (a + ft) (a + ft). 

But had the middle term 
been negative, then, by Theorem H, Art 77, the factors would have 
been (a — b) (a — 6). Hence the following 

Explain the operation under Case III. 
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RULE. 

Take for each of the required factors the sum or difference 
of the square roots of the square terms, according as the other 
term is positive or negative. 

Note. Some trinomials m"ay be resolved into unequal binomial factors, 
tbus, ** — 5* + 6= (x — 3) (x— 2), 2a 2 + ab — 6 6* „ ( 2a — 3b) 
(a + 2 6) j bat no simple general principle can be applied to all such 
eases. 

Examples. 

2. Factor a 2 — 2 a ft + ft 2 . Ans. (a — b) (a — b). 

3. Factor 4 a 2 + 12 a 3 + 9 ft 2 . 

Ans. (2 a + 3 5) (2 a + 3 5). 

4. Eesolve 4 a 3 — 12 a 5 + 9 ft 2 into its factors. , . 

5. Factor a 2 — 4 a b 2 + 4 ft 4 . 

Ans. (a — 2 ft 2 ) (a — 2 ft 2 ). 

6. Factor a 2 — 2 a: + 1. Ans. (x — 1) (a: — 1). 

7. Kequired the two binomial factors of 1 + 2a? 2 + x\ 

8. Resolve 4 a? 2 + 4 a: t/ + y 2 into its factors. 

Ans. (2x + y)(2x + y). 

9. Factor 25 m 4 + 10 m 2 n + n 2 . 

Ans. (5m 2 + »)(5m a + n). 

91. To resolve a binomial into two binomial fac- 
tors. 

Any binomial can be resolved into two binomial factors 
when its terms represent the difference between two 
squares. 

1. Find the binomial factors of a 2 — ft 2 . 
Repeat the Kale. 
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Since d* is the square of a, 

operation. an( i &* is the square of b 9 we 

a 2 = the square of a, have, by Theorem IIL, Art 

b 2 = the square of b. 78 » f ° r the required factors, 

a» _ ft* = ( a 4- J) (a — b). ^ 8um and difference of a 
v ' ' v ' and 6, or (a + b) (a — 6). 

Hence the 

RULE. 

T'ote for one of tlie factors the sum, and for the other the 
difference, of the square roots of the given terms. 

2. Factor a 2 — c 2 . Ans. (a + c)(a — c). 

3. Find the factors of x 2 — y 2 . 

4. Factor 4 x 2 — y 2 . Ans. (2 x -f y) (2 x — y). 

5. Factor 9 a 2 — 4 5 2 . Ans. (3 a + 2 J) (3 a — 2 £). 

6. Find the binomial factors of 64 a 2 b 2 — 16 c 2 d 2 . 

7. Factor 1 — 81 x 2 . Ans. (1 + 9 x) (1 — 9 *). 

8. Factor c* — a 4 y 2 . Ans. (c 8 -f a 2 y) (c 8 — a 2 y). 

9. Factor a 4 — £ 4 . t ' * > ? ^' 

' Note, a 4 — 6 4 = (a 2 + ft 2 ) (a 2 — 6 2 ) = (a 2 + 6 2 ) (a + 6) (a — b). 

10. Factor 1 — c 4 . Ans. (1 + c 2 ) (1 + c) (1 — c). 

11. Factor 16^—1. 

Ans. (4^ + 1) (2y* + 1) (2y* — 1). 

12. Factor a 8 — c 8 . 

Ans. (a 4 + c 4 ) (a 2 + c 2 ) (a + c) (a — c). 

13. Factor a 8 — y 4 . Ans. (x 4 + y 2 ) (x 2 + y) (x 2 — y) . 

92. Any binomial which consists of the difference of 
any two equal powers, or the sum of any two equal odd 
powers, may be factored by aid of Articles 85, 86, and 

Explain the operation. Repeat the Role. When may a binomial be 
factored upon the principles contained in Articles 85, 86, and 87? 
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87 ; for the quotient and divisor are factors of the div- 
idend. 

1. Factor a 8 — If. 

OPERATION. 
( a 8 _ J8) ^ ( a _ fy _ a 2 _|_ ab _|_ J2 

Since, by Art 85, a — 5 is a factor of a 8 — 6 s , we divide the 
latter by the former, and obtain as another factor, a a -(- a b -\- 6* ; 
and thus have a 8 — &* = (a — 5) (<? + ab + 5 s ). 

2. Factor a 8 + #*. Ans. (a + 3) (a 2 — a b + ft 2 ). 

3. Factor m* — w 4 . 

Ans. (wi — n) (m 8 + #* 2 w -f- m ra 2 -f- wS )> 
or (m -f- w) (m 8 — m 2 n -\- mri 2 — n s ). 

4. Factor 1 — x 4 . 

Ans. (l — x) (l+x + aP + a?), 
or (1 + x) (1 — a: -f- «* — a? 8 ). 

Note. The second factor, in either answer of the last two examples, 
may be again resolved into factors, so that either set of answers will re- 
duce to the same form as those of Examples 9 and 10 in the last 
Article. 

^5. Factor Sx 3 — ^. 

Ans. (2 x — y) (4 x 2 + 2 xy + y 2 ). ' 

6. Factor %a?-\-\. Ans. (2x-\- 1) (4ar* — 2 x+ 1). 
1. Factor a 5 + P. 

Ans. (a + »)■(** — rfJ + a«P — fl y + 5 4 ). 
8. Resolve into factors a 6 — #*. 
Ans. (a 8 + & 8 ) (a 8 — V) = (a 8 + & s ) (a — b) (a 2 + a &-J-5 2 ) 
= (a + &) (a 2 — a$ + £ 2 ) (a — 3) (a 2 + a b + &*) 
, — (a 2 — 3 2 ) (d 4 + a 2 J 2 + 5 4 ) . 

Note. The factor a 2 — fi 2 is found by taking the product of the fao» 
tors a + b and a — b ; and either using it as a divisor, or multiplying the 
remaining factors together, gives the factor o 4 -f- « 2 ^ + & 4 - By making 
the factors a -{- b and a — b divisors, other factors can be obtained. 

Explain the operation. 
6* 
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93* In factoring many polynomials, much must depend 
qpon the skill of the learner, since specific directions 
cannot well be given to meet every case. 

Sometimes a portion only of a polynomial can be fac- 
tored, as when the terms do not all have a common 
factor. 

1. Factor a*e + 2a be -j-P*. 

. Ans. c (a + b) (a + b). 

Note. a*c + Zabc + Pc = c (a* + 2ab + 6»), and a 3 + 2 a 6 + 6* 
~ (a + &(« + b). 

2. Factor ab-^-ad-\-cx-{-cy. 

Ans. a (b -f- <0 + c ( x ~f" y) 

3. Factor 2y* + 3a*y — 9a 8 . 

Ans. 2y» + 3^(y — 3) 

4. Factor 6 a 8 + 12*^ + 6*^. 

Ans. 6 x (x + y) (x -f- y). 

5. Factor ab -}- ay-f-&#-f-#y- 

Ans. (a + *) (5 + y)- 
Notr. a6-f-ay + bx + xy = a(b+y) + x{b+y) = (a-f-x) (6-f-y). 

6. Factor a c — 5 a* -f- be — ad. 

Ans. (a -f- 5) (c — d). 

1. Factor 6 ax — 2 fly +3 5* — 4 ay. 

Ans. (2 a + ft) (3* — 2y). 

Note. The product of two binomial factors reduces to a trinomial 
whenever two of the partial products are similar. (Art 90, Note.) 

GREATEST COMMON DIVISOK? ~ 

94. A Divisor or Measure of a quantity is any quanti- 
ty that will divide it without a remainder. 

What is said of factoring polynomials ? When can a polynomial he 
only partially factored ? Define a Divisor or Measure, 
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95. A Common Divisor or Measure of two or more 
quantities is a quantity that will divide each of them 
without a remainder. 

Hence, any factor common to two or more quantities is 
a common divisor of those quantities. 

96, The Greatest Common Divisor of two or more 
quantities is the greatest quantity that will divide each 
of them without a remainder. 

Hence, the greatest common divisor of two or more 
quantities is composed of all the factors common to those 
quantities. 

When quantities are prime to each other (Art. 83), 
they have no common measure greater than unity. 

97#* The greatest common divisor of two quantities 
is also the greatest common divisor of the least quan- 
tity and their remainder after division. 

For, let a and b be two- quantities, of which b is the least. 

Suppose^ now, that b is not contained in a an exact number of 
times, but m times, with a remainder, r. Then, since the dividend is 
equal to the product of the divisor by the quotient, plus the remainder, 
we have 

a = m b -f- r. 

Also, since the remainder is equal to the dividend minus the product 
of the divisor by the quotient, 

r = a — m b. 

Now, any quantity that will exactly divide b will exactly divide m 
times b, or mb; and any quantity that will exactly divide b and r 
will -exactly divide mb and r, and consequently will exactly divide 

Define Common Divisor. Greatest Common Divisor. Prove that the 
greatest common divisor of two quantities is the same as the greatest 
common divisor of the least, and their remainder after division. 

* Beginners, at the option of the teacher, may omit this Article. 
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It is evident that, if x* -f~ 2 x + * will exactly divide a* -f~ 2 *? 
-|- 2x -f- 1> it will be the greatest common divisor, since no quantity 
can have a divisor greater than itself. But we find that the latter 
is not divisible by the former, there being a remainder, x -f- 1- 
Now, we know that the greatest common divisor cannot be greater 
than this remainder ; for the greatest common divisor of two quan- 
tities most be a divisor of their remainder after division (Art. 97}. 
We, therefore, divide the divisor by the remainder, which it ex- 
actly divides. As x -f- 1 is the greatest common divisor of the re- 
mainder and divisor, it must also be that of the divisor and divi- 
dend (Art 97) ; consequently it is the greatest common divisor 
required. 

Hence, for finding the greatest common divisor of two 
polynomials, we have the following 

RULE. 

Divide the greater quantity by the less, and if there is no 
remainder, the less quantity will be the divisor required. 

If there is a remainder, divide the divisor by it, and con- 
tinue thus to make the preceding divisor the dividend and the 
remainder the divisor, until, a divisor is obtained which leaves 
no remainder; the last divisor will be the greatest common 
divisor. 

Note 1. When the two quantities are expressions of the tame degree, 
it is immaterial which is made the divisor. 

Note 2. If both polynomials have a common monomial factor, it 
may be suppressed during the operation ; but it must finally be restored 
as a factor of the common divisor. 

Note 3. If either polynomial has a monomial factor not common to 
the two, it may be suppressed, since such a factor can form no part 
of the greatest common divisor. 

Note 4. If the leading term of any dividend is not divisible by the 
first term of the divisor, each term of the dividend may be multiplied 
by any quantity, not a factor of all the terms of the divisor, which will 

Repeat the Rule. What is Note 1 1 Note 2 ? Note 8 ? Note 4 ? 
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render it divisible ; since the factor thus introduced, not being a common 
factor, cannot affect the common measure. 

Note 5. If any of the divisors, in the coarse of the operation, be- 
come negative, they may have their signs changed, since a change of 
all the signs in either divisor or dividend does not affect the question 
of divisibility. 

Note 6. When the greatest common divisor of more than two quan- 
tities is required, find the greatest common divisor of two of them, and 
then of that common divisor and one of the other quantities, and so 
on, for all the given quantities. The last common divisor will be the 
greatest common divisor required. 

Examples. 

2. Find the greatest common divisor of 2a*x — 2b*x 
and ±cPx-\-±1?x. 

2a*x — 2& 2 x)4a 8 x + 40*a? 
a 9 — J 2 ) a 8 + P{? 
a 8 — aW 

ab* + & 

a +3) a 2 — fr 2 (a—b 
a*+ab 

— ab — V 

— ab — V 

Ans. 2 x (a + b). 

We suppress the factor 2 a: in the first quantity, and 4 a: in the 
second, and find a common factor, 2 x, in both, which we reserve as 
a factor in the greatest common divisor (Note 2). The quantities 
now become d" — &* and a 8 + ^ In the first remainder we sup- 
press the factor b* (Note 3), and it becomes a -\-b. The product 
of the last divisor, a-\-b,hy the common factor, 2 x, gives 2 x (a -f- 6) 
as the greatest common divisor required. 

3. Find the greatest common divisor of 3a 2 — 2a:— 1 
and 4a 8 — 2s 2 — 3x+l. 

What is Note 5 1 Note 6 ? Explain the operation. 
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4 a*— 2 a?— 3a?-fl 3s»— 2x— 1 

3 (4a: 



12 a* — 6a*— 9a: + 3 
12a* — 8a 2 — 4x 



2 a* — 5ar-f3) 3 a 2 — 2ar— 1 (3 

2 

6a 2 — 4x— 2 
6 a*— 15a? + 9 
11a:— 11 

*— 1)2**— 5x+3(2a— 3 
2a* — 2a? 

— 3x + 3 

— 3s + 3 

Ans. x — 1. 

We multiply by 8 in the first instance, and by 2 in the sec- 
ond, to make the division possible (Note 4), and suppress in the 
second remainder the factor 11 (Note 3). 

The first divisor is written at the right, in order to economize 
space. 

4. Find the greatest common divisor of 3 a* — 24 a; — 9 
and 2 a* — 16 x — 6. Ans. a* — 8 x — 3. 

5. Find the greatest common divisor of 4a 2 — 4ax — 15a* 
and 60*+ 1 ax — 3a?. Ans. 2a + 3x. 

6. Find the greatest common divisor of 2 a 2 -f- a b — J 2 , 
a 2 — 2 a b — 33 s , and 3 a c -f- 3 b c. Ans. a -{- b. 

1. Find the greatest common divisor of 2 a? 4 — 7a*-|-5a* 
and x 8 + 3 a* — 4 x. Ans. a* — x. 

100* The greatest common divisor of polynomials may 
often be most readily obtained by factoring, after the 
manner of monomials. (Art. 98.) 

Explain the operation. In what way may the greatest common divisor 
of polynomials often be most readily found ? 
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1. Find the greatest common divisor of 3 a 2 — 3 ft 2 and 
3a 2 + 6 aft + 3 ft 2 . 'Ans. 3 (a + ft). 

Note. 3a 2 — 362 = 3 (a 2 — b 2 ) = 3 (a + b) (a — 6), and 

3a 2 + 6a6 + 3^ = 3 (a 2 + 2ab + &) = 3 (a + 6) (a + 6). 

2. Required the greatest common divisor of a ft -f- ft 2 
and a c 2 + & c 2 . Ans. a -f- &• 

3. What is the greatest common divisor of a 2 — 2 a 
and a b — 2b? Ans. a — 2. 

4. Required the greatest common divisor of a* — a s ft 3 
and a 4 — fti Ans. a 2 — J 2 . 

6. Find the greatest common divisor of a ft -f- am -\- b n 
-\-mn and ft 2 n ■ — m 2 w. Ans. J -f- m. 

6. Find the greatest common divisor of a 2 -f- 2 a & -|" ^ 
and a 3 — aft 2 . Ans. a -f- ft. 

7. Required the greatest common divisor of 3 a? — 3^, 
$a? -\-6xy-\-Sif, and 3afta: -|- 3 a by. Ans. 3 (# -f" y). 

LEAST COMMON MULTIPLE. 

. 161 • A Multiple of a quantity is any quantity that 
can be divided by it without a remainder. 

Hence, a multiple of a quantity must contain all the 
prime factors of that quantity. 

102. A Common Multiple of two or more quantities is 
one that can be divided by each of them without a re- 
mainder. 

Hence, a common multiple of two or more quantities 
must contain alt the prime factors of each of the quantities. 

103. The Least Common Multiple of two or more quan- 
tities is the least quantity that can # . be divided by each 
of them without a remainder. 

Define a Multiple. Define a Common Multiple of two or more quan- 
tities. Least Common Multiple. 



74 ELEMENTARY ALGEBRA. 

Hence, the least common multiple of two or more quantities 
must be the product of all their different prime factors, each 
taken only the greatest number of times it is found in any one 
of those quantities. 

104. If the product of two quantities be divided by their 
greatest common divisor, the quotient will be their least com- 
mon multiple. 

For, since the greatest common divisor of two quantities is com' 
posed of all the factors common to those quantities (Art. 96), these 
factors will enter twice into the product of the quantities. Hence, 
if the product be divided by the greatest common divisor*, the quotient 
will contain only the factors common to the quantities, and those pecu- 
liar to each of them. Now these are the factors of the least common 
multiple. (Art. 103.) 

105. To find the least common multiple of quantities. 
1. Find the least common multiple of 6 a 2 be and 4,ab* d. 

OPERATION. 

.6 a 2 be =3X2Xa 2 XbXc 
±ab*d = 2 2 X a X b* X d 

12 a 2 b 3 cd = 3 X 2 2 X « 2 X V X c X d 

Resolving the quantities into their several factors, we find that 
the different factors, each taken only the greatest number of times 
it enters into either of the quantities, are 3, 2 a , a a , b % , c, and d ; and 
the product of these, or 12 a* b*cd, is the least common multiple. 
(Art. 103.) Hence the 

RULE. 

Resolve the quantities into their prime factors ; and the pro- 
duct of these factors, taking each factor only the greatest num- 
ber of times it enters into any one of the quantities, will be 
the least common multiple. 

Show that the product of two quantities divided by their greatest com- ■ 
mon divisor gives their least common multiple. Explain the operation 
Repeat the Rule. 
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Note 1. When quantities are prime to each other, their product is 
their least common multiple. 

Note 2. When the greatest common divisor of two quantities is 
known, or the quantities are such as not to be readily factored by in- 
spection, it may be the most convenient process of obtaining the least 
common multiple to divide the product of the quantities by their greatest 
common divisor. (Art. 104.) 

Examples. 

2. Find the least common multiple of 2a 2 x, 4 a x, and 
Sx — bx 2 . Ans. 4 a 2 a; (3 — 5 a:). 

2a 2 a? = 2Xa 2 X* 
4a a? = 2 2 X«X» 
Sx — 5^= a?X(3 — 5a:) 

4 a 2 x (3 — 5 x) = 2 2 X « 2 X * X (3 — 5 x) . 

3. Find 4he least common multiple of x 2 — a 2 and 
x 9 — a 8 . Ans. (x-\-a)(x* — c* 8 ). 

x 2 — a 2 — (x — a) (x + «) 
X s — a 8 = (x — a) (x 2 -\- a x -\- a 2 ) 
(x + a) (x 3 — a 8 ) = (x-\-d) (x — a) (a^ + aar + a 2 ) 

4. Find the least common multiple of x 2 — x — 12 and 
X s + 6 a 2 -f- 9 x t their greatest common divisor being x -|- 3. 

Ans. x{x — 4)(a;-f 3) 2 . 

(^->-^ + ^ + a»)_ g(g _ 4)(g + , y 

5. Find the least common multiple of 9;c 8 y 5 , 15 x y 2 , and 
18arV. Ans. 90 *V. 

6. Find the least common multiple of 4 a b c 2 , 6 a 2 c 8 , and 

9 a ¥ d. 

7. Find the least common multiple of 5 a 8 W and 

10 a 2 c 2 (a + ft). Ans. 10 rftfc 2 (a + ft). 



What is Note 1 ? Note 2 ? Explain the operation of Example 2. 
Example 8. Example 4. 
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8. Find the least common multiple of ab(x-\-y) and 
oc* (*»+/). Ans. aftc^-fy 8 ). 

9. Find the least common multiple of ' 3 a -f- 1 and 
3 (9 a 1 — 1). Ans. 3(9a*— 1). 

10. Find the least common multiple of 1 -f- a, 1 — a, 
and 1 — a*. Ans. 1 — a*. 

11. Required the least common multiple of a, x-\-y, 
and x — y. Ans. a(x* — y*). 

12. Required the least common multiple of 
Z(tx + 6abz + 3Px and 12 a» — 12 a& + 3 V. 

Ans. Sx(a + by(2a — b)K 



FRACTIONS. 

106* A Fraction, in Algebra, is an algebraic expression 
denoting one or more equal parts of a unit. 

107. A Fractional Unit is one of the equal parts into 
which a unit has been divided. Thus, £, J, and 1 are frac- 
tional units. 

108t The Denominator of a fraction shows into how 
many equal parts a unit* has been divided, in order to 
produce the fractional unit. 

109. The Numerator of a fraction shows how many 
fractional units have been taken. 

110. The Terms of a fraction are its numerator and 
denominator. 

Algebraic fractions are written like common fractions 
in Arithmetic, the quantity representing the numerator 
being placed above a horizontal line, and that represent- 
ing the denominator being placed below. 

Define a Fraction. A Fractional Unit The Denominator of a fraction. 
The Numerator. The Terms. How are fractions written? 
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Thus, j- represents a fraction, of which a is the numera- 
tor, and b the denominator. 

lilt An Entire Algebraic Quantity is one which has 

no fractional part ; as, a b f or a — b. 

112t A Mixed Algebraic Quantity is one having both 

entire and fractional parts ; as, a , or c-| — -p— . . 

c x -j-y 

113* The Value of a fraction is the quotient arising 
from the division of the numerator by the denominator. 

For, a fraction is an expression of division, the numerator answer* 
ing to the dividend, and the denominator to the divisor. (Art. 66.) 

Thus, the value of the fraction -j- is a. 

GENERAL PRINCIPLES OP FRACTIONS. 

114* If the numerator be multiplied, or the denominator di- 
vided, by any quantity, the fraction is multiplied by the same 
quantity. 

For, let -r denote any fraction; then, 
ab 

Now, if we multiply its numerator. by any quantity b, we have, 
ab* 

and, in like manner, if we divide its denominator by b, we obtain 
also ab. Hence, in both cases the value of the fraction has been 
multiplied by b. 

115i If the denominator be multiplied, or the numerator di- 
vided, by any quantity, the fraction is divided by the same 



Define an Entire Algebraic Quantity. A Mixed Algebraic Quantity. 
The Value of a fraction. If the numerator be multiplied, or the denomi- 
nator divided, how is the fraction affected ? If the denominator be mul 
tiplied, or the numerator divided ? 

7* 
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ab* 
For, let -j~- denote any fraction ; then, 

- = ab. 

Now, if we multiply its denominator by any quantity 6, we 

have, 

ab* 

and, in like manner, if we divide its numerator by b, we obtain 
also a. Hence, in both cases the value of the fraction has been 
divided by b. 

116* If the numerator and denominator be both multiplied, 
or both divided, by the same quantity, the value of the fraction 
will not be changed. 

ab 
For, let -T- denote any fraction; then, 

ab 

- = a. 

Now, if we multiply both its numerator and denominator by the 
same quantity 6, we have, 

ab* 

and, in like manner, if we divide both terms by 6, we obtain also 
a. Hence, the value of the fraction in both cases remains un- 
changed. 

SIGNS OF FRACTIONS. 

117» A fraction is positive when its numerator and denom- 
inator have the same sign, and negative when they have dif- 
ferent signs. 

For, a fraction represents the quotient of its numerator divided by 
its denominator, consequently its proper sign must be determined as 
in division. (Art. 67.) 

If both numerator and denominator be multiplied or divided ? When 
is a fraction positive ? When negative ? 
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118. The Sign of a fraction, or that prefixed to its 
dividing line, shows whether the fraction is to be added 
or subtracted. 

Thus, in x -J — j—, the sign -f- denotes that — t-, although 
essentially negative (Art. Ill), is to be added to x. 

119. The sign written before the dividing line has been 
termed the apparent sign of the fraction, and that depend- 
ing upon the value expressed by the fraction itself has 
been termed the real sign. Thus, in -| — j- , the apparent 
sign is -(-, and the real sign — . 

120# If any one of the signs prefixed to the numerator ', de- 
nominator, and dividing line of a fraction be changed, the 
value of the fraction will be changed accordingly, 

„,, +flJ — ab ab ab 

Thus, ^ =«; - b --=-a; — b = -«; — r =-a. 

. , — a h ab . — ab , 

Also, ZT"" — a; — =Tft == + a; 6~ x=: + a; 

— ab . 

- b - = + a - 

121. Any two of the signs prefixed to the numerator, de- 
nominator, and dividing line of a fraction may be changed, 
without affecting the value of the fraction, 

m . ab ab — ab — ab . 
Thus, T = __ = _ y = j-- + «. 

... ab — ab ab — ab 

Also, — T = - 6 =_>=__ j = _a. 

122. If all the signs prefixed to the terms and the dividing 
line of a fraction be changed, the value of the fraction will be 
changed accordingly. 

What does the Sign of a fraction show ? What is the apparent sign of 
a fraction ? The real sign ? What is the effect of changing one of the 
signs prefixed to the fraction and its terms? Of changing two of the 
sign* i Of changing all the signs 1 
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Thus, -v- = + a, but . = — a ; — — = — a, but 

ab , ab , . r-nft . 

— — 6 = + a ' 113 = — a » but F" = + a; 

06 , . — aft . 

__ = — a, but— ^ =+a. 



REDUCTION. 

123. Reduction op Fractions is the process of changing 
their forms without altering their values. 

CASE I. 

124. To reduce a fraction to its lowest terms. 

A fraction is in its lowest terms, when its terms are 
prime to each other. 

1. Reduce r- T — to its lowest terms. 
doc 

We factor both terms. 

operation. Then, since dividing both 

Gab 36X 2a 2 a numerator and denominator 

9bc 3b~X 3 c 3~c by the same quantity does 

not affect the value of the 

fraction (Art. 116), we strike from each the common factors 3 and 

b % or 3 b. But 3 b is the greatest common divisor of the terms of tho 

fraction, consequently, 2 a and 3 c are prime to each other (Art. 

2 a 
83), and — is the answer required. 

RULE. 

Resolve both terms of the fraction into their prime factors, 
and cancel all that are common to both. Or, 

Divide both terms by their greatest common divisor. 

Define Reduction of Fractions*. Explain the operation. Repeat the Rule 
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Examples. 



2. Reduce — ; t- to its lowest terms. 

a 4 — x A 

- x* x (a-\-x) (a — x) 



x 



a 4 — x 4 (a + *) (a — x) (a* + x*) a 2 + a* 

3. Reduce -- — 5-^7 to its lowest terms. Ans. — -, 

6 »r n 4? 8 m x 

4. Reduce — -r — to its lowest terms. Ans. —. 

10 6 a; 2 

3 x* if --JO. 

5. Reduce -- — x to its lowest terms. ^ 

6. Reduce -- . to its lowest terms. Ans. r— . 

21 rtvn x 3 w 

• J> /if) it™ <!*■ 

7. Reduce — — =— = to its lowest terms. Ans. - — 5 . 

ldabnr 3 m* 

8. Reduce . , — , , ,, to its lowest terms. 

a* + 2ab + P . 1/ /) 

^ \- -^ . a* — a b 
Ans. — r-^-. 

*-/"**'* * ^ *-l 

9. Reduce - n-^— to its lowest terms. Ans. — - — . 

2*y+2y ; )\v }() 2y 

^-10. Reduce — ,7- .- to its lowest terms. Ans. -5. 
acr-\-<?x <r 

11. Reduce -«— ,- t 7" a x . — = to its lowest terms. 

An8 . l(!ip£>. 

x -f- a 

o* ^ #1 a s 

12. Reduce —7 — =7- to its lowest terms. Ans. 8 . , 2 . 

a* — o* a -j- 

^/ ,o t> j 5a 6 -|-10rt 4 a:-f 5re s .r 2 , ., , , , 

// 13. Reduce f x+ 2a*x* + 2a*r +* to lts lowest term * 



. 5 a 4 -|- 5 a 8 a; 

a* x -f- a X s -|- x 3 ' 
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CASE IL 

125. To reduce a fraction to an entire or mixed 
quantity. 



1. Reduce — -— to a mixed quantity. 



operation. We perform the division indicated, 

ab 4- c c an( * 0Dfca in ° f° r tne entire part, and 

— — — ^-» * h 1 — c 

a * a -\ — for the fractional part, of the 

quotient. Hence the 



RULE. 

Divide the numerator by the denominator, for the entire part ; 
and, if there be a remainder, write it over the denominator, for 
the fractional part, which connect with the entire part, by its 
proper sign. 

Examples. 

2. Reduce* — -— to a mixed quantity. Ans. b-\ — . 

/ft -j 

3. Reduce — i- 2 - to an entire quantity. Ans. x — v. 

x + y ^ 

O X I 2 X* 

4. Reduce — ^ — to a mixed quantity. 

Ans. x -f- 



a -4- x 

5. Reduce — — - to an entire quantity. 

Ans. x 3 -|- x y -\- #*. 

6. Reduce ^^ — to a mixed quantity. If* - -i; S 

4^ 2 x 

7. Change • » — -j—r to a mixed quantity. 



Ans. 2- 



2s 2 — a: -(-I* 



Explain the operation. Repeat the Rale. 
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a i ^-i-a^ 

8. Change -r^- — to an equivalent mixed quantity. 

5 s 

Ans. a* — ax-\-x* ; — . 

1 a-\-x 

126, By means of negative exponents, the value of any 

fraction whatever may be expressed in the form of an 

entire quantity. 

For, since any fraction is an expression of division, 

Any factor may be transferred from either term of a fraction 

to the other by changing the sign of its exponent. (Art. 71.) 

4a K b* 
I. Keduce A ... 9 to the form of an entire quantity. 
2 a 3 o 3 c 8 -a * 

operation. ^ e re duce the given frac- 

tion to its lowest terms, bv 
4a 4 P 2a rt , . in c ' 

, = j- 3 = 2aJ" 1 c" 1 canceling all common fae- 



2a*lr'c*~bc*~ . 2a . 

tors, and obtain 7-5. This 

expression we change to the form of an entire quantity by trans- 
ferring to the numerator the factors of the denominator, with the 

2 a 
agns of their exponents changed from positive to negative, and r-^ 

becomes 2a6 _1 c~ 2 . 

2. Reduce r - to the form of an entire quantity. 

Ans. <*Vc-*dr l . 

3. Change ., . to the form of an entire quantity. 

Ans. 5 X 2r 1 a1r x €T t . 

3 x iP 

4. Change ~- to the form of an entire quantity. 

y -w v 

5. Change —zra to tno ^ orm °f an entire quantity. 

Ans. ab~ 2 3?y. 



By what means may any fraction be expressed in the form of an entire 
quantity ? How may any factor be transferred from one term of a frac- 
tion to the other? 
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6. Reduce -_ 8 - -5 to the form of an entire quantity. 

Ans. a?x?tf. 

7. Reduce -——,--. to the form of an entire quantity- 

(a — b) % 

Ans. (a + b)(a — b)-*. 

8. Reduce ( ■ n _ 2 to the form of an entire quantity. 

Ans. a* — V. 

9. In — - _ t .. > remove the negative exponents. 

. 2ft 5 

Ans - sy 

10. Change — — —ttj~—^ to an equivalent expression 
having positive exponents. Ans. --, 



*y 



at — tfb — aV + V 



CASE III. 



127. To reduce a mixed quantity to a fractional 
form. 

1. Reduce b -I — to a fractional form. 
. a 

operation Since any quantity may be ex- 

pressed in the form of a fraction by 

b -f- - = ~3l— * writing 1 beneath it, the entire part 

a a . b 

b is the same as - ; now, if we mul- 
tiply the terms by a, the denominator of the fractional part, which 
will not change the value represented (Art. 116), we hare 

-=s — . Then, since and - have the same fractional unit (Art. 
1 a a a v 

107), we unite their numerators by the proper sign, and write 
the result as a numerator of a fraction of which a is the denomi- 
nator, thus obtaining — -- - . Hence the 



Explain the operation. 
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RULE. 

Multiply the entire part by the denominator of the fraction ; 
add the numerator to the product when the sign of the fraction 
is plus, and subtract it when the sign is minus, and write the 
result over the denominator. 

Note. It is also obvious, from the analysis of the example preceding 
the rule, that any entire quantity may be reduced to a fractional form 
having a given denominator, by multiplying the entire quantity by the 
given denominator, and writing the product over that denominator. _ 

Examples. 

a* a» 

2. Keduce x to a fractional form. 

x 

_ a*-x* _ x* — (a* — a 3 ) _ x* — q» -f x* _ 2x* — a* 

X X X X 

a*b* 

3. Keduce x to a fractional form. 

a* — a'b* 

Ans. 

x 

a*x* * * 

4. Reduce b + to a fractional form. 

a - 

'■ C 

>' 5. Reduce a « »— to a fractional form. 

2 b 

Ans a * + * 
Ans - 2 6 

6. Reduce a -f- 1 — to a fractional form. 

Ans. «» + »-— K . 



?. Reduce 2a — 2b A ^— to a fractional form. 

. 7 a — 6 b — x 
Ans. - 8 

Repeat the Rule. How may an entire quantity be reduced to a frac- 
tional form having a given denominator? 
8 
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4^ 5 

8. Change 1 -\- Sa to an equivalent fraction- 

, - ' 12ax+5 

al form. Ans. — 

4x 

9. Change a -f- b -~ h to an equivalent frac- 

tional form. Ans. 



a — b 



x* 4- v 1 

10. Change 2 -| ' - - to an equivalent fractional form. 

Ans. <* + »>\ 

x v 

11. Reduce a -f- b , . ' to the form of a 

fraction. Ans. — j— r- 

a-\-b 

CASE IV. 

128. To reduce fractions of different denominators 
to equivalent fractions having a common denomina- 
tor. 

Fractions are said to have a common denominator when 
they have the same quantity for a denominator. 

Q c 

1. Reduce r and 3 to a common denominator. 
a 

operation. ^* e mu ltiply both terms of each 

, fraction by the denominator of the 

a a X a od . . *. , , , . 

- == = — other, which does not change tho 

value of the fraction, since both terms 

c c X & be have been multiplied by the same 

d d X b bd quantity (Art. 116), and have as 

equivalent to - and -,, . . and r-j, re- 
spectively, with a common denominator, bd. 

Now, the common denominator, bd, since it is divisible by each 
of the given denominators, b and d, is a common multiple of them 

Explain the first operation. 
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(Art. 102)-, and it will also be noticed that each numerator was 
multiplied by a quantity equal to the quotient resulting from di- 
viding this multiple by its denominator. 

2. Reduce — > — > and - to equivalent fractions 
xy y x 

having the least common denominator. 

operation. Since, as has been shown, 

a common multiple of the 

(xy -5- xy) X « =a; X ~Z ==: X ~Z denominators of the given 

fractions will be a common 
(xy+y) Xax = ax 2 ' 1 a -=— denominator of the required 
y X V fractions, the least common 
a a y multiple of the denominators 
(xy -i- x) X a z= - a y\ ar = aTy will be the least common de- 
nominator. The least com- 
mon multiple of the denominators we find to be xy; it is, conse- 
quently, the least common denominator of the required fractions. 

We next divide the least common denominator by each of the 
given denominators, and ascertain that the multipliers required to 
change each to the least common denominator are 1, x, and y. As 
the denominators are to be multiplied by these quantities, respec- 
tively, the numerators must be multiplied by the same, that the 
value of the fractions may not be changed (Art. 116), and we thus 
obtain the new numerators, a, a x*, and a y. These, written over the 

, , . ct a r a . a u . _ 

least common denominator, xy, give — , — and — -, the fractions re- 
* & *y xy xy 

quired. 

RULE. 

Multiply each numerator by all the denominators except its 
oxen, for new numerators, and all the denominators together 
for a common denominator. Or, 

Find the least common multiple of all the denominators for 
the least common denominator. Divide this multiple by each 
denominator, separately, and multiply the quotients by the cor* 
responding, numerators for new numerators. 

Explain the second operation. Repeat the Rule. 
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Notb 1. Entire quantities should be reduced to a fractional form by 
writing 1 for a denominator to each, when required to* be reduced to a 
common denominator with fractions. 

Note 2. All the denominators, if necessary, should be made positive 
(Art. 121) before finding a common denominator, and the fractions should 
be reduced to their lowest terms before finding the least common de- 
nominator. 

Examples. 

2 x c 

3. Reduce — and - to equivalent fractions having 

a common denominator. A 2nx a c 

Ans. > 

an an 

4. Reduce — , --— * , and — , to equivalent fractions 

by \0if 2x u 

having the least common denominator. 

8x*y 7mx 5nj* 



Ans. 



lOsy 8 ' lOary*' lOxtf' 



5. Reduce — , ■=—., and - to equivalent fractions 

2a bar n ^ 

having the least common denominator. 

8 2 x 4 s? 

6. Reduce - , — , and a -j- — to equivalent fractions 

4 o O 

having the least common denominator. 

. 45 40* 60q + 48:c 

An8 ' 60 ' "60~ ' 60 " 

?. Reduce — ^— and — Jp— to equivalent fractions 

having a common denominator. 

Ans. — — -. — r- 1 — . 
3x ' 3x 

r* />• o 

8. Reduce a, r , and — ; — r to equivalent fractions 
b c -\- a ^ 

having a common denominator. 

abc -f- abd ac -\- ad bx — 2b 



Ans. 



bc + bd ' bc + bd' bc + bd' 



"What is Note 1 ! Note 2 ? 
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129t Fractions may often be very readily reduced to 
equivalent ones, having a common denominator, by mul- 
tiplying both numerator and denominator of one or more 
of them, so as to make the denominator the same for 
each, the multiplier being determined by inspection. 

2x 3 

1. Reduce -, - 9 and — ; — to equivalent fractions 

or — a* x -\- a ^ 

having the least common denominator. 

2x 3 2x 8 (x — a) 

x* — a*' x + a ~ x> — (*' x* — a* 

Since we know that (x -f- a) (x — a) = x* — a*, we convert the 
second fraction into one with a denominator the same as the first, 
by multiplying both terms of the second by x — a. 

2. Change , , , and -^ > into equivalent 

x "t~ y x — — • y 3/ ~~ ~ y 

fractions having the least common denominator. 

a™ a ( x — y) b ( x + y) 



s*_ f> x* — tf ' a* — f 

3 . Change J±J, ^-, and jt^—, into equiv- 
alent fractions having the least common denominator. 
. a -\- x c (a 2 -\- a x -f- x*) be (a — x) 

Ans - drzTtf' ^T? > a 8 —* 8 * 



ADDITION. 

130t Addition op Fractions is the process of collecting 
two or more fractional quantities into one equivalent ex- 
pression, called the sum. 

Since only quantities of the same unit value can be 
united in one sum, fractions to be added must express 
fractional units of the same kind, or have a common 
denominator. 

How may fractions often be reduced to those having a common de- 
nominator? Define Addition of Fractions. Why must fractions to be 
added have a common denominator ? 

8* 
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131 1 To add fractious. 

1. What is the sum of r- , r- , and r- 1 

operation. Since the fractions, by hav- 

. iif ins & common denominator, 

a , c . a a -\- c -\- a 
r "T" I "T" T == " _ . — express fractional units of* 

the same kind, we add them 
by writing the sum of then- 
numerators, a -\- c -\- d, over the common denominator, b, and obtain 

a + c + d 



a c 

2. What is the sum of r and , ? 

o a 

operation. We reduce the given frac- 

a c _ad .be _ad + bc tions to equivalent ones hav- 
jf + j — b~d*bd — bd in % a common denominator, 

and then find the sum as in 
the. preceding example. 

RULE. 

Reduce the fractions, if necessary, to equivalent ones having 
a common denominator. Add the numerators, and write the 
sum over the common denominator. 

Note. The final result should be reduced to its lowest terms, when- 
ever any reductions are possible. 



Examples. 

3. What is the sum of — > —j and - ? Ans. - . 

4 o o 12 

4. What is the sum of -> -> and - ? Ans. -rr- • 

3 x x 

5. What is the sum of — and - ? 

2a 5 



. 15x + 2ax 

Ans. -jr 

10a 



Explain the first operation. The second. Repeat the Rule. 
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/* a jj ±o.dm 2bcm , Sbdc 

6. Ada 5-=—? — Mrrp; ana _ v-7— 

Sbdm Sbdm Sbdm 

. 4 adm -\- 2bcm -\- 3bdc 

Ans. o , 1 • 

Sbdm 

h 1 j j 4z , x — 2 . 21 x — 14 

7. Add — and — _ — Ans. 



7 5 35 



3 x — — ex 4 3? 

^8. .Required the sum of — — — an( * ~j~' 

9. Add £- and JU . Ans. *±£ 

a; + y a: — y x* — tf 

11 ° 

10. Add r— i — and „ Ans. 



1 +.a 1 — a 1 —a' 

U. Add 1±* and *J=JL. Ans . 2 (f+^) . 

12. Required the sum of — =— > — r — > and 

^ ab be ac 

Ans. 0. 

13. Add -3 : — « and" — ; — Ans. — -j—, — =-• 

ar — ax -{- cr x -\- a ar -+- a 8 

14. Add r and -^ Ans. — — — 

n — 1 n a — n n 

Note. When entire or mixed quantities and fractions are to be 
added, the entire quantities and the fractions may be added separately; 
or the mixed quantities may be reduced to the form of a fraction be- 
fore adding. 

15. Add 5 a, 4 a -f- 7 > and r • Ans. 9 a -\ ~J~- . 

16. Add 3a + — and a -■• Ans. 4a ~ 

1 o y 45 

IT. What is the sum of c, ~j~ ; and — — ? 

Ans. 2 c. 

18. What is the sum 6f x r- and y -I ? 

a l c 

. , , 2abx — 4 a a c 
Ans. x + y-\ ^ 

How may entire or mixed quantities and fractions be added ? 
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SUBTRACTION. 



182. Subtraction of Fractions is the process of find- 
ing. the difference between two fractions. 

Since one quantity can be subtracted from another only 
when they have the same unit value, one fraction can be 
subtracted from another only when they express fractional 
units of the same kind, or have a common denominator. 

133t To subtract one fraction from another. 

c a 

1. Subtract ■=■ from r . 

b o 

operation. Since the fractions, by having a 

a c common denominator, express frac- 

r — j" = — £ — tional units of the same kind, we 

subtract the* fraction — from r by 
6 6 

writing the difference of their numerators, a — c, over the com- 
mon denominator, 6, and obtain 



a — c 



b 



2. Subtract , , - from 



b -}- c b — c 



operation. 



ax abx -\- acx abx — acx 



h—c b + c~ 6 s — c* 6 s — c* 
abx -f- acx — (abx — acx) 2 acx 

— 6 a — c* — gnr? 

We- reduce the fractions to equivalent ones having a common 
denominator; then, subtracting the numerator of the subtrahend 
from that of the minuend, writing the difference over the common 
denominator, and reducing, we obtain -. Hence the 

6 — Cr 



Define Subtraction of Fractions. When can one fraction be subtracted 
from another? Explain the first operation. The second. 
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RULE. 



Seduce the fractions, if necessary, to equivalent ones having a 
common denominator. Subtract the numerator of the subtrahend • 
. from that of the minuend, and write the difference over the com- 
mon denominator. 

Note. When there are entire or mixed quantities in connection with 
fractions, the former may either be reduced to fractional forms, or sub- 
tracted separately. 



Examples. 




3. From — - take — . 


. 39 a? 


4. From - take -. 

6 4 


Ans. ±. 


- _, 8a 6 x , 4 a 6 
5. From —r— take — 7 — . 

4 2 


A bab 
Ans. — . 

4 



6. From ^i^ take ^-y^ Ans. y. 

7. Subtract — r— from -. 

X-\- 1 X — 1 

8. Subtract 7 from — = . Ans. — — , — ^— . 

n — 1 n % — n nr — n 

X * X — — ex 

9. From 3 ar — r-r take ar . 

26 c 

4 6ca?-f- 2 6a: — ex — 2ab 



Ans. 



26c 



10. From ^-^ take j— ^. Ans. j-^. 

/ll. From 4a:+- take 3a: — ^. Ans. fc + ^-+-^. 

12. From lb — i^±-l take 5 + ?. . 

A fl . 20 a + 11 
Ans. 6 6 jjj- — . 



Repeat the Rule. The Note. 
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10 ti Sx+2 , , 7xy — lOy . 4(3 — x) 

13. From — - — take — *— = *. Ans. — * l . 

y y 8 y 

14. What is the value of 1 ■ — ? Ans. — ; — * 

x -\-a x-\-a 

Sx 2x— 2 a 



15. What is the value of 2 X -{- 



•x — 



3c 



? 



A . 9cx — 2aa?4-2o* 

A.DS. X -4— • 

1 Sac 



16. From * y subtract — ,- 



Ans. 



2sy» 
a'-y*' 



MULTIPLICATION. 

134. Multiplication of Fractions is the process of 
multiplying when one or both of the factors are frac- 
tions. 

CASE I. 

135. To multiply a fraction by an entire quantity. 
1. Multiply t by c. 



operation. 



I Xc =T 



Since a fraction is multiplied by mul- 
tiplying its numerator (Art. 114), we 
multiply the numerator, a, by c, and 



. . ac 
obtain -T-. 



2. Multiply ^ by b. 

OPERATION. 

6* x b 



Since a fraction is multiplied by 
dividing its denominator (Art 114), 
we divide the denominator, &*, by b, 

and obtain r-. 




Define Multiplication of Fractions. Explain the first operation. The 
second. 
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RULE. 

Multiply the numerator of the fraction by the entire quantity. 
Or, 

Divide the denominator of the fraction by the entire quan- 
tity. 

Note. The second method is preferable when the entire quantity will 
divide the denominator without a remainder. 

Examples. 

3. Multiply - by a. Ans. — . 

4. Multiply ^ by ab. Ans. -~ . 

5. Multiply |^ by 3x. Ans. ^. 

ox & 

* ht ix- i <* + &. j a a*d-\-abd 

6. Multiply — - 1 — by ad. Ans. ! . 

T. Multiply ^±^ by a — c. Ans. V+~V 

b c 

8. Multiply — r— : r- r — : — , by a + c. 

r "* ab-\-ac-\-bc-\-c* J ' 

. ft — c 
Ans. ,-,-—. 
ft-j-c 

9 ' Multiply 9( /^+; y) by 3 (, + y). 

3 (a: — y) 

136. It is evident, from the second rule of the pre- 
ceding article, that multiplying a fraction by a quan- 
tity equal to its denominator cancels the denominator, 
and gives the numerator for the product. Hence, 

If a fraction be multiplied by any multiple of its denom- 
inator, the product will be an entire quantity. 

Repeat the Rale. The Note. What is the effect of multiplying a 
fraction by a quantity equal to its denominator, or a multiple of it ? 
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a 



1. Multiply r- by ft. Ans. 



b 

ax 



a. 



2. Multiply -- by %by. , Ans. 4ax. 

3. Multiply ^- i by a s — ft*. Ans. ary« (a -f- £). 



CASE II. 

187# To multiply an entire quantity, or a frac- 
tion, by a fraction. 

1. Multiply c by r-. „ ^ 

first operation. Since the product of two quanti- 

a a ac ties is the same, whichever be taken 

c X 5" = ft" X c == T for the multiplier (Art. 58), c X - 

is the same as £ X c ; and by Case L 
o 



r- X c is equal to y 



SECOND OPERATION. 



c Xr = c X ab~ x =adb' 1 = ^ 

Since ^ is equal to a ft- 1 (Art. 126), c X r is equal to c X « &~S 
or a c ft- 1 , which, by transferring the factor ft- 1 to the denomi- 
nator (Art 126), gives, as before, — . 

2 Multiply t by - 

FIRST OPERATION. We ^ mid| j ply * by c> and ^ 

ct c 
tain -r- ; but this result is too great, 

since the proposed multiplier was not 



ft * d ~bd 



Explain the operations of the first Example. The second Example. 
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c, but e divided by rf, or — ; consequently — - must be divided by rf, 

a b 

which we do by multiplying its denominator (Art. 115), and ob- 

. . ac 
tarn -. 

SECOND OPERATION. 

Since | is equal to ab~ l and £ to cdr 1 (Art 126), £- X £ is 
equal to a ft -1 X c d -1 , or a c b- 1 d~ l ; which, by transferring the 
factors b~ l and dr 1 to the denominator (Art 126), gives, as be- 

r ac 

fore > n- 

In the first example, it is evident, since c is the same as — , that 
the operation might have been performed in the same manner as 
in the second example. Hence the 

RULE. 

Multiply the numerators together for a new numerator, and 
the denominators for a new denominator. 

Note 1. When either of the factors is an entire or mixed quantity, 
it may be best to reduce it to an equivalent fractional form. 

Note 2. When there are common factors in the numerators and de- 
nominators, they may be canceled before performing the multiplication, 
as the result should always be expressed in its lowest terms. 



Examples. 



8. Multiply - by — Ans. — • 

r J y J m my 

4. Multiply — by -. Ans. -^-. 

5. Multiply -jP by ™. Ans. — • 



Repeat the Rule. What is Note 1? Note 2? 
9 
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6. Required the product of by j- 

7. Multiply 4ary by Ans. 5 a ft. 

8. Multiply *^ by £-. Ans. 1. 

9. Multiply i=^ by x{ *L b) ' Ans - ~ 

10. Mult,ply i- + /- by ^—g. Ans. V + /- 

11. Multiply a + - by t Ans. ay + x - 

12. Multiply 5±» by ^ Ans. 2 -*<° 8 + 6 >. 

13. Multiply 1«±1 by -^ Ans. ^ 

14. Multiply ^ by ^^£_. Ans. J^. 
^ 15. Multiply ( -^-' by - *_£- • Ans. a (* + y)». 

16. Multiply -^ by - +v Ans. rf + ga , + y 

17. Required the continued product of -> ° ~T , 

18. What is the value of ( a — ^) (j +^) ? 

° a * — ft 4 
Ans. 



a*d 



19. What is the value of (^) (^) (^^) ? 



Ans. 1. 



h m 

20. Find the product of a -+- - by x -| 



» anxy -\- amy -{- bnx -\-bm 
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DIVISION. 

138t Division of Fractions is the process of dividing 
when the divisor or dividend, or both, are fractions. 

CASE I. 
139. To divide a fraction by an entire quantity. 
1. Divide j by c. 



OPERATION. 



Since a fraction is divided by. di- 
viding its numerator (Art. 115), we 
£f mJLm r f[ divide the numerator, ac, by c, and 

b ' b u . a 

obtain jT« 

Divide - by a. 

y 

operation. Since a fraction is divided by mul- 

x x tiplying its denominator (Art. 115), 

y ~ s " ay we multiply the, denominator, y, by 

a, and obtain — . 

1 a y 



RULE. 

Divide the numerator of ike fraction by the entire quantity. 
Or, 

Multiply the denominator of the fraction by the entire quantity. 

Note. The first method is preferable when the entire quantity will 
divide the numerator without a remainder. 

Examples. 

3. Divide — by x. Ans. — . 

m J mx 

Define Division of Fractions. Explain the first operation. The sec- 
ond. Repeat the Rule. What is the Note ? 
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4x* 
4. Divide — by 5 a:. 



5. Divide — - * by 6 a 1 . 



AD8. 


Ax 
35"" 


Ans. 




Ans 


. 1. 


Ans. 


be 

X ' 



dm 

6. Divide ^±^ by x. 

7. Divide c ~* — - by a -f- *• 

8. Divide — — by ad. 

c 

9. Divide j^- by a -4- c. Ans. —j--. ^-j- — r— k . 

CASE IL 

140. To divide an entire quantity, or a fraction, by 
a fraction. 

1. Divide a by-r. 

FIRST operation. We *»* *rHe « *>7 '. 

^ , , and obtain - : but this result 

^ c oX& aft # c ' 

a "*" J — c ~ — "^~ is too small, since the pro- 

posed divisor is not c, l)ut c 
divided by ft, or r ; consequently - should be taken b times, which 

we do by multiplying its numerator by b (Art. 114), and ob- 

. . ab 
tain — . 
c 

SECOND OPERATION. 

c . . a ab 

Since £ is equal to c ft- 1 (Art. 126), a -f- £ is equal to 
ft « 

a -J- eft" 1 , or-^-, which, by transferring the factor ft- 4 to the 
numerator (Art 126), gives, as before, — . 



Explain the operations of the first Example. 
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2. Divide r by ^. 

FIRST OPERATION. 

a c . , __. air 1 ad 

6 a erf" 1 * 6 c 

Since i is equal to ah' 1 and ^- to cd" 1 (Art. 126), y -J- 4 
is equal to a 6 _1 -5- c rf" 1 , or — r^ ; which, by transferring factors 
(Art 126), gives 2f|. 

second operation. Reducing the fractions to equiva- 

a # c a d ad lent ones haying a common denomi- 
"5" * d b c be nator, we have ^ to be divided by 

|| f which gives, as before, ^. Now, ^ = | X 7, or y is 
multiplied by the divisor inverted. Hence the 



RULE. 

Invert the terms of the divisor, and proceed as in multiplica- 
tion. 

Note 1. When either of the quantities is entire or mixed, it should 
be reduced to a fractional form before applying the rule. 

Note 2. After the operation is indicated, the work should be abridged, 
as far as possible, by canceling factors common to the numerators and 
denominators, so as to express the result in its lowest terms. 

Examples. 

... .j Bay . 2m k Satf 

3. Divide -— - by — . Ans. -=-4-. 



4 m J y Smr 

3m . 2a* 

— . Ans. -r— . 

4a Sm 



4. Divide - by — . Ans, 



Explain the operations of the second Example. Repeat the Rule. What 
is Note 1? Note 2? 

9* 
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6. Divide i£ by £ Ans. j£. 

6. Required the quotient of — divided by -. 

A J 

7. Find the quotient of a b divided by — r. 

An8 ' TT- 

8. Divide ay by — . Ans.'-^-. 

x a — b 

9. Divide — — by ? Ans. — — . 

1 — a " 4 1 — a 

.10. Divide tt» by £=» Ans. ° + * 



a—y 



11. What is the quotient of x-f - by ?? 



Ans. «*>+* 

12. What is the quotient of ^t* by ^j^t 

Ans. ?\+'/». 

13. Divide ! by a 4- — . Ans. -. 

an J ' a n 

14. Divide ^t- by ~~ . Ans. r. 

a J a a — 1 

ic r\' «j 6x* — 2x. x* . 6x— 2 

15. Divide - 1 — y- by ^ Ans. ^-^. 

16. Divide . , u by — r-£. Ans. -= r— r— M . 

^17. What is the value of *^" -*- *~~ y * 



s + 2y ' 8 x + 6 y 

Ans. 3 (# + y). 



18. What is the value of (1 +x) -*- - (1 + *) ? 



Ans. x. 
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19. What is the value of 12 divided by (* + *>' — a ? 



Ans. 



12* 



** + ax + 2*' 



CASE HI. 

141. To reduce complex fractions to simple ones. 

A Complex Fraction is one having a fraction in its 
numerator, or denominator, or in both. 

142. A complex fraction may be regarded as a case in 
division of fractions. 



1. Reduce -j- to a simple fraction. 
b 



FIRST OPERATION. 



a 

? a 

d — c 
b 



d 

b 



ab 
cd 



Since 



-r- is the same as - -7- £ * 



we regard it as a case in division ; 

and, reducing the expression by the 

rule in Case IL, obtain the simple 
ab 



fraction 



cd' 



SECOND OPERATION. 
a 



Since multiplying a fraction by any 
multiple of its denominator cancels 
that denominator (Art. 136), we multi- 
ply both terms of the complex fraction 
by the least common multiple of their 
denominators, and obtain the simple 

fraction —% . 
cd 

Hence, to reduce a complex fraction to a simple one, or 
to simplify it, 



„- Xbc 



ab 
cd 



Define a Complex Fraction. Explain the first operation. The second. 
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RULE. 

Consider the denominator as a divisor, and the numerator 
as a dividend, and proceed as in Case II Or, 

Multiply both terms of the complex fraction by the least 
common multiple of their denominators. 

Note. When the terms of a fraction contain negative exponents, the 
fraction may be regarded as a complex one. If the letter or quantity 
which bears the negative exponent is a factor of either numerator or de- 
nominator, as a whole, the negative exponent may be removed as in Art. 
126 ; otherwise, both numerator and denominator must be multiplied by 
that letter or quantity with an equal positive exponent, in accordance with 
the above rule. 



2. Reduce JL to a simple fraction. Ans. 

m r my 

n 

a + b 

3. Reduce x 



y — a 



to a simple fraction. 



. ab + W 

Ans. ! • 

xy — • ax 



4. Reduce to a simple fraction. 







1 a 

y+b 

5 — c 


5. 


Reduce 


X 

a 

y — mn- 



Ans. 



bx 



by + a 



to a simple fraction. 



Ans. 



5a — ac 

7 x — xy 



6. Reduce — -. — -^ r to a simple fraction. 
x -\- a dr l r 



Ans. 



dny — dm 
dnx -\- an 



How may we reduce a complex fraction to a simple one, or simplify it * 
What is said of fractions containing negative exponents? 
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7. Reduce , , to a simple fraction 



. a b 

Ans. 



ax -\- 1 



8. Simplify the expression ■ , . x - Ans. ™ -^ 

9. Simplify the expression 



2a» — ft 

5 
a — 6 

4~~ 



Ans. -T- 

5 a — 5b 



--* 



10. Simplify the expression 



x 

Ans. as 3 — x A 5 . 

1 rr ar 

Note. The last example furnishes a good opportunity for the use of neg- 
ative exponents. Dividing x* — ar* by a: + ar* 1 gives x* — x + x- 1 — x-* 
as a quotient. The answer given above may also be obtained by divid- 
ing ar* — -3 by x -\ , or by simplifying the fraction according to the 

role, and then reducing the fraction to a mixed number. 



SIMPLE EQUATIONS. 

143* An Equation is an expression of equality between 
two quantities. Thus, 

x + 4 = 16 

is an equation, expressing the equality of the quantities 
x -f- 4 and 16. 

144. The quantity on the left of the sign of equality 
is called the Jirst member, or side, and that on the right, 
the second member, or side, of the equation. 

Define an Equation. Members or sides of an equation. 
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145* The Degree of an equation containing but one 
unknown quantity is denoted by the exponent of the 
highest power of that unknown quantity to be found in 
the equation. (Art. 15.) Thus, 

An equation of the first degree is one that contains no 
higher power of the unknown quantity than its first pow- 
er; as, 

x + 14 = 28 — 4, or cx = a*-{-bd. 

An equation of the second degree is one in which the 
highest power of the unknown quantity is the second pow- 
er, or square ; as, 

3a 3 — 2x = 65. 

In like manner, we have equations of the third degree, 
fourth degree, and so on. 

Note. The degree of an equation most be distinguished from the de- 
gree of its terms (Art. 25). The former depends altogether upon the un- 
known quantity, without any reference to the latter. Thus, the equation 
c x = a 2 + b d is of the first degree, while each of its terms is of the 
tecond, 

146* A Simple Equation is an equation of the first 
degree. 

147. A Numerical Equation is one in which all the 
known quantities are expressed by figures ; as, 

2x — a: =17 — 5. 

Note. The degree of a numerical equation corresponds with the high- 
est degree of any of its .terms. 

148. A Literal Equation is one in which some or all 
the known quantities are expressed by letters ; as, 

2x + a = x 2 — 10. . 

149# An Identical Equation is one in which the two 

Define the Degree of an equation. Equation of the first degree. Second 
degree. A Simple Equation. A Numerical Equation. A Literal Equa- 
tion. An Identical Equation. 
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members are the same, or become the same on performing 
the operations indicated; as, 

x — y=x — y, or 2a-{-2bc = 2(a-\-bc). 



TRANSFORMATION OF EQUATIONS. 

150. The Transformation of an equation is the process 
of changing its form without destroying the equality. 

151. The transformation of an equation depends upon 
the axioms (Art. 38), and we may, without destroying 
the equality, — 

1. Add equal quantities to both members (Ax. 1). 

2. Subtract equal quantities from both members (Ax. 2). 

3. Multiply both members by the same quantity (Ax. 3). 

4. Divide both members by the same quantity (Ax. 4). 

5. Raise both members to the same power (Ax. 8). 

6. Take the same root. of both members (Ax. 8). 

In the transformation of simple equations, there are two 
principal cases : — 

I. Transposition of terms. 
II. Clearing of fractions. 

CASE I. 

152. To transpose terms of an equation. 

Transposition is the process of changing terms from one 
member of an equation to the other, without destroying 
the equality. 

Define the Transformation of an equation. Upon* what does the transfor- 
mation depend ? What are the two principal cases ? Define Transposition. 
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1. Let it be required, in a: — a = b, to transpose — a 
to the second member. 

operation. Since we may add an equal quan- 

tity to both members of an equation, 
X -"" without destroying the equality (Art 

a == a 151), we add a to each member, and 

x = 5 -|~ a obtain x = b -f- a. 

2. Let it be required, in x + a = b, to transpose a tu 
the second member. 

operation. Since we may subtract an equal 

I t quantity from both members of an 

equation, without destroying the equal- 
ity (Art. 151), we subtract a from 



a = a 



x — ° a each member, and obtain x =» b — a. 

Now, the result is the same, in each of the above oper- 
ations, as if we had transferred a from the first to the 
second member, and changed its sign. Hence the 



RULE. 

Any term may be transposed from one member of an equation 
to the other 9 provided its sign be changed. 

Note. It also follows, that the signs of all the terms of an equation may 
be changed, without destroying the equality. 

Transpose the unknown terms to the first member, and 
the known terms to the second, in the following 

Examples. 

3. 2x — a = b. Ans. 2 a; = a -f i. 

4. 11 x + 9== 6x-f34. Ans. 11 x — 6 x = 34 — 9. 

5. 5* + 3 = 2:z + 24. 



Explain the first operation. The second. Repeat the Rule. The Note. 
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6. 3 b-{-2x — 25 = ax. Ans. 2x — ax = 25 — 3 b. 

7. Sac — cd-\-xy = Gad — 7 x. 

Ans. 7 x-\-xy = 6 arf — 3ac-|*cc?. 

CASE II. 
153* To clear an equation of fractions. 
I. Clear the equation — ^ 26 = -^ + 2 of fractions. 

operation. Since mnWplying a frac- 

tion by any multiple of its 

x ' 26 = — -4- 2 denominator will give for the, 

product an entire quantity 
2 * + 12 — 104 = 5 a: -f 8 (Art. 136), we multiply each 

term of the equation by the 
least common multiple of the denominators, or 4 (Art. 151), and, 
canceling each denominator, obtain 2x -J- 12 — 104 = bx -j- 8. 
Hence the 

RULE. 

Multiply each term of the equation by the hast common multi- 
ple of the denominators, and reduce fractional to entire terms. 

Note 1. Also, an equation may be cleared of fractions by multiply- 
ing each numerator by all the denominators except its own. 

Note 2. It must l>e observed, that when a fraction is preceded by 
— , the sign requires the value of the fraction to be subtracted, so that, 
on removing its denominator, all the signs of its numerator must be changed. 
(Art. 55.) 

Note 3. A negative exponent is used to indicate that the single letter 
or quantity to which it is attached is a divisor, or denominator (Art. 71) ; 
hence, negative exponents are removed from an equation in the same way 
as fractions. To clear an equation of a negative exponent, we should 
then multiply each of its terms by the letter or quantity which bears that 
negative exponent, the multiplier taking an equal positive exponent. If 
there are two or more letters which have negative exponents, we should 
multiply by their least common multiple, with the signs of the exponents 
changed. 

Explain the operation. Repeat the Rule. What is Note 1 ? Note 2 ? 

Note 31 

10 
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Clear the equations of their fractions in the following' 

Examples. 

2. - = b + c. Ans. a; = flJ4-ffc. 

a ■ ' 

S. x + Z + j = 1. Ans. 4:X + 2x + x = 2S. 

4. x — f — 13= |. Ans. 6x — 2x — 78 = 3ar. 

5. x + | — 40=^|. Ans. 10x + 5x — 400 = 1 x. 

«• « + ;=* + « + £• 

Ans. ax-fl = 5ar + ca:-|-c?. 

7. m-\-x~ 1 z=zn — pa;" 1 . Ans. roar-f- 1 = nx — p. 

8. a — -+5 = c + - — .r. 

\9. x _i5±J! = 8. Ans. 6x — ±x — 8 = 48. 

o 

10. ^ X -1"t- = '• Ans - 22 x + 42 = 21 x + 49. 

11. a + x = — l —. 

1 a-\-x 



Ans. a*-{-2ax-\-x* = x*-\-2a K 



12. 48 — 7y _ 69 — 9y 



11 

Ans. 473 — 11 y = 345 — 45 y. 



13. ,+ 3 ^=12- 2 -V- 4 - 



Ans. 6 a; + 9* — 15 = 72 — 4x + 8. 



a — x 4a — x . , 

14. — , = a — 6 • 

o c 



Ans. ac — ex — 4:ab -\- bx = abc — c. 

3 

8 



15. ar — 12 = \ (44 — x -f 12) 



Ans. 8 x — 96 = 132 — 3a: + 36. 
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16. ^_6§=4(30-*). 

Ans. 6a: — 60 = 120 — 4*. 

Ans. a*_4* + 4 + ar» + 4* + 4= 14 (** — 4). 



SOLUTION OP SIMPLE EQUATIONS CONTAINING 
ONE UNKNOWN QUANTITY. 

154* The Solution op an Equation is the process of 
finding the value of the unknown quantity in the equation. 

155* The Root of an equation is the value of its un- 
known quantity. 

156. The root of an equation is found by bringing all 
the terms containing the unknown quantity into one mem- 
ber, and freeing it from all connection with known quan- 
tities. 

157. The root of an equation is verified, or the equa- 
tion satisfied, when, the root being substituted for its sym- 
bol in the equation, the members are found to be equal, 
and the equation is thus reduced to an identical one. 

158. The unknown and the known terms of an equa- 
tion may be combined in various ways : — 

1. By addition ; as, x + 6 = 18, or x + a = b. 

2. By subtraction ; as, x — 3 = 10, or a: — a — d. 

3. By multiplication; as, 3 a: =24, or ax=c. 

4. By division ; as, - = 8, or - = a. 

5. By a combination of two or more of these ; as,' 

— + 10 = 2 a; — 5, or-^ + c = ca? — d. 

2 

What is meant by the Solution of an equation ? Root of an equation ? 
How is it found ? When verified ? How may the unknown an£ the 
known terms of an equation be combined ? 
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159* To solve simple equations of one unknown quan- 
tity. 

1. In the equation x -f- 9 = 20, find the value of x. 



OPERATION. 

x + 9 = 20 
* = 20- 
x=U 

VERIFICATION. 

11 + 9 = 20 
20 = 20 



Transposing the known quantity in 
the first member to the second (Art. 
152), we have x = 20 — 9 ; and unit- 
ing the terms of the second member 
of this equation, by performing the 
subtraction indicated, we obtain 11 as 
the value of x. This value of x we 
verify, and find i\ satisfies the equa- 
tion (Art. 157). 



2. In the equation x — ? = 11, find the value of x. 



OPERATION. 

x — T = ll 

*=ll + 7 
x=lS 

VERIFICATION. 

18 — 7 = 11 

11 = 11 



Transposing the known quantity in 
the first member to the second (Art, 
152), and, in the equation obtained, 
performing the addition indicated, -we 
have 18 as the value of #. This val- 
ue of x we verify, and find it to satisfy 
the equation (Art. 157.) 



3. In the equation 6 x -f- 24 = 72, find the value of a?. 

Transposing 24, and uniting the 
known terms by subtraction, we have 
(2) ; and dividing both members of 
(2) by 6, the coefficient of ar, we ob- 
tain 8 as the value of x. 

This value of x being substituted in 
the original equation, and the terms 
of the first member united by addi- 
tion, we have (2), an identical equa- 
tion ; therefore, the value is verified 
and the equation satisfied. 



OPERATION. 

6 x + 24 = 12 

6 a: = 48 

x= 8 

VERIFICATION. 

48 + 24 = 72 

12 — 12 



(1) 
(2) 
(3) 



(1) 
(2) 



Explain the first operation. The second. The third. 
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x 3 x 
4. In the equation x — o + ~7" === 20+S, find the value 

of X. 

OPERATION. 

x Sx Clearing the equation of 

x 2 ~^~ T = 2 ° ~l~ 5 ^ fractions (Art. 153), we 

4 x — 2 x -f- 3 x = 80 + 20 (2) obtain (2) ; uniting similar 

5 x = 100 (3) terms, we have (3) ; and di- 

x z=z 20 (4) viding both members of (3) 

by 5, the coefficient of a:, we 

verification. obtain for the value of x, 20. 

20 — 4-^2=20 4-5 ^ n * s va l ue > Dv verification, 

2 * we find satisfies the given 

equation. 



20 — 10 + 15 = 20 + 5 
25 = 25 



From the preceding operations, it will be noticed that, 
when the unknown quantity is combined with known 
quantities by addition or subtraction, it may be separated 
by transposition; when combined by multiplication, it may 
be separated by division ; and when combined by division, 
it may be separated by multiplication. 

It will be observed that the first and last of these cases have 
been fully treated under the heads of transposition (Art. 152), and 
clearing of fractions (Art. 153). The second case most frequently oc- 
curs as the last step in the solution of an equation, when the coef- 
ficient of the unknown quantity is to be removed by division. It 
is usually, therefore, very simple, and has not been treated under 
a separate head. If at any time, however, all the terms of an 
equation can be exactly divided by any quantity, the equation may 
be thus simplified. 

Combining the principles illustrated by the foregoing 
examples, we have, for the solution of simple equations 
containing only one unknown quantity, the following 
general 

Explain the the -fourth operation. How is the unknown quantity sep- 
arated from known quantities ? 
10* 



114 ELEMENTABY ALGEBRA. 

RULE. 

Clear the equation of fractions, if it has any. 

Transpose the unknown terms to the first member, and the 
known terms to the second member, and reduce each member to 
its simplest form* 

Divide both members by the coefficient of the unknown quan- 
tity, and the second member of the resulting equation will be t/ie 
value of the unknown quantity. 

Note. If the coefficient of the unknown quantity is negative, in di- 
viding it must be remembered that like signs produce + and unlike signs 
produce — (Art. 67). Thus, — 3x = — 24, divided by — 3, the coef- 
ficient of x, becomes x = 8. 

The negative sign may also be removed by changing the signs of all 
the terms of the equation (Art. 152, Note). The positive coefficient would 
then be used as a divisor. 

Examples. 

^/ 

5. Given 5s-f 43 — 5 = 100 — 27, to find x. 

Ans. x = ?. 

6. Given 7 a?+ 7 + 1 = 96 — 11, to find x. 

Ans. x = 11. 

7. Given 15 x + 8 — 9 = 212 + 87, to find x. 

Ans. x = 20. 

8. Given 9x + 9 = ar — 71, to find x. 

Ans. x = — 10. 

9. Given 4s— 15 = 2*+ 13, to find x. 

Ans. x = 14. 

10. Given 4 (x — 12) = 2 (12 — *), to find x. 

Ans. x = 12. 

Note. Performing the multiplication indicated, the given equation be- 
tomes Ax — 48 = 24 — 2x. 

Repeat the Rule. The Note. 
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1L Given 9(a? + l) = 12 (a? — 2), to find x. 

Ans. ar= 11. 

12. Given S(x — 3) +2 a: = 3 (40 — x — 19), to find a:. 

Ans. x = 9. 

13. Given 3 (2ar+3ar) — 15 = T2— 4 (* — 2), to find *. 

Ans. x = 5. 
044. Given 2 (* — 6) + 3 (2a? + 5) = 3(3ar— 2) — 1, to 
find x. • Ans. x = 10. 

15. -Given x — - — - =30, to find x. Ans. x = 90. 

A b 

C316. Given 1 — 8 ar 1 = j + 8 ar\ to find a\ 

Ans. a: =20. 

Note. We may either free the equation of its negative exponents, or 
find the value of ar* 1 and take its reciprocal (Art. 71). 

2 4 

IT. Given - x -f- 12 = - x + 6, to find x. 

Ans. x = 45. 

18. Given | + ^ + i5= 158, to find x. 

Ans. x = 105. 

19. Given ^ + 7 + 5 = 28, to find x. Ans. x = 32. 

£1 4 o 

20. Given ax-\-b = cx-\-d, to find x. 

operation. Transposing, we obtain 

ax 1 5 =car + rf (1) (2); factoring the first mem- 

1 , ' ) ' ber of (2), we have (8) ; and 

ax — cx=d — b (2) ,..,.< V c 

} ' dividing by a — c, the coef- 

(a — c)x = d—b (3) fidenfc rf ^ we obtain for the 

x = (4) value of x. . 

a — c v/ 'a — c 

21. Given — = d, to find a?. Ans. x =« — . 

n a 



22. Given — + -5- = c > to find x. 
2 •> 



Ans. x = 



3a+2b' 



Explain the operation of Example 20. 
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23. Given - + - = <?, to find x. Ans. x = 



a ' x ' ' ac — V 

24. Given x-4-nx = a, to find a\ Ans. x = 7-1 — . 
1 1 + » 

<^25. Given a — cx~ 1 = dx~ 1 — b, to find x. 

Ans. x = , . . 
a -\-b 

JX26. Given^ — - =? — ^, to find x. 
a c b d 

Ans. x = - r -. 

Note. Reduce the value of * to its 'lowest terms, by casting oat the 
common binomial factor. 

«* ^- 2*4-1 :r-f 8 . £ , 

27. Given — '— = x '— , to find x. 

o 4 

Ans. x = 13. 

28. Given £i±i — ^-=^ = 10 — 2 x, to find ar. 

OPERATION. 

!£+i _ *L=± =10-2* 
3 3 

3x + 4 — 24 + x = 30 — 6x 
10 a: = 50 

The second fraction being preceded by — , on removing the de- 
nominator, we change all the signs of the numerator. (Art 153, 
Note 2.) 



x + 4 

Ans. x = T. 



^29.. Given 5 — ^p = x — 3, to find ar 



30. Given 2ar + ~ = ^ —4, to find *. 

Ans. a? = — 8. 

31. Given x + -jl? — ^=^ = x — 2, to find x. 

Ans. a: = 72. 

Explain the operation of Example 28. 
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©oat Sx . x — 4 4 x — 40 « ^ /. • 

32. Given — -| - - = x — 6, to find x. 



Ans. x = 36. 
10 — 12 



Q^B3. Given — = — 12 ~ , to find a\ 

Ans. a; = 11. 
OA n . 4ar+3 . 7 x — 29 8x+19 , „ , 

U. Given — £- + -^-^ = — ±_, to find x. 



OPERATION. 

4s-f 3 , 7a ?— 2 9 8a:-f- 19 , 

9 ~"~ 5a:— 12. — T8 ' ' 

8a? + 6 + 1 ¥S? ? =^+19 (2) 
126^-522 _ 

fix— 12 — id W 

126 x — 522 = 65 x — 156 (4) 

61 x = 366 (5) 

* = 6. (6) 

We multiply (1) by 18, one of the denominators, and obtain (2) ; 
and subtracting 8 a: -f- 6 from each member (Art. 151), have (3). 
In like manner, operations may often be much abbreviated by 
multiplying first by the more simple of the denominators ; and also, 
by reducing each resulting equation as much as possible. 

Z--35. Given l£±i? - / + * = £, to find *. 
21 4 a: — 11 3 

Ans. x = 8. 

~x>* n- 5 a: — 2 . 3 x 4- 22 5x+14 . « , 

>*•• GlVen —8~ + T(i T+3) = 8~' t0 find X ' 

U Ans. x = 10. 



2 x — 82 



^-^ ok n- 4a:+17 26a;— 4 , 2a: 14a: 
^*W- G^en -%-- lT ^^ + T = ~W ~ **—' 
to find x. Ans. x = 4. 

^ oo n- 13 — a: 6 (a: — 5) . 8 a: -4- 15 - , 

>- 38. Given — - — = -^-g — '- -| ' — , to find x. 

Ans. x = 3. 
Note. The equation can be multiplied by 2, by dividing each of the 
denominators by 2, the denominator of the first fraction. 
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<m n- 6*+7 . 7x — 13 2x + 4 , c , 

39. Given -^- + -^^ = —f-, to find x. 

Ans. ar = 4. 

N .a n- 2ar i 3^+5 6s-fl3 , . , 

- 40. Given - + J^ = ~ w ' to find *■ 

Ans. a? = 20. 

a? a? 
y 41. Given -— : f- = = ft, to find x. 

Ans. x = - (1 — a*). 

Jrt ~. 3a; — 8 . 2 20 — x 6ar— 8 . 4x — 4 
42. Given x ^ M = — .— h— 5— . 

to find x. Ans. x = 6. 

^43. Given -v- — « = \~ d, to find x. 

. Jen -f- hdn 

Ans. a? = L - I • 

an — bm 

44. Given — — 5 = 0, to find x. 

X X ' 

. 8 a — 6 

Ans. x = — . 

4 

^45. Given ax*-{-&x = a i x-\-bx*, to find x. 

Ans. x = a-\-b. 

Note. First reduce the equation to the first degree. 

,/46. Given (a + x) (b + x) — a (b + c) =^ + **, to 

find #. . „ a<? 

Ans. x = -Y-. 
o 

Note. ~ is the answer in its simplest form. 

41. Given — ^ "t-J = -v^-j*, to find a?. 

a — b a -j- 6 a* — &»' 

c + 2a — 26 

Ans. x = — * — r^ . 

26 

j«n» a 1 — 3 6 a: M , , 6bx — 50 s 
^48. Given ax — air = bx -\ 

^ a '2a 

bx + Aa . „ . . 2a(2&»— 5) 

?r , to find x. Ans. a? = — -^ —_-- / . 

4 4a — 36 
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PEOBLEMS 

LEADING TO SIMPLE EQUATIONS CONTAINING ONE 
UNKNOWN QUANTITY. 

160. The Solution op a Problem by Algebra, as has 
been already shown (Art. 44), consists of two distinct 
parts : — 

1. The Statement of the problem in algebraic language. 

2. The Solution, which determines the values of the un- 
known quantities. 

The Statement is usually In the form of an equation, 
and the Solution is, then, that of the equation. 

161* Problems often include in their solution the con- 
sideration of ratio and proportion, especially in expressing 
relations of algebraic quantities. 

162* Eatio is the relation, in respect to magnitude, 
which one quantity bears to another of the same kind; 
or the quotient arising from the division of one quantity 
by another. 

Thus, 7 is the ratio of a to b. Eatio may be written 
• o 

in the form of a fraction, as ?, or with two dots ( : ) be- 
tween the two terms, as a : b, to be read a is to b. 

163* Proportion is an equality of ratios. 

Thus, 4:2 = 6:3, or a : b = c : d, is a proportion. 
It may be written either with the sign of equality ( = ), 
or with four dots ( : : ), between the ratios ; as 4 : 2 : : 6 : 3, 
to be read 4 is to 2 as 6 is to 3. 

164. Any four quantities, then, are said to be 'propor- 
tional to each other, when the first contains the second as 
many times as the third contains the fourth. 

Of what parts does the Solution of a Problem consist ? Define Ratio. 
Proportion. When are any four quantities said to be proportional to 
each other! 
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Thus, 9, 3, 12, and 4 are proportional, since 9 contains 
3 as many times as 12 contains 4. 

165, The first and last terms of a proportion are called 
extremes, and the middle terms means. 

Thus, in a : b : : c : d, a and d are the extremes, and 
b and c the means. 

166* In any proportion, the product of the extremes is 
equal to the product of the means. 

Let a : b : : c : d ; then a X d = b X c. 
For, since the quantities are in proportion, 

a c 

b~V 
and clearing of fractions, ad = bc. 

But ad is the product of the extremes, and be the product of 
the means. Hence, 

To convert a proportion into an equation, place the product 
of the extreme* equal to the product of the means. 

Thus, x : 16 : : 20 : 4 may be converted into the equa- 
tion 4x = 320. 

167. It is impossible to give any general or precise 
rule for stating or solving every problem ; yet the follow- 
ing directions may furnish some aid. 

1. Denote the unknown quantity or quantities by some of the 
final letters of the alphabet. 

2. Form an equation, by indicating the operations required 
to verify the answer, were it already obtained. 

3. Determine the value of the unknown quantity in the equa- 
tion thus formed. 

What terms are called the extremes ? What the means ? Show that 
the product of the extremes is equal to the product of the means. 
How is a proportion converted into an equation? What directions are 
given for solving problems? 
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PROBLEMS. 

1. There are two numbers, whose difference is 9, and 
whose sum is 43 ; what are the numbers ? 

SOLUTION. 

Let x = the smaller number, 

and x -|- 9 = the larger number. 

Their sum, ' x -j- x -f- 9 = 43 

Transposing and uniting, 2 x = 34 

Dividing by 2, x= 17, the smaller number. 

Then, x -j- 9 = 26, the larger number. 

VERIFICATION. 

26 — 17 = 9, and 26 + 17 = 43. 

2. It is required to find two numbers whose sum shall 
be 40 and their difference 16. Ans. 12 and 28. 

3. At a certain election, 1296 persons voted, for two can- 
didates, and the successful candidate had a majority of 120 ; 
how many voted for each ? Ans. 588 and 708. 

4. Find two numbers whose difference is 13, and which 
are such that if 17 be added to their sum, the whole wifl 
amount to 62. Ans. 16 and 29. 

5. A bankrupt owes B twice as much as he owes A, 
and C as much as he owes A and B together; out of 
$3000, which is to be divided among them, what should 
each receive ? Ans. A, $ 500 ; B, $ 1000 ; and C, $ 1500. 

6. A company of 266 persons consists of men, women, 
and children ; there are four times as many men as chil- 
dren, and twice as many women as children. How many 
are there of each ? 

Ans. 38 children, 76 women, 152 men. 

Explain the solution of Problem 1. 
II 
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7. Two trains of cars start at the same time towards 
each other, the one from Albany, running 26 miles per 
hour, and the other from Boston, 24 miles per hour ; in 
what time will they meet, the distance by railroad being 
supposed to be 200 miles? 

SOLUTION. 

Let x = number of hours required. 

Then 26 a: = distance run by one, 

and 24 a? = distance run by the other. 

Their sum, 26 x + 24 x = 200 
Or, 50 a: = 200 

Whence, x = 4, number of hours required. 

VERIFICATION. 

26 X 4 + 24 X 4 = 200. 

8. If two persons start at the same time from places 
396 miles apart, and travel towards each other, the one 
at the rate of 36 miles per day, and the other 30 miles 
per day, in how many days will they meet, and how far 
will each have traveled ? 

Ans. In 6 days ; the one will have traveled 216 miles, 
the other 180 miles. 

9. A person starts from a certain place, and travels at 
the rate of 4 miles per hour ; after he has been traveling 
10 hours, a horseman, riding 9 miles per hour, is de- 
spatched after him ; how many hours must the horseman 
ride to overtake him ? Ans. 8 hours. 

10. A house and garden cost $ 850, and five times the 
price of the house was equal to twelve times the price of 
the garden ; find the price of each. 

Ans. House, $ 600 ; garden, $ 250. 

11. Two shepherds owning a flock of sheep agree to 

Explain the solution of Problem 7. 
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divide its value equally; A takes 72 sheep, and B takes 
92 sheep and pays A $35. Eequired the value of a 
sheep. Ans. $ 3.50. 

12. Divide a line 21 inches long into two parts, such 
that one may be three fourths of the other. 

SOLUTION. 

Let x = length of one part, 

3 x 
and — = length of the other part. 

Then, x + ?j? = 21 

Clearing of fractions, 4 x -f- 3 x = 84 

Or, 1x = 84 

Whence, x = 12, length of one part 

8 x 
Then, — = 9, length of the other 

part. 

13. John's age is once and three fifths the age of 
James, and the sum of their ages is 39 years ; required 
the age of each. . 

Ans. John's, 24 years ; James's, 15 years. 

14. A, B, and C have altogether $ 145 ; A's share is 
two thirds, and B's three fourths, as* great as C's ; what 
is the share of each ? 

Ans. A's, $40; B's, $45; C's, $60. 

15. A man being asked his age, replied that, if it were 
increased by a half and a third of itself, it would be 44 
years ; what was his age ? Ans. 24 years. 

16. A person spends one fourth of his yearly income 
in board, and one seventh in other expenses, and saves 
$ 85 ; what is his income ? 

Explain the solution of Problem IB. 
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SOLUTION. 

Let 28 x = the number of dollars of income. 

Then f of 28 x = 7 x = what he spends in board, 

and f of 28 x = 4 x = what he spends in other expenses. 

Then, 7x + 4* + 85 = 28:r 

Or, — 11 x = — 85 

Whence, x = 5 

Then, 28 x = 140, number of dollars of income. 

To avoid fractions, we resort to the artifice of supposing 28 x to 
be the number of dollars of his yearly income, 28 being chosen 
because it is divisible by both 4 and 7, the denominators of the 
given fractions ; then, by the question, he spends in board 7 x dol- 
lars, and in other expenses 4 x dollars, and 7 x -\- 4 x -\- 85 equal 
28 x, or the yearly income. Thus, when fractions are foreseen to 
enter an equation, it will often be better to use, instead of x, such 
a multiple of x as will preclude their entrance. 

17. There is a pole standing one half and one third 
of its length under water, and 4 feet above ; required 
the length of the pole. Ans. 24 feet. 

18. A man having completed two fifths of a journey, 
finds that, after traveling 30 miles farther, only three 
sevenths of the journey remain ; required the length of 
the journey. Ans. 175 miles. 

19. From a cask one third full of oil, there leaked out 
21 gallons, when there was found to be just half the oil 
left ; required the capacity of the cask* 

Ans. 126 gallons. 

20. There are three brothers whose ages together 
amount to 24 years, and their birthdays are two years 
apart. What is the age of each ? 

Ans. Youngest, 6 years ; next, 8 years ; oldest, 10 years. 

21. A and B have together a dollars, but B's share 
is n times as great as A's ; what is each one's share ? 

Explain the solution of Problem 16. 



SIMPLE EQUATIONS. 125 







SOLUTION. 




Let 


x = A's share, 




and 


nx = B's share. 


Their sum 


* 


x -J- fla: = <*> 


0?, 




(1 -\- n) x = a 


Whence, 




x = — . — t A's share. 
1 + n 


Then, 




nx= — . — * B's share. 



22. A man bought the same number of pounds each 
of coffee at a cents, tea at' b cents, and sugar at c cents 
per pound, and the whole amounted to d cents ; required 
the number of pounds of each. * d 

a-\-b -\- c 

23. Twice my age, increased by b, is equal to a ; what 
'amy age? Ana. ^year 8 . 

It 

24. At a certain election, a persons voted, and the suc- 
cessful candidate had a majority of b ; how many votes 

did he receive ? A a- + b 

Ans. _ I -. 

25. My carriage is worth 1£ times as much as my 
horse, and both together are worth c dollars ; what is 
the value of each ? An(j Horsej 2c . ^^ Zc 

26. A courier left this place n days ago, and goes a 
miles each day. He is pursued by another who goes 
b miles daily. In how many days will the second, start- 
rig to-day, overtake the first? Ang na ^ 

b — a * ." 

27. I have a certain number in my mind. I multiply 
it by 7, add 3 to the product, and divide the sum by 2 ; 
I then find that if I subtract 4 from the quotient, I get 
15; what number am I thinking of? Ans. 5. 

Explain the solution of Problem 21. 
11* 
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28. From one end of a rod is cut away a fifth' part 
of it, and from the other end 3 inches more than a sixth 
part, and there remains 16 inches ; required the length 
of the rod. Ans. 30 inches. 

29. A and B had equal sums of money ; A lost $ 50 
more than a quarter of his, and B gained as much as A 
lost ; then B had twice as much as A ; what sum had 
each at first? 

SOLUTION. 

Let x = what each had at first. 

x 
Then x — - — 50 = what A had after losing, 

x 
and x -[- t + 50 = what B had after gaining. 

Then, x + \ + 50 = 2 (x — * — 50) 

Or, x + ? + bo' = 2x— | — 100 

Or, -* + I + jf ="150 

Whence, —x = — 600 

Or, x = 600, what each had at first. 

30. I buy four houses ; for the second I give half as 
much again as for the first, for the third half as much 
again as for the second, and for the fourth as much as for 
the first and third together ; I pay for the whole $ 8000. 
What is the cost of each ? 

Ans. First, $ 1000 ; second, $ 1500 ; third, $ 2250 ; and 
fourth, $3250. 

31. A father is three times as old as his son, but five 
years ago he was four times as old ; what are their ages 
now ? Ans. Son's age, 15 years ; father's, 45 years. 

32. A vessel holding 120 gallons is partly filled by a 

Explain the solution of Problem 29. 
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spout which delivers 14 gallons in a minute ; this is then 
turned off, and a second spout, delivering 9 gallons in a 
minute, completes the filling of.- the vessel. How long 
did each spout run, the time occupied by both being 10 
minjutes ? 

Ans. The first, (> minutes ; the second, 4 minutes. 

33. A can do a piece of work in a days, which it 
requires b days for B to perform ; in how many days can 
it be done if A and B work together ? 

SOLUTION. 

Let x = the number of days required. 
Then — = what A can do in one day, 

and — = what A can do in x days. 

Also -v = what B can do in one day, 



and -r = what B can do in x days. 



Then, T -\ =1 

9 b l a 

Clearing of fractions, ax -\~bx=. ab 
Or, (a-\-b)x=ab 

Whence, x = — r— r , number of days 

' a -\- b J 

required. 

Let x be the number of days, and 1 the entire work ; then* in 1 
day A can do - of the work, and B -r- , therefore, in x days, 

they can do - and r of -the work. Hence, by the conditions of 

the question, r -\ — -» 1. 

34. A can mow a field in 3 days, which it takes B 

Explain the solution of Problem 33. 
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7 days to mow ; in how many days can it be mown 
by A and B working together ? Ans. 2^ days. 

As a and b may have any. value whatever, and retain their iden- 
tity in the final result, the solution of Problem 33 furnishes a for- 
mula which can be used for the solution of any similar problem. 
Thus, to obtain the required result in Problem 34, we have only to 
substitute 3 for a and 7 for ft, which gives 
ab _21 



a + b 10 

A problem is said to be generalized when letters are, in this 
manner, used to represent its known quantities. 

The above formula may be expressed as an arithmetical rule, 
thus: When the times are known in which two agencies, act- 
ing separately, can accomplish a certain result, the time required 
for them conjointly to accomplish the same result may be found 
by dividing, the product of the given times by their sum. 

The principle demonstrated by any other general problem may 
be drawn from the formula in a similar manner. 

35. A can perform a piece of work in a days, B in b 
days, and C in c days ; in how many days will they ac- 
complish the work, if they all work together ? 

* abc , 

Ans. — v— j j— -=— days. 

It will be seen that, when three agencies are employed, the re- 
quired time is the product of the given times, divided by the sum 
of their products, taken two and two. 

36. A cistern can be filled by three pipes ; by the 
first in 2 hours, by the second in 3, and by the third 
in 4 ; in what time can it be filled by all the pipes 
running together? Ans. 55 min. 23-^ sec. 

3T. How many pounds of sugar at 9 cents a pound 
must be mixed with 20 pounds at 13 cents, in order that 
the mixture may be worth 10 cents a pound? 

When is a Problem said to be generalized? 
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SOLUTION. 

Let x = number of pounds at 9 cents, 

and x -|- 20 = number of pounds in the mixture. 

Then, 9 x = value of x pounds at 9 cents, 

and 10 x -f- 200 = value of x -f- 20 pounds at 10 cents. 

Also 260 = value of 20 pounds at 13 cents. 

Then, 9 x + 260 = 10 x + 200 

Whence, — x = — 60 

Or, x = 60, number of pounds at 9 cents. 

38. How much rye at four shillings and sixpence a 
bushel must be mixed with fifty bushels of wheat at six 
shillings a bushel, that "the mixture may be worth five 
shillings a bushel? _ Ans. 100 bushels. 

39. A liquor agent has 40 gallons of superior wine, 
worth $ 7 a 7 gallon ; he wishes, however, so to reduce its 
quality, by the addition of water, that he may sell it at 
$ 4.50 a gallon ; how much water must he add ? 

Ans. 22§ gallons. 

^^40. A banker lets three fifths of his money at 5 per 
cent, and the remainder at 6 per cent, and at the end of 
the year receives $ 1080 interest. What is the amount 
let ? 

SOLUTION. 

Let 5 x = amount let. 

Then 3 x = amount at 5 per cent, 

and 2x = amount at 6 per cent. 

Then, 3*x4 + 2*x4=1080 

Clearing of fractions, 15 x + 12 x = 108000 

Or, 21 x — 108000 

Whence, x = 4000 

and 5 x = 20000, amount let. 

Explain the solution of Problem 37. Problem 40. 
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41. A capitalist has two thirds of his money in United 
States 6 per cent stocks, and the balance in 8 per cent 
railroad bonds ; his yearly income from both is $ 1200 ; 
required the amount in each investment. 

Ans. In United States stocks $ 12000, and in railroad 
bonds $6000. 

42. The rent of an estate this year is $ 1890, which is 
8 per cent greater than it was last year ; what was it last 
year? Ans. $ H50. 

43. A merchant adds yearly to his capital 40 per cent 
of it, but takes from it, at the end of each year, $ 3000 
for expenses. After deducting the last $ 3000, at the end 
of the second year, he finds his original capital has been 
increased 60 per cent. What was that capital ? 

Ans. $20000. 

44. Of my income, £ is derived from bank-stock, £ from 
a farm, i from a factory, and the aggregate from these 
sources is $ 3800. Required my entire income. 

SOLUTION. 

Let x = the entire income, 

and a = 3800. 

Clearing of fractions, 4a; -)- bx -J- 10 x = 20 a 
Or, 19 a: = 20 a 

Whence, x = 1 T V a 

Or, x = 4000, the entire in- 

come. 

\\\ here represent the numeral 3800 by a letter, and in the result 
restore its value. An artifice of this kind may often be advantageously 
usud, in order to avoid the use of large numbers. 

Explain the solution of Problem 44. 
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45. A young man, by putting three sevenths of his earn- 
ings in the savings' bank and one eighth into government 
stocks, found at the end of the year that he had thus laid 
by $ 930. Required the amount of his yearly earnings. 

Ans. $ 1680. 

46. Divide the number a into two parts that shall have 
to each other the ratio of m to n. 



Let 
and 

Then, 

Whence, 

Or, 

And 

Whence, 
and 



Let 
and 

Then, 

Or, 

Whence, 



and 



FIRST SOLUTION. 

x = one part, 
a — x = the other part. 
x : a — x — m : n 

nx = ma — mx 
rnx -\- nx = ma 
(m -J- n)x = ma 



a — x = 



m -\- n 

na 

— i — ' 
m-\-n 



one part, 

the other part. 



SECOND SOLUTION. 

m x = one part, 

nx = the other part. 



mx -j- nx = a 

(m -|- n)x = a 



mx : 



to -J- n 

ma 

: j > 

m -\- n 

na 



one part, 

the other part. 



m -f- n 

47. Divide 34 into two such parts, that the difference 
between the greater and 18 shall be to the difference 
between 18 and the less in the proportion of 2 to 3. 

Ans. 22 and 12. 



Explain the solution of Problem 46. 
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48. A person has 264 coins, dollars and eagles ; the 
number of dollar pieces is to the number of eagles in 
the ratio of 9 to 2 ; how many of each coin has he ? 

Ans. Dollar pieces, 216 ; eagles, 48. 

49. The ages of two persons are in the ratio of 3 to 
4, but 5 years ago the ratio of their ages was that of 
2 to 3 ; what are their ages ? Ans. 15 and 20. 

50. Two pieces of cloth were purchased at the same 
price per yard, but as they were of different lengths, 
the one cost $5, and the other $6.50. If each had 
been 10 yards longer, their lengths would have been as 
5 to 6. Required the length of each piece. 

Ans. 20 and 26. 

51. A market woman bought some eggs at 2 for a 
cent, and as many more at 3 for a cent ; she seld them 
all at the rate of 5 for 2 cents, and found she had lost 
4 cents. How many did she buy of each sort ? 

SOLUTION 

Let x = the number of each sort. 

x 
Then - = the cost of the first sort, 

and — = the cost of the second sort. 

o 

But 2 x = the entire number, 

2 4 x 

and 2x X r = -r = amount received for whole. 

O 

Then, 1+1-^ = 4 

Clearing of fractions, 15 x -|- 10# — 24a; = 120 
Whence, x = 120, number of 

each sort. 

52. Two merchants, A and B, traded in company, with 
a joint stock of $6300. A's money was employed 12 

Explain the solution of Problem 51. 
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months, and B's 8 months ; and, on dividing profits, 
each had gained exactly the same sum. How much 
capital did each furnish? Ans. A, $2520; B, $ 3780. 

53. A workman was employed for 60 hours, on condi- 
tion that for every hour he worked he should receive 15 
cents, and for every hour he was idle he should forfeit 
5 cents ; at the end of the time he received $ 2.40. Re- 
quired the number of hours he worked, and the num- 
ber he was idle. 

SOLUTION. 

Let x = number of hours he worked, 

and 60 — x = number of hours he was idle. 

Then 15 x = his pay for working, 

and 5 (60 — x) = his forfeiture for being idle. 

Then, 15 x — 5 (60 — x) = 240 - 

Or, 15* — 300 + 5* = 240 

Whence, 20 a: = 540 

And x = 2T, number of hours he worked. 

Then, 60 — x = 33, number of hours he was idle. 

54. A workman engaged for 48 days at the rate of 
$ 2 per day and his board, which is estimated at $ 1 
per day. At the end of the time he receives $42 
only, his employer having deducted the cost of his 
board for every day he was idle. How many days did 
he work? Ans. 30 days. 

55. Two casks contain equal quantities of vinegar ; 
from the first 34 quarts are drawn, and from the sec- 
ond 80 ; the quantity remaining in one vessel is now 
twice that in the other. How much did each cask 
originally contain ? Ans. 126 quarts. 

Explain tho solution of Problem 53. 
12 
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56. Two thirds of a certain number of persons re- 
ceived 18 cents each, and one third received 30 cents 
each. The whole sum received was $6.60. How many 
persons were there ? Ans. 30. 

57. There is a fish whose head weighs 12 pounds, his 
tail weighs as much as his head and half the weight of 
his body, and his body weighs 26 pounds more than his 
head and tail both. Required the weight of the fish. 

Ans. 174 pounds. 

58. A boatman who can row at the rate of 9 miles an 
hour, finds that it takes twice as long to row his boat up 
river a certain distance, as to row it down river the same 
distance ; at what rate does the river flow ? 

Ans. 3 miles per hour. 

59. The paving of a square court with stone, at 40 
cents a yard, will cost as much as the enclosing it with 
an iron fence, at $ 1 a yard ; what is the length of the 
side of the square in yards ? 

SOLUTION. 

Let x = length of the side in yards. 

Then 4 x = number of yards of fence, 
and x 2 = number of yards of pavement. 

Ilence 4 a: X 100 = 400 = cost of fence, 

and x 2 X 40 = 40 x 2 = cost of paving. 

Then, 40 x 2 = 400 x 

Dividing by x, 40 x = 400 

Whence, x = 10, length of the side in yards. 

60. A farmer has hogs worth $ 12.50, and pigs worth 
$ 2.50, each ; the number of hogs and pigs being 35, and 
their value $197.50. Required the number he has of 
each. Ans. Hogs, 11 ; pigs, 24, 

Explain the solution of Problem 59. 
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61. A lady being asked her age, replied, that if a half 
of her age were taken from it, and also a half of that 
remainder were taken away, she should be 19. Required 
her age. Ans. 76 years. 

62. A gentleman hired a servant for 12 months, at the 
wages of $90 and a suit of clothes. At the end of 7 
months, the man quits his service and receives $33.75 
and the suit of clothes At what price were the clothes 
estimated? Ans. $45. 

63. A gentleman having $ 12000, employs a portion of 
the money in building a house. One third of the money 
that remains he invests at 4 per cent, and the other two 
thirds at 5 per cent ; from these two investments he ob- 
tains an income of $392. What was the cost of the 
house? Ans. $3600. 

64. A person desirous of giving some children 3 cents 
apiece, found he had not money enough in his pocket by 
8 cents ; he therefore gave them each 2 cents, and had 
then 3 cents remaining ; required the number of children. 

Ans. 11. 

65. Three towns, A, B, and C, raise a sum of $11800; 
for every $ 20 which A contributes, B contributes $ 12, 
and C$18. What does each contribute ? 

Ans. A, $4720; B, $2832; C, $4248. 

66. A newsboy gains during one day as much money 
as he had in the morning, but spends 16 cents at night; 
the next day he gains as much as he had that morning, 
and spends 16 cents at night ; and so on, each day 
doubling his money, but spending 16 cents at night. 
At the close of the fourth evening, ho finds that he has 
nothing left ; how much money had he at first ? 

Ans. 15 cents. 

67. What number is that to which, if we add its fourth, 
fifth, and eighth, the sum will be 126 ? Ans. 80. 
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68. A and B find a purse containing gold dollars. A 
takes out two dollars and one sixth of what remains, 
then B takes out three dollars and one sixth of what 
remains, and they find that they have taken out equal 
shares ; how many dollars were in the purse, and how 
much did each take out? 

Ans. 20 dollars in the purse ; 5 dollars taken out by each. 

69. If from three times a certain number we subtract 
8, half the remainder will be equal to the number itself 
diminished by 2 ; required the number. 

70. A man and his wife usually consumed a bag of 
flour in 12 days ; but when the man was from home, 
it lasted his wife 30 days ; how many days would it 
last the man alone ? Ans. 20 days. 

71. At 12 o'clock both hands of a clock are together; 
when will they next be together ? 

Ans. At 5-^ minutes past 1 o'clock. 

72. I have 90 sheep. If I would divide them into flocks, 
such that, if the number in the first be increased by 2, 
the number in the "second diminished by 2, the number 
in the third multiplied by 2, and the number in the fourth 
divided by 2, the results will all be equal ; how many 
must I put in each flock ? 

Ans. In the first 18, second 22, third 10, and fourth 40. 

.JT&r- A certain article of consumption was subject to a 
duty of 6 cents a pound ; in consequence of a reduction 
in the duty, the consumption increased one half, but the 
revenue fell one third ; what was the duty on a pound 
after the reduction ? Ans. 2| cents. 

74. A hare is 50 of her own leaps before a greyhound, 
and takes 4 leaps to the greyhound's 3, but 2 of tho 
greyhound's leaps are equal to 3 of the hare's; how 
many leaps must the greyhound take to catch the hare ? 

Ans. 300. 
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75. A general arranging his men in the form of a solid 
square, finds he has 21 men over, but attempting to add 
one man to each side of the square, finds he wants 200 
men to fill up the square ; required the number of men. 

Ans. 12121. 

Let x as the number of men on a side at first, then x* -f" 21 »* 
the whole number of men. 



SIMPLE EQUATIONS CONTAINING TWO 
UNKNOWN QUANTITIES. 

168. Independent Equations are such as cannot be made 
to assume the same form. 

If they relate to the same problem, they must, there- 
fore, express essentially different conditions of that prob- 
lem.. Thus, 4ar+ 10y = 72 + 4y and 5ar+ 9y = 108— x 
are not independent equations, because each reduces to 
the form of 2 x + 3 y = 36. 

169^ When a problem requires two or more unknown 
quantities to be determined, it is necessary that there 
should be as many independent equations as there are 
unknown quantities. 

For, if we have an equation containing two unknown quantities, 
x and y, as 

x — y=~l, 
transposing y, we have 

x=l+y. (1) 

But the value of y is not known ; consequently, from this equation 
alone, the value of x cannot be determined. 
If, however, we have a second equation, as 

* + y — 7 > 

or, x = 7 — y, (2) 

in which the value of x and y are the same as in the first, the sec- 

Wbat is an Independent Equation ? Show that there should he as 
many independent equations as there are unknown quantities. 
12* 
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ond members of (1) and (2) being equal to the same quantity, or, 
and consequently equal to each other (Art 38, Ax. 7), give 

or, 2 y = 6. 

Whence, y = 3. 

Substituting 3, the value of y, for y in either equation (1) or 
equation (2), we obtain 4 as the value of x ; and the values ob- 
tained for the two unknown quantities satisfy the two equations. 

170. Simultaneous Equations are those in which the 
' unknown quantities are satisfied by the same values. 

1 Two unknown quantities require for their determina- 
tion, as shown in the preceding Article, at least two inde- 
pendent, simultaneous equations. 

When by means of these we cause one of the unknown 
quantities to disappear, we are said to eliminate it. 

ELIMINATION. 

171. Elimination is the process of deducing, from two 
or more simultaneous equations having two or more un- 
known quantities, a single equation having only one un- 
known quantity. 

There are three methods of elimination, and conse- 
quently as many cases : — 

I. By comparison. 

II. By substitution. 

Ill, By addition or subtraction. 

CASE I. 

172 I To eliminate by comparison. 

I. Given 3x-f 4y = 20, and 4ar — 2^ = 12, to find 
the values of x and y. 

Define Simultaneous Equations. How many simultaneous equations are 
squired to determine two unknown quantities? Define Elimination. 
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OPERATION. 



By transposing 4y in equa- 
tion (1) and dividing by 3, 
3 x -}- *y = 20 (1) jj^ transposing 2y in equa- 

4x — 2y = 12 (2) tion ( 2 ) and dividing by 4, 

20 — 4 y m we have (3) and (4), equa- 

3 ^ ' tions in which the value of 

12-[-2y . x x is expressed in terms of 
X 4 y* Then, since each of the 



*2 + 2y 20 — 4 y f two quantities l A±ll and 

36 + 6y=80 — 16y (6) — 3-^ « equal to x, they 

22 v = 44 C 7 ) are e^ 112 ^ to eac ^ otner (^ rt 

y= 2 (8) 



38, Ax. 7); and placing 

them equal the one to the 

x = — (9) other, we obtain (5), an equa- 



3 
x = 4 (10) 



tion with only one unknown 
quantity, y. Reducing, we 



have (8), or y = 2. Substituting, now, 2 for y in equation (3), and 
reducing, we have (10), or x = 4. Hence the 

RULE. 

Find an expression for the value of the same unknown 
quantity in each of the equations, and form a new equation, 
by placing these values equal to each other. 

Note 1. The equation thus formed is solved as we would solve any 
equation containing one unknown quantity. 

Note 2. The value of the remaining unknown quantity may be de- 
termined in the same way as that of the first, thus making two in- 
dependent solutions, one for each unknown quantity. When, however, 
the value already determined is a simple number, it is best to sub- 
stitute that value for its symbol in some one of the equations, and thus 
obtain the value of the remaining unknown quantity. 

Note 3. It is usually most convenient to reduce each equation to 
its simplest form, by clearing of fractions, transposing and uniting, &c, 
before attempting to eliminate, by either method. 

Explain the operation. Repeat the Rule. Note 1. Note 2. Note 3. 
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Examples. 

2. Given 2a:+3y = 23, and bx — 2y = 10, to find 
the values of x and y. Ans. x = 4 ; y = 5. 

3. Given 4 a: -j- y = 34, and a: -f- 4= y = 16, to find the 
values of x and y. Ans. x = 8 ; y = 2. 

4. Given 5 a: — 3 y = 9, and 2 x + 5 y = 16, to find 
the values of x and y. Ans. x = 3 ; y = 2. 

5. Given 7 a: + 3 y = 13, and 5 a; + 2 y = 9, tp find 
the values of x and y. 

6. Given Sx — 7y = — 15, and 3y — 6 x = — 9, to 
find the values of x and y. Ans. x = 6 ; y = 9. 

7. Given 14a?-f6y=0, and 6a: — 46 = 4y, to find 
the values of x and y. Ans. x= 3 ; y = — 7. 

8. Given £ + f = 7, and £ 4- | = 8, to find the 

Z o 3 2 

values of x and y. Ans. a? = 6 ; y = 12. 

9. Given a:-|-2y=17, and 3a: — y = 2, to find the 
values of x and y. Ans. a: = 3 ; y=7. 

10. Given ^ — y = 1, and x — \ = 8, to find the 

2 2 

values of x and y. Ans. x = 10 ; y = 4. 

11. Given '-±Z + !=1 =0, and i±I + ^ = 1, 
to find the values of x and y. Ans. x = 4 ; y = 6. 

12. Given ^t^ + 6 y = 21, and'^- 6 = 23 — 5 a:, t* 
find the values of x and y. Ans. a: = 4 ; y = 3. 



CASE IL 

173. To eliminate by substitution. 

1. Given x -\-2y = 11, and 3 a: — y = 2, to find the 
values of x and y. 
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option. B y «*"■*«>** 2 y » e q^ 

tion (1), we have equation 

« + 2y= 17 (1) ( 3 ^ whic | 1 gi veg t h e value 

3 a; — ' y — 2 (2) f a: expressed in terms of#. 

x = 17 — 2y (3) Substituting this value of ar, 

* (17— 2y) — y = 2 (4) or 17 — 2y, for x in equa- 

bl^Hy— 2 (5) tion ( 2 )» we obtain ( 4 )> an 

^ - Q / fi v equation with only one un- 

^ ~ ^ ^ known quantity, y. Redue- 

y Z. il j. ^ "*» we have * (7) ' or y = 7 * 

ar — 17 14 (o) Substituting, now, 7 for y in 

* = 3 (9) equation (3), and reducing, 
we have (9), or x = 3. 

2. Given 2* + by = 23, and 3a; — 2y = 6, to find the 
Values of x and y. 

operation. * B y transposing 2 y in equa- 

o _i_ 5 oo qn tion (2) and dividing by 3, we 

' ** ^ ' have (3). which gives for the 
3x — 2y= 6 (2) V * 6 + 2% Q . f . 
* — >> ' value of x, • » Substi- 

6 -I- 2 v 3 

x = *_ (3) tuting this value of a: in equa- 

2 (6 4- 2 v) t * on C 1 )' we ** ave ( 4 )» an 
3 1- 5 y = 23 (4) equation with only, one un- 

12 + 4y + 15y = 69 (5) known quantity, y; and re- 

19y=57 (6) dicing, we have (7), or 



9= 3 (7) 



y = 3. Substituting 3 for 2/ 
g j.g in equation (3), and reduc- 

x == 3 ( 8 ) ing, we have (9), or x = 4. 

a: = 4 (9) Hence the 



RULE. 

Find an expression for the value of one of the unknown 
quantities, in either equation, and substitute this value in the 
place of the same unknown quantity in the other equation. 

Note. This method may be advantageously used when either of the 
unknown quantities has 1 for a coefficient. 

Explain the operation of Example 1. Of Example 2. What is the 
Role? The Note? 
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Examples. 

3. Given ar + 4y=16, and 4ar + y = 34, to find the 
values of x and y. Ans. x = 8 ; y = 2. 

4. Given a?-|-2y=18, and 2x — y=l, to find the 
values of a: and y. Ans. x = 4 ; y = 7. 

5. Given ar4-y=13> and a: — y = 3, to find the val- 
ues of x and y. Ans. x = 8 ; y = 5. 

6. Given - — y = 1, and x — \ = 8, to find the val- 
ue8 of x and y. Ans. x = 10 ; y = 4. 

7. Given 3 a: -f- 5 y = 40, and x -j- 2 y = 14, to find the 
values of x and y. 

8. Given 5 x + 3 y — 0, and a: — y = 8, to find the val- 
ues of x and y. Ans. a; = 3 ; y = — 5. 

9. Given 6ar-f-5y = Tt, and 4ar — 3y = 7, to find 
the values of x and y. Ans. x = 7 ; y = 7. 

/10. Given | -f - 2 ^ = 6, and y + | = 6, to find the 
values Of x and y. Ans. x=.6) y = 10.. 

11. Given ^t_? + 8y=31, and ^i? + 10a: = 192, to 
find the values of x and y. Ans. x = 19 ; y = 3. 

12. Given ? -f | — 5 = 0, and 2 a; + ? — 17 = 0, 
to find the values of x and y. Ans. a; = 6 ; y = 15. 

13. Given *±1 - x -=» = 0, and Z±* + *-=-^~ 

If, to find the values of a: and y. Ans. x = 5; y = 3. 



CASE in. 



174. To eliminate by addition and subtraction. 

1. Given 6x-+-4y = 56, and 4a; — 3y = 9, to find the 
values of x and y. 



OPERATION. 




6x-f-4y = 56 


(1) 


4 x — 3y-= 9 


(2) 


12a:+8y=112 


(3) 


12 x — 9y = 27 


(*) 


17y = 85 


(5) 


y = 5 


(6) 


4 a; — 15 = 9 


a> 


4x = 24 


(8) 


* = 6 


(9) 
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Multiplying both members 
of equation (1) by 2, and of 
equation (2) by 3, we obtain 
equations (3) and (4), in 
which the coefficients of x 
are the same. Now, since 
the coefficients of x in these 
equations have like signs, we 
cancel the terms containing 
x, by subtracting (4) from 
(3), member from member 
(Art. 151), and obtain (5), 
an equation with only one 
unknown quantity, y. Reducing, we have (6), or y = 5. Substitut- 
ing 5 for y in equation (2), and reducing, we have (9), or x = 6. 

2. Given 6x + 4y=32, and 4x — 2y=12, to find 
x and y. 

Dividing equation (1) by 2, 
we obtain (3), in which the 
coefficient of y has been made 
the same as in (2). Since 
the coefficients of y in these 
equations have different signs, 
we can cancel the terms con- 
taining y, by adding (2) and 
(3) together, member to 
member (Art. 151), and 
thus obtain (4), an equation 
with only one unknown quantity, x. Reducing, we have (5), or 
x = 4. Substituting 4 for x in equation (3), and reducing, we 
have (8), or y =« 2. Hence the 

RULE. 

Multiply or divide one or both of the equations, if necessary \ 
by such a number or quantify that one of the unknown quanti- 

Explain the operation of Example 1 . Of Example 2. What is the Rule ♦ 



OPERATION. 




6x + 4y = 32 


(1) 


ix — 2y= 12 


(2) 


3x + 2y=16 


(3) 


7 a; = 28 


(±) 


x= 4 


(5) 


12 + 2y = 16 


(6) 


2y= 4 


(*) 


y= 2 


(8) 
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ties shall have the same coefficient in both. Then, if the signs 
of the terms having the same coefficients are alike, subtract one 
equation from the other; or, if unlike, add the two equations 
together. 

Note. If the coefficients of the quantity to be eliminated are prime to 
each other, each equation mast be multiplied bj the coefficient found 
in the other equation. In general, such a multiplier may be used for 
each as will produce the least common multiple of the coefficients. 

If we wish to avoid fractions, it is convenient to divide only when 
one of the equations is not reduced to its simplest form, that is, when 
all its terms are exactly divisible by some quantity, as in Examples 3 
and 4, below. 

Examples. 

3. Given 4a: + 3y = 25, and 12a: — 6y = 30, to find 
the values of x and y. Ans. x = 4 ; y = 3. 

4. Given 3*— y = 22, and 2a: + 4y = 24, to find the 
values of x and y. Ans. x = 8 ; y = 2. 

5. Given a:+8y = 44, and 6a: + y = 29, to find the 
values of x and y. Ans. x = 4 ; y = 5. 

6. Given 23a: — 8y = 70, and 8a: — 2y = 40, to find 
the values of x and y. Ans. x = 10 ; y = 20. 

7. Given 4a: — 5y=0, and x — y=l, to solve the 
equations. 

8. Given x-\-y = 35, and — - + tj = 18, to solve the 
equations. Ans. x = 21 ; y = 14. 

9. Given ^ + ^ = 29, and H?_ ^=» f to find x 
and y. Ans. x = 24 ; y = 18. 

175. Find the values of the unknown quantities in each 
of the following equations, by any of the methods of elim- 
ination. 

What is the Note I 
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f2x+ y = 35) . fa? = 12. 

(5v — 5a?=15) . f a? = 7. 

2. Given { 8 ; + 6y==n }' Ans. { y = 1Q> 



3. Given 






x= 12. 



\ 



(4y — 3a?+l = 0J ly = f 

5. Given \ a , „ . f • Ans. -} " 

( 2y-f6a? = 4J ly = 11. 



(l + ^= 35 ) A J* = 40. 

iven •{ >- • Ans. -J . - 



6. Given 

3 ' 

. _,. (10i = 2 + 2y) . fa?=l. 

Y. Given \ . OA ' * \ • Ans. •{ . 

I 4y = 20 — 4arj (y =4. 

8. Given {jjljllj}- Ans. j __ c l, 

^ ^,. f 7a? — 3* = 26) . fa? = 4. 

9. Given \ * fla f • Ans. -^ 2 

(2ar — 2y = 6§) ly = §. 

3* 



iven -J 4 2 v. Ans. \ 

(2x-2y=16) (Jf = 12. 



11. Given 



a? = 12. 
10. 



, ft „. f2y+T9 = 5a? ) . fa?= 57. 

12. Given { ^ T==4 + „ + ,}- Ans. { y==103 

13 
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1,2 U 

.3. g.v„ j; ;-*[. 




Ans. -J " 
(y = 5. 


Note. Eliminate before clearing of fractions. 




14. Given l^ZtlC'- 




(x = 2. 

Ans. •{ 

(y = 6. 


x , y 

15. Given \ 2 3 I . 


Ans. 


f a: = 18a — 24 h. 



16. Given 



( 5 + 4 ~20 ) . f* = *. 

Is. , tf_«r An8 -Iy = i 

^ 4 ' 5 120 ' 

1?. Given i Q , 10 >• • Ans.-} *"" 



PROBLEMS 

LEADING TO SIMPLE EQUATIONS CONTAINING TWO 
UNKNOWN QUANTITIES. 

176. In a problem expressing two conditions, two re- 
quired quantities may be so related, that, one of them 
being found, the other may be readily derived from it ; 
in which case the solution can be effected by means of 
a single letter. 

There are, however, certain problems whose solution 
requires each of the unknown quantities to be represented 
by its own proper symbol, and the formation of as many 
independent equations as there are unknown quantities. 
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1. A merchant sold at one time 3 hats and 4 caps 
for $ 23, and at another time 2 hats and 7 caps for $ 24 ; 
what was the price of each ? 

SOLUTION. 

Let x = the price of a hat, 

and y = the price of a cap. 

Then, 3a? + 4y = 23 (1) 

and 2 x -f 7 y = 24 (2) 

Transposing and dividing (1), x = — * (3) 

o 

Transposing and dividing (2), x = — — * (4) 

Equating, j-* = j—2 (5) 

Clearing of fractions, 46 — 8 y = 72 — 21 y (6) 
Reducing, 13 y = 26 (T ) 

Whence, y = 2 (8) 

Substituting 2 for y in (4), a: = — ^ — (9) 

Whence, x = 5 (10) 

2. The sum of two numbers is 133, and their difference 
is 47 ; required the numbers. Ans. 90 and 43. 

3. A farmer paid 4 men and 6 boys 72 shillings for 
laboring one day, and afterwards, at the same rate, he 
paid 3 men and 9 boys 81 shillings for one day ; what 
were the wages of each ? 

Ans. Men's wages, 9 shillings ; boys', 6 shillings. 

4. The value of my two horses is such that, if the 
value of the first be added to four times the value of 
the second, the sum is % 580 ; and if the value of the 
second be added to four times that of the first, the sum 
is $ 520 ; required the value of each. 

Ans. The first, $ 100 ; the second, $ 120. 

Explain the solution of Problem 1. 
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5. Find that number, consisting of two figures, to which, 
if the number formed by changing the place of the figures 
be added, the sum is 121 ; and if it is subtracted, the 
remainder is 9. 



Let 

and 

Then 

and 

Therefore 

and 

Hence 

and 
Then, 
and 

Dividing (1), 
Dividing (2), 
Adding (3) and (4), 
Whence, 

Subtracting (4) from (3), 
Whence, 
Therefore, 



SOLUTION. 

x = the first figure, 
y = the second figure. 
10 x = the first in tens' place, 
10 y = the second in tens' place. 
10 x -|- y = the number required, 
\0y -\- x =. the number formed. 
11 a: -|- \\y= the sum of the numbers, 
9x — 9y = the difference of the numbers. 

(1) 



llar-flly=121 
9a; — 9y = 



9 


(2) 


11 


(3) 


1 


(*) 


12 


(5) 


6 


(6) 


10 


<») 


5 


(8) 


65 


(9) 



x-\-y = 

x — y = 

2x = 

x = 
2y = 

V — 

10x-fy = 

6. There is a number consisting of two figures, which 
is equal to four times the sum of those figures ; and 
if 9 be subtracted from twice the number, the places of 
the figures will be reversed ; what is the number ? 

Ans. 36. 

7. A gentleman N asked a lady her age ; she replied : 
" 7 years ago I was three times as old as you, but if 
we live T years longer, my age will be twice as great 
as yours " ; what were their ages ? 

Ans. Lady's age, 49 years ; gentleman's, 21 years. 



Explain the solution of Problem 5. 
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8. A said to B, "If £ of your money were added to 
£ of mine, the sum would be $6." B replied, " If ^ of 
yours were added to J of mine, the sum would be $ 5§." 
What sum had each ? Ans. A, $ 12 ; B, $ 16. 

9. I have in two purses $ 84 ; and if the sum in the 
purse containing the most be divided by the sum in the 
other, the quotient will be 13. Kequired the sum in each 
purse ? Ans. In one, $ 78 ; in the other, $ 6. 

10. The ages of a father and his son added together 
equal 140 years ; and the age of the father is to that of 
the son as 3 to 2. 







SOLUTION. 




Let 
and 






x = the age 
y = the age 


of the father, 
of the son. 


Then, 

and 

Or, 






x -f- y = 140 
x :y = S : 2 
3y = 2x 


a) 

(2) 
(3) 


Dividing (3), 


2x 


(*) 


2 x 
Substituting — 


foryir 


'(1). 


*+^ = 140 


(5) 


Keducing (5), 
Whence, 
From (4), 






5 x = 420 
x= 84 
y= 56 


(6) 
0) 
(8) 



11. The age of James is to that of John as 3 to 4 ; 
but 6 years hence their ages will be in the ratio of 5 to 6. 
What are their ages ? 

Ans. James's age, 9 years ; John's 12 years. 

12. Find two numbers, the greater of which shall be to 
24 as their sum to 42, and the difference of which shall 
be to 6 as 4 to 3. Ans. 32 and 24. 



Explain the solution of Problem 10. 
13* 
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13. If 3 be added to the numerator of a certain frac- 
tion, its value will be $ ; and if 1 be subtracted from the 
denominator, its value will be \. What is the fraction? 



SOLUTION. 



Let 

and 



x = the numerator, 
y = the denominator. 



Therefore 



- = the fraction. 

y 



Then, 
and 



ar + 3 

y 

X 


i 

3 
1 


y-i 


— 5 



(1) 

(2) 



Clearing (1) of fractions, 

Clearing (2) of fractions, 

Subtracting (3) from (4), 

Or, 

Whence, 

From (3), 

Hence, 



(3) 
(4) 
(5) 
(6) 
(?) 
(8) 

(») 



3ar+9=y 

bx = y — 1 

2x — 9= —1 
2x = 8 

X := 4 

y = 2i 

x — i. 
y ~ 21 

14. Divide T2 into two such parts that 3 times the 
greater shall exceed twice the less by 121. 

Ans. 53 and 19. 

15. Fifty laborers were engaged to remove an obstruc- 
tion on a railroad ; some of them by agreement were to 
receive $0.90, and others, $1.50. There was paid them 
just $48, but no memorandum having been made, it is 
required to find how many worked at each rate. 

Ans. For $0.90, 45; for $1.50, 5. 

16. The wages of 5 men and 7 women amount to 
$16.40, and 7 men receive more than 6 women by $4. 
What does each receive ? 

Ans. Men, $1.60; women, $1.20. 



Explain the solution of Problem 13. 
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IT. If 4 be added to the numerator of a certain frac- 
tion, its value will be i ; and if 7 be added to its denom- 
inator, its value will be \. What is that fraction ? 

Ans. ffc. 

18. A sum of money was divided equally among a cer- 
tain number of persons ; had there been three more, each 
would have received $ 1 less, and had there been two 
fewer, each would have received $ 1 more than he did ; 
required the number of persons, and what each received. 



SOLUTION. 




Let x = number of persons, 


and y = no. 


dollars each received; 


also, xy = sum 


divided. 


Then, (* + 3)(y— l)=xy 


a) 


and (x — 2) (;/ + 1) =xy 


(2) 


From (1), xy-\-3y — x — 3 = xy 


(3) 


From (2), xy — 2y-\-x — 2 = xy 


W 


Transposing in (8), 3 y — x = 3 


(5) 


Transposing in (4), x — 2y = 2 


(6) 


Adding (5) and (6), y = 5 


0) • 


From (6), x = 12 


(8) 



19. My income tax and assessed tax together amount 
to $ 30 ; but if the income tax were increased 20 per 
cent, and the assessed tax were decreased 25 per cent, 
the two together would amount to $32£; required the 
amount of each tax. 

Ans. Income tax, $ 21 T 7 F ; assessed tax, $ 8||. 

20. Kequired two quantities such that, if the first be 

increased by a, it will become m times the second ; and 

if the second be increased by b, it will become n times 

the first. a a-\~bm _ ft -|* « » 

Ans. — ! and — ' . 

mn — 1 mn — 1 

Explain the Solution of Problem 18. 
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21. A has t as much money as B ; but if A should 
gain $ 10 and B lose thp same sum, they will have equal 
amounts. How much has each? 

Ans. A, $16; B, $36. 

22. A man and his wife can consume certain provisions 
in 15 days ; but after partaking of them for 6 days, the 
woman consumed the remainder in 30 days. In what 
time could either consume the whole ? 

Ans. The man, in 21$ days ; his wife, in 50 days. 

Eliminate before clearing of fractions, if the unknown quantities 
appear as denominators in each equation. Or, use negative expo- 
nents. (See Ex. 13, 14, Art. 175). 

23. A merchant has sugar at a cents a pound and at 
b cents a pound ; how much of each must he take to 
make a mixture of d pounds, worth c cents a pound ? 

Ans. At a cents, =-^ : at b cents, — =-^. 

' a — b * ' a — b 

24. A composition of copper and tin, containing 100 
cubic inches, weighed 505 ounces ; how many ounces of 
each metal did it contain, supposing a «ubic inch of cop- 
per to weigh 5 £ oz., and a cubic inch of tin to weigh 
4£ oz. ? Ans. Copper, 420 oz. ; tin, 85 oz. 

25. There is a rectangular garden of a certain size ; if 
it were 5 feet broader and 4 feet longer, it would contain 
116 square feet more ; and if it were 4 feet broader and 
5 feet longer, it would contain 113 square feet more. 
Required its dimensions. 

Ans. Length, 12 feet ; breadth, 9 feet. 

26. A person possesses certain capital which is invested 
at a certain rate per cent. A second person has $1000 
more capital than the first person, and invests it at one 
per cent more; thus his income exceeds that of the first 
person by $ 80. A third person has- $ 1500 more capital 
than the first, and invests it at two per cent more; thus 
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his income exceeds that of the first person by $ 150 # Re- 
quired the sum of each person, and the rate at which it 
is invested. (Sums, $3000, $4000, and $4500. 

1 Rates, 4, 5, and 6 per cent. 



SIMPLE EQUATIONS CONTAINING THREE OR 
MORE UNKNOWN QUANTITIES. 

177* Any of the methods which have been given for 
the solution of simple equations containing two unknown 
quantities may be extended to those containing three or 
more unknown quantities. 

( *+ y+ * = G) 

1. Given < x -{-2y -\-%z=z\±\to find x, y, and z. 
{Zx— y + ±z=w) 

By multiplying equation 
(1) by 3, we obtain equa- 
tion (4), and by subtracting 
(1) from (2), and (4) from 
(3), we have (5) and (6), 
equations containing only 
two unknown quantities. 
Multiplying (6) by 2, and 
subtracting the product (7) 
from (5), give (8), an equa- 
tion containing only one un- 
known quantity, y. Dividing 
(8) by 9, we have (9), or 
y — 2. Substituting 2 for y 
in (5) gives (10), and re- 
ducing, we have (12), or 
2 = 3. Substituting 2 for y, 

and 3 for z in (1), and re- 
ducing, we have (14), or x = 1. 



OPERATIO* 


r. 




*+ y+ * = 


6 


(1) 


x + 2y + 3s = 


14 


(2) 


3a;_ y _j_4s_* 


13 


(3) 


3ar + 3y + 3z = 


18 


(±) 


!/ + 2z = 


8 


(5) 


— 4y + s = - 


- 5 


(6) 


— 8y-\-2z = - 


-10 


0) 


9y = 


18 


(8) 


y — 


2 


(») 


2 + 2z = 


8 


(10) 


2z = 


6 


(11) 


z = 


3 


(12) 


#-(-2 + 3 = 


6 


(13) 


x =; 


1 


(14) 



Explain the operation. 



X = 


53- 


- y — 


z 


X = 


107- 


-2y- 


Sz 


X = 


137- 


-3y- 


•4* 
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rt ^. ( af 1"« y i"o ar= ,5J) to find the vaiu e- 

2. Given < a: 4- 2y + 3 * = 107 > ,. , 

OPERATION. 

x + y+ »== 53 (1) 

a: + 2 y + 32? = 10 ' (2) 

g + 3y + 4s=137 (3) 

(*) 

(5) 
(6) 

53 _ y _ * = lot — 2y— 3* (7) 

107— 2y — 3s =137 — 3y — 4z (8) 

y = 54 — 22 (9) 

y= 30 — x (10) 

30— z= 54 — 2 2 (11) 

z= 24 (12) 

y= 6 (13) 

x= 23 (14) 

By transposing terms in (1), (2), and (3), we obtain equations (4), 
(5), and (6). Equating the second members of (4) and (5), and 
those of (5) and (6), we have (7) and (8), equations containing 
only two unknown quantities. Transposing terms in (7) and (8), 
we have (9) and (10). Equating the second members of (9) and 
(10) gives (11), an equation with only one unknown quantity, 
which reduces to (12), or z =* 24. Substituting 24 for z in (10), 
and reducing, we have (13), or y ■=- 6; and substituting 24 for z, 
and 6 for y, in (4), and reducing, we have (14), or x = 28. 

From the preceding examples and illustrations, we 
deduce the following 

RULE. 

Deduce from the given equations, by elimination, a new set of 
equations containing one less unknown quantity, and continue 

Explain the operation. Repeat the Rule. 
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the process until an equation is obtained containing but one un- 
Icnown quantity. 

Find the value of the unknown quantity in this equation. 
By substituting this value in either one of the set of two equa- 
tions containing two unknown quantities, find the value of a 
second unknown quantity. Then, by substituting these values 
in either of the equations which contain three unknown quan- 
tities, find the value of a third ; and so on, till Hie values of 
aU are found. 

Note. Upon the good judgment and discrimination of the learner in 
selecting the quantity to be first eliminated, and the method of elim- 
ination suited to the particular case, will depend the simplicity and ele- 
gance of the solution. 

Examples. 

Find the values of the unknown quantities in the fol- 
lowing equations. 

( x + 2y+ s = 24 ) ( x = 4. 

^3. Given < 2 a: -j- y+3z = 38> 
(3aH-3y+2* = 46) 

!4a?+2y— s = 26) 
bx\-2y — Bz = 16 > 
2x— y-\-2z = 23) 



Ans. 



Ans. 



,* = 8. 



- 5. Given 



6. Given 



} y — * + s=23 
( z — x — y = 1 

(u + x + y = 6^ 
J u -f- x -f- z = 9 

1 " + y + * = 8 

lx + y + z = 1) 



Ans. 



Ans. 



The solution may here be abridged, by the artifice of assuming 
the sum of the four unknown quantities to equal s. 



^fhat is the Note ? Explain the operation of Example 6, 
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Thus, 

Then the first equation is 

The second is 

The third is 

The fourth is 

By addition, 

Whence, 



s — z = 

8 X = 

8 U = 



4s- 



5 

6 
9 
8 
7 
30 
10 



(1) 
(2) 
(3) 
(4) 
(5) 
(6) 



Substituting the value of * in (4), (3), (2), and (1), and reduo 
8, x — 2, y = 1, and 2 =■ 4. 



ing, we have u 



7. Given 



8. Given 



9. Given 



10. Given 



x + y + z=\Z 
u-\-x + y = l*l 
u -\- x -f- z = 18 

Ta; — 3y — * =12 

I * + 2y + 3s = lT 

4 a:— y+ 2 z = 13 

> + y — * = 0) 



Ans. - 




+ - = 

z 



+ 1 = 1 

1 



c 

# I 5 _ 

U » c ~ 



Ans. 



V = 



Note. Eliminate before clearing of fractions. 



11. Given 



12. Given « 



x + y = <* 



Ans. { v = 



±(a + c — b). 
i(}_l_ ? _a). 



z 
2 

2 ' 4 

3x , 2y z 

L~4~ "i a q 



4 ~ 3 ' 
2x 
3 

3 



9 

11 h 
9 



( x = 12. 
Ans. | y- = 6. 



M 
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PKOBLEMS 

LEADING TO SIMPLE EQUATIONS CONTAINING THREE 
OR MORE UNKNOWN QUANTITIES. 

178. Problems leading to simple equations containing 
three or more unknown quantities require precisely analo- 
gous processes in their solution to those required by prob- 
lems leading to simple equations containing two unknown 
quantities. 

1. Three boys, James, Henry, and Arthur, bought fruit 
at the same prices. James paid for 3 oranges, 1 apple, and 
2 pears, 14 cents ; Henry paid for 4 oranges, 3 apples, and 
1 pear, IT cents ; and Arthur paid for 1 orange, 4 apples, 
and 3 pears, 13 cents. What was the price of each ? 

Ans. Oranges, 3 cents ; apples, 1 cent ; pears, 2 cents. 

2. A gentleman divided $ 100 among his four daugh- 
ters, Mary, Isabel, Jane, and Ellen, in such a manner, that 
twice Isabel's part added to three times Ellen's part was 
$ 160 ; three times Mary's part added to twice Jane's part 
was $ 90 ; twice Mary's part added to Ellen's part was 
$ 60. What sum did each receive ? 

Ans. Mary, $10; Isabel, $20; Jane, $30; Ellen, $40. 

'3. I have three ingots, composed of different metals. 
A pound of the first contains T ounces of silver, 3 ounces 
of copper, and 6 ounces of tin ; a pound of the second 
contains 12 ounces of silver, 3 ounces of copper, and 1 
ounce of tin ; and a pound of the third contains 4 ounces 
of silver, T ounces of copper, and 5 ounces of tin. How 
much of each of these three ingots must be taken in order 
to form a fourth, each pound of which shall contain 8 
ounces of silver, 3J ounces of copper, and 4£ ounces of 
tin? 

Ans. Of the first, 8 ounces ; of the second, 5. ounces ; 
and of the third, 3 ounces, 
u 
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Let x, y, and z denote the number of ounces that must be taken 

of each of the three ingots, respectively. Then, since there are 7 

ounces of silver in a pound, or 16 ounces, of the first ingot, in 1 

ounce of it there are — of an ounce of silver, and, consequently, in 

1x 
x ounces there are - of an ounce of silver. In like manner, we 

16 

may find that -— and — denote the number of ounces of silver 

16 16 

to be taken of the second and third ; but, by the problem, one pound 
of the fourth ingot is to contain 8 ounces of silver ; hence we have 
for the first equation, 

16 ' 16 ' 16 

Proceeding in like manner with respect to the copper and tin, we 
have for the other equations, 

3r , 3y , 7* 15 

16 "•" 16 "1 16 ^ 4 ' 

16 "1 16 ' 16 4 * 

From these equations, the results given above are readily ob- 
tained. 

/4c. A gentleman purchased a chaise, horse, and harness 
for $400. He paid four times as much for the chaise as 
for the harness, and one third as much for the harness as 
for the horse. How much did he pay for each ? 

Ans. Chaise, $ 200 ; horse, $ 150 ; harness, $ 50. 

5. There are three numbers whose sum is 324 ; the 
second exceeds the first as much as the third exceeds 
the second ; and the first is to the third as 5 to T. What 
are the numbers ? Ans. 90, 108, and 126. 

6. A man speaking with his wife and son respecting 
their ages, said that his age added to that of his son was 
12 years more than that of his wife ; the wife said that 
her age added to that of her son was 8 years more than 
that of her husband, and that their ages together amount- 
ed to 92 years. Required the age of each. 

Ans. Husband, 42 years ; wife, 40 years ; son, 10 years. 
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, *l. A bin holding 146 bushels is filled with a mixture 
of wheat, barley, and oats. The barley exceeds the wheat 
by 15 bushels, and there are as many bushels of oats as 
of both wheat and barley. What is the quantity of each ? 
Ans. Wheat, 29 bushels ; barley, 44 bushels ; and oats, 
T3 bushels. 

8. A and B can perform a piece of work in 8 days, 
A and C in 9 days, and B and in 10 days ; in how 
many days can each alone perform it ? 

Ans. A, in 14££ days ; B, in lTf f days ; and C, in 
23 7 7 T days. 

9. A certain number consists of three digits, whose 
sum is 9. If 198 be subtracted from the number, the 
remainder will consist of the same digits in a reverse 
order; and if the number be divided by the digit at the 
left, the quotient is 108. What is the number? 

Ans. 432. 

Let x, y, and z denote the digits, respectively, beginning at the 
left ; then, 100a;-f- 10 y -f~ z — the number. 

10. I have three horses, and a carriage, which of itself 
is worth $ 220. If I put the carriage with the first horse, 
it will make the value equal to that of the second and 
third ; but if I put it with the second horse, it will make the 
value double that of the first and third ; and if I put it 
with the third norse, it will make the value triple that of 
the first and second. What is the value of each horse ? 

Ans. First, $20; second, $100; third, $140. 

11. A and B can reap a certain field in a days, A and 

C in b days, and B and C in c days ; in what time can 

each alone reap it ? 

. . . 2abc , -r, . 2abc , 

Ans. A, m r-r * days ; B, in . , , days ; 

' ac-\-bc — ab J 7 ' ab-\-bc — ac J 7 

C, in - T - : j- days. 

7 ab -f- ac — be * 
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12. Find three numbers such that J of the first, £ of 
the second, and £ of the third shall be equal to 62 ; £ of 
the first, £ of the second, and | of the third shall be equal 
to 47 ; and ± of the first, £ of the second, and £ of the 
third shall be equal to 38. Ans. 24, 60, and 120. 

13. Three boys, A, B, and 0, owe, together, $2.19, 
and no one of them has so much money. But by uniting", 
it is found that it can be paid in several ways ; first, 
by £ of B's money and all of A's ; secondly, by $ of C's 
money and all of B's ; or, thirdly, by § of A's money 
and all of C's. IIow much money has each ? 

Ans. A, $1.53; B, $1.54; and C, $1.17. 

14. Find four numbers, such that the first, together 
with half the second, may be equal to 357 ; the second, 
with £ of the third, equal to 476 ; the third, with £ of the 
fourth, equal to 595 ; and the fourth, with £ of the first, 
equal to 714. 

Ans. First number, 190 ; second, 334; third, 426 ; fourth, 676. 

15. A merchant has three kinds of sugar. He can sell 

3 lbs. of the first quality, 4 lbs. of the second quality, and 

2 lbs. of the third quality, for 60 cents ; or, he can sell 

4 lbs. of the first quality, 1 lb. of the second quality, and 

5 lbs. of the third quality, for 59 cents ; or, he can sell 
1 lb. of the first quality, 10 lbs. of the second quality, and 

3 lbs. of the third quality, for 90 cents. Kequired the 
price of each quality. 

Ans. First quality, 8 cts. per lb. ; second, 7 cts. ; third, 4 cts. 

16. A, B, and engaged in a squirrel hunt, and killed 
96 squirrels, which they wish to share equally. In order 
to do this, A, who has most, gives to B and C as many 
as they each already had ; then, B gives to A and C as 
many as they each had after the first division ; and, lastly, 
C gives to A and B as many as each had after the second 
division, when it was found that each had the same num- 
ber. IIow many had each? 

Ans. A, 52; B, 28; and C, 16. 
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DISCUSSION 

OF SOME PKOBLEMS LEADING TO SIMPLE 
EQUATIONS. 

179«* The Discussion of a problem consists in attribut- 
ing various values and relations to the known quantities 
entering into the general equation, and in interpreting 
the results. 

INTERPKETATION OP NEGATIVE RESULTS. 

180* The interpretation of negative results obtained by 
means of simple equations is illustrated in the problems 
which follow. 

1. Let it be required to find what number must be 
added to the number a, that the sum may be b. 

Let x = the required number. 

Then, a ~\- x = b, 

whence, x — b — a. 

Here, the value of x corresponds to any assigned values of a and 
b. Thus, for example, 

Let a = 12 and b « 25. 

Then, a; = 25 — 12 = 13, 

which satisfies the conditions of the problem, for if 13 be added to 
12, or a, the sum will be 25, or b. 

But suppose a = 30 and b = 24. 
Then x = 24 — 30 = — 6, 

which indicates that, under the latter hypothesis, the problem is 
impossible in an arithmetical se?ise, though it is possible in the alge- 
braic sense of the words " number," " added," and " sum." 

In what does the Discussion of a problem consist ? Give the discus- 
sion of the first problem, stating what the negative result points out, and 
correcting the enunciation. 
14* 
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The negative result, — 6, points out, therefore, either an error or 
an impossibility. 

But, taking the value of x with a contrary sign, we see that it 
will satisfy the enunciation of the problem, in an arithmetical sense, 
when modified so as to read: 

What number must be taken from 30, that the difference may be 
24? 

2. Let it be required to find the epoch at which A's 
age is twice as great as B's, A's age at present being 35 
years, and B's 20 years. 

Let us suppose the required epoch to be after the present date. 
Then x = the number of years after the present date, 

and 35 -f- x = 2 (20 -f- x) \ 
whence, x =» — 5, 

a negative result 

On recurring to the problem, we find it is so worded as to admit 
also of' the supposition that the epoch is before the present date, 
and taking the value of x obtained, with the contrary sign, we find 
it will satisfy that enunciation. 

Hence, a negative result here indicates that a wrong choice was 
made of two possible suppositions which the problem allowed. 

From the foregoing examples and illustrations we may 
infer : — 

1. That negative results indicate either an erroneous enuncia- 
tion of a problem, or a wrong supposition respecting the quality 
of some quantity belonging to it. 

2. That we may form a possible problem analogous to that 
which involved the impossibility y or correct the wrong supposition, 
by attributing to the unknown quantity in the equation a quality 
directly opposite to that which had been attributed to it. 

3. That the true answer of the corrected problem will be found 
by simply changing the sign of the negative resuU obtained. 

Give the discussion of the second problem, and show what the neg- 
ative result indicates. What may be inferred from the examples and 
illustrations ? 
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Interpret the negative answers obtained, and modify 
the enunciation so as to give positive results, for the fol- 
lowing 

PROBLEMS. 

3. What number must be taken from 10, that the re- 
mainder shall be 15 ? Ans. — 5. 

4. What number is that whose fifth part exceeds its 
fourth part by 4 ? # Ans. — 80. 

5. A man at the time of his marriage was 40 years old, 
and his wife 36 years ; how many years must elapse before 
his age will be to hers as 6 to 5 ? Ans. — 16 years. 

6. The length of a certain field is 8 rods, and its breadth 
5 rods ; how much must be added to its length that its 
contents may be 30 square rods ? Ans. — 2 rods. 

7. What number is that, the sum of the third and fifth 
parts of which, diminished by 7, is equal to the original 
number? Ans. — 15. 

8. If 2 be added to the numerator of a certain frac- 
tion, its value is £ ; but if 2 be added to its denomina- 
tor, its value is J. What is the fraction? A —5 

* Ans - =T5- 

9. A father has lived 45 years, and his son 15 years. 
Find in how many years the age of the son will be one 
fourth of the age of the father. Ans. — 5. 

10. A man worked 12 days, his son being with him 8 
days, and received $ 22, besides the subsistence of himself 
and son while at work. At another time he worked 10 
days, and had his son with him 4 days, and received $ 19. 
What were the daily wages of each ? - 

Ans. The father's wages, $2; the son's, — 25cts. 
* That is, the father earned $ 2 a day, and was at the 
expense of $ 0.25 a day for his son's subsistence. 
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ZERO AND INFINITY. 

181,* Zero, which is represented by the symbol 0, not 
only denotes absence of value, or nothing, but may, in 
Algebra, stand for a quantity less than any assignable 
value. 

182.* Infinity, which is represented by the symbol oo , 
denotes a quantity greater than any assignable value. 

In comparison with infinities, finite values may be con- 
sidered as all equal to one another. 



INTERPRETATION OF £, -, ±-, AND £. 

oo ' A 

183.* In order to explain the meaning of these symbols, 

let us take the fraction r - 
o 

1. Suppose the numerator, a, to remain constant, while the de- 
nominator, 6, continually decreases. Then, since the value of a frac- 
tion depends upon the relative value of its terms (Art 113), the 
fraction must increase as the denominator decreases; consequently, 
when b decreases below any determinate limits, the value of the 
fraction must exceed any determinate or assignable quantity. 
Hence, representing any finite quantity by A, we have 

A 

=°°- 
That is, 

If a finite quantity is divided by zero, the quotient is infinity. 

2. Suppose the numerator, a, to remain constant, while the de^ 
nominator, &, constantly increases. Then, the value of the fraction 
must, decrease as the denominator increases; consequently, when b 
increases beyond any determinate limits, the value of the fraction 
must be less than any determinate or assignable quantity. Hence we 
have 

^ = 0. 

oo 

A A 

Define Zero. Infinity. Interpret the symbol -^ . The symbol — . 
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That is, 

If a finite quantity is divided by infinity, the quotient is zero. 

3. Suppose, now, the denominator, b, to remain constant, while 
the numerator, a, constantly decreases. Then the value of the frac- 
tion must decrease as the numerator decreases ; consequently, when 
a decreases below any determinate limits, the value of the fraction 
must be less than any determinate or assignable quantity. Hence 
we have 

! = »■ 

That is, 

If zero is divided by a finite quantity, the quotient is zero. 

4. Suppose, next, a and b both to decrease, at the same time and 
in the same ratio. Then, the. value of the fraction will not be changed; 
but when a and b decrease below any determinate limits, the terms 
of the fractions each become zero, and the fraction itself becomes 
-. As -- may have any value, - will represent any finite quan- 
tity. Hence, 

If zero is divided by zero, the quotient may be any finite 
quantity. 

Note. If - is the result of an expression whose numerator contained 
more zero factors than its denominator, its value is ; and if its de- 
nominator contained more zero factors than its numerator, its value is oo. 
Sometimes r- , by canceling a common factor in the terms of the frac- 
tion from which it originates, is found to have a definite, finite value. 

184,* From the foregoing discussion we draw the fol- 
lowing inferences : — 

1. That a problem whose result appears under the form of 
•— is impossible, or cannot be satisfied by finite quantities. 

2. That a problem whose result appears under the form of 
- is generally indeterminate, or can be satisfied by any finite 
quantities whatever. 

Interpret the symbol -j. The symbol -*. What two inferences are 
drawn? 
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Interpret the results which may be obtained in the 
following 

PROBLEMS. 

1. Three railway companies issue a, b, and c shares, 
respectively, and the price paid on each is the same sum 
per share. But the second and third afterwards call for 
p dollars and q dollars per share, respectively, in addi- 
tion to that originally paid, whereby the total capital 
paid up on the first and second together becomes double 
that paid up on the third. Required the price per share 
originally paid up. 

Let x = the price required. 

Then, ax + b (x + p) = 2 c (x + q) \ 

, 2c<7 — bp 
whence, x = — / . i- . 

If a =* 9000, b = 11000, c — 10000, j} = 19, and q = 11, 

110O0 
x=— oo; 

which shows that the problem, according to the conditions, is impos- 
sible. 

Again, if a = 9000, b = 11000, c = 10000, p = 10, and q = 5£, 



*-5' 

which shows that the conditions are satisfied without reference to 
the sum originally paid up ; and that the unknown quantity 
may have any finite value whatever. 

2. A is 60 years old, and B 40 years ; when will 
they both be of the same age ? Ans. oo. 

3. A person buys 400 sheep in two flocks ; for the 
first he pays $1.50 per head, and for the second $2. 
Of the first he loses 30, and of the second 56. He then 
sells the remainder of the first flock at $ 2 per head, 
and of the second at $ 2.50 per head, and finds he has 
lost nothing. Kequired the number in each flock. 

Ans. J. 
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INVOLUTION. 

185* A Power of any quantity is the product obtained 
by taking that quantity one or more times as a factor. 
Thus, 

a = a l is the first power of a, 
aa = a* " second power, or square of a, 
aaa = a* " third power, or cube of a, 
aaaa-=a* " fourth power of a ; 
and so on, the exponent (Art. 19) of the power denoting 
the number of times the quantity a is taken as a factor. 
If the exponent is n, the power is the product of n 
factors, when n is any entire quantity whatever. 

186. Involution is the process of raising a given quan- 
tity to any required power. 

This may be effected, as is evident from the definition 
of a power, by taking the given quantity as. a factor as 
many times as there are units in the exponent of the 
required power. 

187. When the quantity to be involved is positive, all the 
powers will be positive. 

For, any positive factor taken any number of times must always 
give a positive result (Art. 59). Thus, 

(+«)X(+a)= + a* 
(+ «) X (+ «) X (+ a) — + a 8 , and so on. 

188. When the quantity to be involved is negative, all the 
even powers will be positive, and all the odd powers negative. 

For, a negative multiplier causes the sign of the product to bo the 
opposite of that of the multiplicand (Art. 59), and therefore each 

Define a Power. What does the exponent of the power denote? If 
the exponent is n, what is the power? Define Involution. When the 
quantity involved is positive, what Bign do the powers take ? When 
die quantity is negative? • 
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additional negative factor changes the sign of the result. As the 
first power is negative, each odd power will be negative, and the 
even ones positive. Thus, 

— a 
(-a)X(-a) = -f-o« 

(-«) X (-a) X (-a) = (+ a«) X (-a) a* 

(-a) X (-«) X (-a) X (-«) = (- a») X (-a) = + a 4 
and so on. 

189. The involution of a polynomial, or of a monomial 
composed of several factors, is indicated by inclosing the 
quantity in a parenthesis, and writing the exponent at the 
right and a little above the expression. Thus, 

(a -f- b) 2 indicates the second power of a -f- b ; 

(2 a b c) 6 indicates the fifth power of 2 a b c. 



POWERS OF MONOMIALS. 

190. It is evident that the rules for involution must - 
be based upon those for multiplication. 

1. Let it be required to raise 3 a 2 b to the third power. 

OPERATION. 

(3a*b)* = 3a 2 b X 3a 2 i X 3aH 
= 3X3X3a 2 a 2 a 2 iy 
= 27 a c ft 8 . 

Since the required power is equivalent to the given quantity 
taken three times as a factor (Art. 185), we proceed, by the rule 
for multiplication (Art. 62), to find the product of 3 a 8 b X 3 a 2 b 
X 3 a 2 b, or 2 7 a 6 6 s ; from which it appears, — 

1. That the coefficient 3 has been raised to the third power. 

2. That the exponent of each letter has been multiplied by 3, 
the exponent of the power. 

How is the involution of a polynomial, or of a monomial composed of 
r eral factors, indicated? Explain the operation. 
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Hence, for raising a monomial to any power, wjb have 
the following 

RULE. 

Raise the numerical coefficient to the required power, and 
multiply the exponent of each letter by the exponent of the re- 
quired power. 

Note. If the quantity involved is positive, all its powers will be pos- 
itive (Art. 187) ; but if it is negative, all the even powers will be pos- 
itive, and all the odd powers will be negative (Art. 188). 

Examples. 

/%. Find the cube of a b. Ans. a* b*. 

3. Find the square of a x 2 . Ans. a 2 x A . 

4. Find the fourth power of x* y. Ans. x 8 y*. 

5. Find the third power of abx*. Ans. a*b*x**. 

6. Find the mth power of ex 7 y*. Ans. c m se 3m # m \ 
T. Find the fifth power of 3 a 3 a 8 . J& $ c\ ,V ^ 6 

8. Raise — 3 a: to the third power. Ans. — 27 X s . 

9. Raise — 4x* to the second power. Ans. 16 a: 4 . 

10. Raise a 2 b s cd 2 to the fourth power. 

Ans. a*V*c*d*. 

11. Required the cube of — 4a 2 5 ? aJ 4 . 

Ans. — 64a 8 0>* 13 . 

12. Required the fourth power of 5 a 3 b 8 c*. 

Ans. Q25a B b u c w . 

13. Required the square of — Sa&x. 

Ans. 9 a 3 ft** 3 . 

14. Raise 2 a b c 2 to the sixth power. 

Ans. 64a 6 i 8 c u . 

Repeat the Rule. The Note. 
15 
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15. Raise — 2 ax 2 to the fourth power. 

16. Required the fifth power of 4 a a? y. 

Ans. 1024 a 5 re 10 /- 

IT. Required the wth power of — 6 a 8 6 s . 

Ans. ±6 n a?*?fi*. 

Notb. Since n may bo any number whatever (Art. 185), the nth 
power of the given negative quantity may be either even or odd, and 
therefore either positive or negative, as is indicated by the sign ±. 



POWERS OF FRACTIONS. 

191 . Fractions, like entire quantities, are involved by 

multiplication. 

2 a t? 
1. Let it be required to find the third power of r-=- — . 

OPERATION. 

( 2qg* \ 3 2as? 2aa* Vaa* 
37c) ~3Tc X 36c X 3~&c~ 

2 ax* X % as* X 2aa? 8 a 8 a* 

3 bc~xYb7~. X 3 6c" 27 V c*' 

Since the required power requires the given quantity to be taken 
three times as a factor (Art 185), we find it by multiplying, as in 
multiplication of fractions (Art. 137). Hence the following 



RULE. 

Raise both the numerator and the denominator to the re- 
quired power. 

Examples. 

n tv j j.\. r 3 a s 6 A 9 a* b* 

2. Find the square of - ,-. Ans. , g . 

Why does the answer to Example 17 have the sign ± f Explain the 
operation, Repeat the Rale. 
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3. Find the cube of . Ans. -=— , 

C <r 

4. Find the square of =-j-. Ans 



5 b ' ' 25 b* 

a c* a* (^" 

5. Required the fifth power of -73-. Ans. 



3? y 16 2? W* 

6. Required the fourth power of -^f • Ans. — 



a; ^ 

T. Required the third power of — — • Ans. -z-y 

8. Required the fifth power of -0T5- • 

9. Required the fourth power of -a 8 c a . 

10. Required the second power of , • 

Ans. rsr-^35- 
121 c*cP 

192* The rules already given hold true when any of 
the exponents are negative. 



For, 



and (rf»)— = ^ = JL = at— . (Art. Tl.) 

1. Required the third power of 5 or 2 b~ x . 

Ans. 125 <*-•&-«. 

2. Required the fourth power of — 2 c 8 rf~ 2 . 

Ans. 16 c 12 ^. 

3. Required the nth power of — 6aar 2 y*. 

Ans. ± 6 n a"ar a 'y 8n t 

4. Develop the expression ( — x~**y*zy. 

Ans. — xr l *t/ ln z r . 

5. Develop the expression (a^jr 8 *- 1 )" 9 . 

Abs. xr*if9* t 
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6. Develop the expression ( — mr 1 n~ 2 )" 8 . 

Ans. — m* n 6 . 

T. Develop the expression ( — 2 or 9 6~ 2 )~ 4 . 

Ans. Tka u b*. 

8. Required the sixth power of &n> • 

Ans. -^s — 

9. Raise — j — „» . w to the third power. 

AnS - -64 x-^tf**- 

2 ar n b n c* 
10. What is the roth power of *n *- n -t ? 

POWERS OF BINOMIALS. 

193. Binomials, like monomials, may be raised to any 
power by the process of successive multiplications. 
Thus, a -(- b raised to the second power is 

(a + 6) (a + i)='o 2 + 2ai + ^ 
And a — b raised to the third power is 
(a — b) (a — b) (a — b)=a* — 3a*b-{-SaP — b*. 

But this process of involving binomials by actual mul- 
tiplication must be very tedious, when high powers are 
required. There is, however, a much abridged process, 
discovered by Sir Isaac Newton, called 

THE BINOMIAL THEOREM. 

194 • The Binomial Theorem expresses a general method 
of developing any power of a binomial. 

How may binomials be raised to any power 1 What does the Bi- 
nomial Theorem express? 
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195. With a view of elucidating the principles govern- 
ing the development of Newton's theorem, we shall, by 
actual multiplication, find a few of the powers of a bino- 
mial, when both terms are positive ; and also when one 
term is positive and the other negative. 

1. Let a -(- b be raised to the fifth power. 

a + b 1st power. 

a +b 

a 2 + ab 
+ « * + P 

a 2 + 2 a b -j- 6 2 2d power. 

a +£ 

a^-J-Sa^+Sa^+y. . . . 3d power. 
a +6 

a 4 + 3a 8 J+ 3a 2 & 2 + a P 

-[- aH-f: 3a 2 & 2 4- 3aP+J* 

a 4 + 4a 8 ft+ 6a^+ 4a^+J 4 . . 4th power. 
a -j-i 

a 5 + 4a 4 i+ 6a s 5 2 + 4a 2 ^+ o5 4 
4- a*b + 4rf8^+ 6a*#4-±«** + P 

a 6 + 5 a 4 J + 10 a 3 J 2 + 10 a 2 6 s + 5 a ¥ -f # 5th power. 

Note. In any binomial, as a -f 6, or a — 6, the term at the left u 
called the leading letter or quantity, and the other the following letter 
or quantity. 

2. Let a — b be raised to the fifth power. 



In what manner is a -+■ b raised to the fifth power ? How is a — b 
raised to the same power ? 
15* 
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1st power 



a —b 

a —h 




a* — ah 

— ah +#> 

a —h 




a , -2a 2 J+ ah 2 
— 0*6+ 2ab * —P 




a* — Sa 2 h+ 3ah* — P . 
a — h 


• 


a* — 3a*h + 3a 2 * 2 — afl 8 
— aH-f- 3a 2 ^— 3a0* + *• 




a *_4a s & + ea 2 ^ 2 — 4a# + i 4 . 
a — h 


• 


a 8 -4a 4 i+ 6 a 3 £ 2 — 4a 2 # + a£ 4 
— a 4 6 + 4a 8 & 2 — 6a 2 ^ + 4:« ft4 — 


• 6 5 



3d power. 



4th power. 



a 6 _ 5 <£ i _j_ 10 a s j 2 _ 10 a 2 h z _|_ 5 a £4 _ £5 6th power . 

In like' manner, the higher powers may be developed. 
It will be seen that the number of multiplications is uni- 
formly less by one than the number of units in the expo- 
nent of the power. It will also be seen on examination, 
that certain invariable laws hold with regard to five 
other things : — 

1. The number of terms. 

2. The signs of the terms. 

3. The letters in the terms. 

4. The exponents of the letters. 

5. The coefficients of the terms. 



What is seen with regard to the number of multiplications 1 What 
five other things follow invariable laws? 



INVOLUTION. 176 

NUMBER OF THE TERMS. 

196i By examining either of the examples, we observe 
that the first power has two terms ; the second power, three 
terms ; the third power, four terms ; the fourth power, five 
terms ; and the fifth power, six terms. Hence, 

The number of terms is always one more than the exponent 
of the power, 

SIGNS OF THE TERMS. 

197t By examining the two examples, we observe that 
all the terms of the powers of a -f- b are positive ; and of 
those of a — b, all the odd terms, reckoning from the left, 
are positive, and all the even terms are negative. Hence, 

When both terms of the binomial are positive, all Hie terms 
of the power are positive. 

When the second term of the binomial is negative, all the 
odd terms, reckoning from the left, are positive, and all the even 
terms negative. 

LETTERS IN THE TERMS. 

198i From the examination of the several powers, it 
is evident that 

The leading letter or quantity enters all the terms of the power 
except the last; the following letter or quantity enters all the 
terms except the first ; and the product of some powers of both 
letters compose all the intermediate terms, 

EXPONENTS OF THE LETTERS. 

199i By observing the different powers of a -f- b, and 
of a — b, we shall find that the exponents of the letters 

What is the number of terms in any power of a binomial? What 
are the signs of the terms ? In what manner do the letters enter into 
the terms ? What is the law governing the exponents of the letters ? 
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of the several terms follow an invariable order. Thus, in 
the fifth power of each of the binomials, the exponents 
are, 

Of a, 5, 4, 3, 2, 1, ; 

Of b, 0, 1, 2, 3, 4, 5 ; 

whose sum in each term is 5, or the same as the expo- 
nent of the power. Hence, 

The exponent of the leading letter in the first term is the 
same as the exponent of the power, and decreases by one in 
each successive term to the right. 

The exponent of the following letter in the second term is 
one, and increases by one in each successive term to the right, 
until the last, where the exponent is the same as that of the 
power. 

The sum of the exponents in any term is the same as the 
exponent of the power. 

COEFFICIENTS OF THE TERMS. 

200* It will be observed that the coefficients of any 
power in the examples, as the fifth power, are, 
Of the first term, a s , 1 ; 

Of the second terra, 5 a 4 b, the same as the exponent 
of the power, or 5 ; 

Of the third term, 10 a s b 2 , the product of the coeffi- 
cient of the preceding term by the exponent of the lead- 
ing letter in that term, divided by 2, the number which 
marks the place of the term, or — ~ = 10 ; and, in like 
manner, the coefficient of any term. Hence, 

The coefficient of the first term is one; that of the second 
term is the same as the exponent of the power; and, in gen- 
eral, the coefficient of any term is found by multiplying the 

What is the law governing the- coefficients of the terms ? 
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coefficient of the preceding term by the exponent of the leading 
letter of the same term, and dividing the product by the num- 
ber which marks its place. 

Note 1. When the number of terms is even, there will be two terms 
in the middle, having the same coefficient; and since the same coefficients 
are repeated in an inverse order after passing the middle term or terms, 
most of the coefficients may be obtained without actual calculation. 

Note 2. It will be seen that Theorems I. and II., Arts. 76 and 77, 
are only special cases coming under the Binomial Theorem. 



Examples. 
1. Raise x — y to the third power. ' / 



■2 



OPERATION. 

Coefficients and signs, 1 — 3 -f- 3 — 1 

x and its exponents, X s x* ' x 

y and its exponents, y y 2 y 8 

Combining, a? — 3 a?y -J- 3 ay 2 — y 8 

After a little practice, the learner can write out the final form 
at once. 

2. Raise x-\-y to the second power. 

Ans. x 9 -f- 2 x y -j- y 2 . 

3. Expand (c — d) 4 . 

Ans. c 4 — 4<rV+6c 2 rf 2 — ±cd 3 + d\ 

4. Required the fourth power of a-\-y. 

5. Expand (a — x) s . 

Ans. a 5 — bo+x+lOrfx 2 — 10aV + 5aa; 4 ~ x 5 . 

6. Raise x-\-a to the seventh power. 

Ans. ^ + T^a + 21« 5 a 2 -f-35a: 4 a 8 -|-35^a 4 + 21^a l 

7. Raise a-{-l to the third power. 

Ans. a 8 + 3a 2 + 3a + l. 
Note. The powers of 1, being 1, are of coarse suppressed. 

What is Note 1 ? Explain the operation. 
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8. Required the Bixth power of 1 — x. 

Ana. 1 — 6x+15a* — 20a 8 +15a 4 — 6s* + a* 

9. What is the eighth power of a-\-x? 

~1bs. a 8 +8a 7 a; + 28a 6 ^ + 56a 5 a 3 +70a 4 x 4 + 56a 8 x l 
+ 2$a*a*+8ax 7 -\-x s . 

201* When either or both terms of a binomial have 
coefficients or exponents, the theorem may still be applied. 
For, since such terms, on being raised to any power, 
must have all their factors affected alike, by being en- 
closed in a parenthesis, they may be treated as a single 
literal quantity, care being taken after the theorem has 
been applied to expand the expression obtained. 

1. Raise 2a 2 -\-cd to the third power. 



OPERATION. 




1 +3 +3 +1 


(1) 


(2 a 2 ) 8 (2 a 2 ) 8 (2 a 2 ) 


(2) 


(cd) (cd)* (cd)* 


(3) 


(2a 2 )» + 3(2a 2 ) 2 (crf) +3(2a 2 ) (cdf+ (c df . 


(4) 


8a 6 + 12a*cd + 6 a 8 <* d* + c* d* 


(5) 



In (1) we have arranged the coefficients and signs; in (2), 2 a' 
and its exponents; and in (3), cd and its exponents. Combining 
these, we have (4), which, on being developed, gives (5). 

After a little practice, (4) can be written out at once. If any 
difficulty is experienced in using such terms as 2a' and cd, the 
formula for the same power may be first written with single letters, 
such as m and n, and then (2a 2 ) and (cd) may be substituted in 
place of those letters. 

2. Expand (3 a + 2 b)\ 

Ans. 81 a 4 + 216 a 8 ft + 216 a 2 ft 2 + 96 a P + 16 b*. 

How may the theorem be applied to binomials, when either or both 
terms have coefficients or exponents? Explain the operation. What 
other methods may be used ? 
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3. Required the cube of 2 a — 3 a;. 

Ans. 8 a 3 — 36 a 2 a: + 54 aa? — 27 a*. 

4. Required the fourth power of 1 + 3 x. 

Ans. 1 + 12 x + 54a* + 108 ar* + 81 x\ 

5. Raise a 2 + b 2 to the third power. 

Ans. o° + 3a^-}-3a 2 5 4 + ^ 

6. Required the third power of Sx — 5. 

7. Raise 3xy — a to the second power. 

Ans. 9a: 2 # 2 — Qaxy + a 8 . 

8. Required the square of £a& + £. 

Ans. i a 2 b* + a b c + c*. 

9. Required the second power of a: — ~ 

Ans. x 2 — j»ar + j« 

10. Required the square of 3 x + -. 

Ans. 9^ + 6+ ^. 

1 1 . Required the cube of a + ar 1 . 

Ans. a' + Sa+S^ + a- 8 . 

12. Expand (ar> + 3y 2 ) s . 

^ Ans. ar 10 + 15zV+90 aV + 270*y + 405*V 

+ 243^°. 

13. Find the third power of £x — §y. 

Ans. ix* — \x*y + \xtf — ^ 

14. Required the sixth power of a: 2 — 2 a:. 

Ans. a: 12 — 12 a; 11 + 60 a; 10 — 160 z 9 +240 a: 8 - 
192 V +64 x\ 

Note. The Binomial Theorem may be applied to the development 
of the powers of any polynomial whatever. Thus, by changing the 
form of a + 6 + c to (a -}- b) -\- c, or the form of a + b — c + d to 
|a-|-6) — (c — d), they may be treated as binomials ; and so of any 
other polynomial. 

Repeat the Note. 
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EVOLUTION. 

202* A Root of any quantity is a factor taken a cer- 
tain number of times to form that quantity. Thus, 

a is the second or square root of a* ; 
a is the third or cube root of a 8 . 

203. Roots are indicated either by the radical sign, or 
by a fractional exponent (Art. 22). Thus, 

is/ a, or a% indicates the second or square root of a ; 

& a, or a*, indicates the third or cube root of a ; 

j*y a, or a*, indicates the fourth root of a ; 

& a, or a*, indicates the nth root of a ; 

2 

4$^a a , or a?, indicates the third root of the second 
power of a ; and so on, the index of the radical, or the 
denominator of the fractional exponent, denoting the de- 
gree of the root. 

204 • Evolution is the process of extracting any re- 
quired root of a given quantity. It is the reverse of 
involution. 

205i Any quantity whose root can be extracted is called 
a perfect power, and any quantity whose root cannot be 
extracted, an imperfect power \ 

A quantity, however, may be a perfect power of one 
degree, and not of another. Thus, 

8 is a perfect cube, but not a perfect square. 

Define a Root of any quantity. How are roots indicated ? How is 
the degree of a root denoted ? Define Evolution. What is a perfect 
power? An imperfect power? 
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206* The odd roots of a positive quantity are positive. 

For, a positive quantity raised to any power is positive (Art. 
187) ; but a negative quantity raised to any odd power is negative 
(Art. 188). Thus, 

tyaF= -^a, or fiT^=- +<*. 

207 • The even roots of a positive quantity are either positive 
or negative. 

For, either a positive or a negative quantity raised to an even 
power is positive (Arts. 187, 188). Thus, 

\Z7?"= ± a, or ^~a* = ± a. 

208 • The odd roots of a negative quantity are negative. 

For, a negative quantity raised to an odd power is negative 
(Art 188) ; but a positive quantity raised to any power is positive 
(Art. 187). Thus, 

4/~21 =* — 8, or^^a 5 == —a. 

209« Mven roots of a negative quantity are not possible. 
For, no quantity raised to an even power can produce a nega- 
tive result (Arts. 187, 188). Thus, 

\/ — 4, ty — 64, and \/ — a*, 
or indicated even roots of negative quantities, are called impossible, 
or imaginary quantities. 



SQUARE ROOT OF NUMBERS. 

210. The Square Root, or second root, of a number 
is a factor which must be taken twice to form that number. 
Thus, 

V9 = 3, because 3X3 = 9. 

Why are the odd roots of a positive quantity positive? Why are the 
even roots either positive or negative ? Why are the odd roots of a neg- 
ative quantity negative ? Why are the even roots impossible ? What are 
indicated even roots of negative quantities called 1 ? Define the Square 
Root, or second root, of a number. 
1G 
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211 1 A Perfect Square is any number or quantity that 
can be resolved into two equal factors. (Art. 205.) 

21 2 1 The square of any integral number consists of twice 
as many places of figures as the number itself or of one less 
than twice as many. 

For, the first ten numbers are 

1, 2, 8, 4, 5, 6, 7, 8, 9, 10, 
and their squares are 

1, 4, 9, 16, 25, 36, 49, 64, 81, 100; 
also, the square of 99 is 9801, of 100 is 10000, of 999 is 998001, 
of 1000 is 1000000, and so on. Hence, 

21 3t If a point be placed over every second figure in any 
integral number, beginning with the units* place, the number of 
points will show the number of figures in the square root. 

214* The square of any number 9 consisting of more than 
one place of figures, is equal to the square of the tens § plus 
twice the product of the tens by the units, plus the square of 
the units. 

For, if the tens of a number be denoted by a, and the units by 6, 
the number will be denoted by a -f- b, and its square by 

(a + by*=a* + 2ab + b*. 

Ihen, by this formula, if a = 3 tens, or 30, and 6 = 6, we have 

3 tens + 6 units = 30 -f- G =* 86 ; 

and 36* « (30 -f G)* «- 30* + 2 (30 X6) + 6 ! = 1296. 

Again, since every number, consisting of more than one place of 
€gures, may be considered as composed of tens and units, the for- 
mula is general, and applies equally whether the root has two places 
of figures or more than two places. (Nat. Arith., Art. 524.) 

Define a Perfect Square. Of how many places of figures does the 
square of a number consist ? How may the number of figures in the 
square root of a number be shown 1 To what is the square of any 
numlxr consisting of more than one place equal ? 
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CASE I. 

215. To extract the square root of entire numbers. 
1. Let it be required to find the square root of 4356. 



OPERATION. 



4356 
3600 



60 + 6 



120 + 6|T56 
T56 



or, 



4356 
36 


126 


f 56 
156 



66 



By pointing the given number according to Article 213, it ap- 
pears that the root consists of two places of figures. 

Let, now, a -j- b denote the root, where a is the value of the 
figure in the tens' place, and b of that in the units' place. Then a 
must be the greatest multiple of ten whose square is less than 
4300; this we find to be 60. Subtracting a*, that is the square of 
60, from the given .number, we have the remainder 756, which 
"must contain twice the product of the tens by the units, plus the 
square of the units, or 2 a b -\- 6*. Dividing this remainder by 2 a, 
that is by 120, gives 6, which is the value of b. Then (2 a -\- b)b t 
that is, 12G X 6, or 756, is the quantity to be subtracted; and as 
there is now no remainder, we conclude that 60 -|- 6, or 66, is the 
required square root 

In the work as it stands at the right, the ciphers are omitted. 

Had the root consisted of three places of figures, we could have 
let a represent the hundreds and b the tens ; then, having obtained a 
and b as before, we might let the hundreds and tens together be 
considered as a new value of a, and find a new value of b for the 
units. 

RULE. 

Separate the given number into periods, by pointing every 
second figure, beginning with the units 9 place. 

Find the greatest square in the left-hand period, and place 
its root on the right ; subtract the square of this root from the 
first period, and, to the remainder bring down the next period 
for a dividend. 



Explain the operation. Repeat the Rule. 
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Divide this quantity, omitting the last figure, by double the 
part of the root already found, and annex the result to the 
root, and also to the divisor. 

Multiply the divisor as it now stands by the part of the root 
last obtained, and subtract the product from the dividend. 

If there are more periods to be brought down, continue the 
operation in the same manner as before. 

Note 1. If a root figure is 0, place at the right of the divisor, and 
bring down the next period to complete the dividend. 

Note 2. If there be a final remainder, the given number has not an 
exact root; but we may continue the operation, by annexing an even 
number of decimal ciphers, and thus obtain a decimal part to be added 
to the integral part already found. 

Note 3. In pointing a number having a decimal part, we begin at the 
units' place, and point both to the right and left of it; and, if the deci- 
mal has no exact root, we may continue to form decimal periods to any 
desirable extent. 

Note 4. The root of a decimal without an integral part may be 
found as though the decimal were an entire number, care being taken 
to make the number of decimal places even, by annexing a cipher, if 
necessary. 

Examples. 

2. Required the square root of 365, to four decimal 
places. 

OPERATION. 



33 5.0 0000000 

1 



29 



265 
261 



38 1 


loo 

381 


3820 


4 


190000 
152816 


38208 


d 


37 18400 
3438801 



1.9.1049 + 



279599 
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It will be observed that four periods of decimal ciphers were 
annexed to the given number, to correspond with the number of 
decimal figures required in the root. On obtaining the fourth deci- 
mal figure of the root, there is still a remainder, and to show that 
the root obtained is an approximate one, we annex the sign -]— 

/o. Kequired the square root of 611524. AnB. T82. 

4. Kequired the square root of 56644. Ans. 238. 

5. Kequired the square root of 6561. 

6. Extract the square root of 2116. Ans. 46. 
T. Extract the square root of 10246401. Ans. 3201. 

8. Extract the square root of 16.2409. Ans. 4.03. 

9. Extract the square root of .9409. Ans. .97. 

10. What is the square root of .0081 ? Ans. .09. 

-7O.I. What is the square root of .006, to four places of 
decimals? Ans. .0774-)-. 

12. What is the square root of 12, to six places of 
decimals? Ans. 3.464101+. 

13. What is the square root of .0000012321 ? 

Ans. .00111. 
CASE II. 

216. To extract the square root of fractions. 

1. Required the square root of -fg. 

operation Since to square a fraction we 

__ square both its numerator and de- 

.?_ -_- V 9 — _ nominator separately (Art. 191), we 

16 y/ is 4 g n( j t k e gq uare roo t f the given 

fraction by taking the square root of 
its terms for the corresponding terms of the root. Hence, 

Wlien both terms of a fraction are perfect squares* its square 
root may be obtained by extracting the square root of both nu- 
merator and denominator. 

Explain the operation. How is the square root of a fraction obtained 
when both its terms are perfect squares? 
16* 



{■ 
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Note. If the fraction has not both terms perfect squares, and can- 
not be reduced to an equivalent fraction having 6uch terms, its root 
jcannot be exactly found. It may, however, be reduced to a decimal, and 
the root can then be found as provided in Art. 215, Notes 3 and 4. 

2. What is the square root of <?&? Ans -fa. 

3. What is the square root of fj!$? Ans. ff. 

4. Extract the square root of 2^ T . Ans. 1^. 

Note. Reduce the mixed number to an equivalent common fraction. 

5. Required the square root of -^. Ans. § . 

Note. Neither term of the given fraction is a perfect square j but on 
reducing it to its lowest terms, we obtain - . 

6. Required the square root of tVVsV ^ns. f • 

7. Required the square root of T 9 j. Ans. .832 -|-. 

8. Required the square root of T £§ T . 

Ans. .1246, nearly/ 



CUBE ROOT OF NUMBERS. 

217t The Cube Root, or third root, of a number is a 
factor which must be taken three times to form that 
number. Thus, 

f/~21 = 3, because 3 X 3 X 3 = 27. 

218. A Perfect Cube is any number or quantity that 
can be resolved into three equal factors. 

21 9i The cube of any integral number tonsists of three 
times as many places of figures as the number itself, or of one 
or two less than three times as many. 

How is the square root of a fraction obtained when its terms are not 
perfect squares ? Define Cube Root. A Perfect Cube. Of how many 
places of figures does the cube of a number consist ? 
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For, the first ten numbers are 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 

and their cubes are 

1, 8, 27, 64, 125, 216, 843, 512, 729, 1000; . 

also, the cube of 99 is 970299, of 100 v is 1000000, of 999 is .997002999, 
of 1000 is 1000000000, and so on. Hence, 

22©t If a point be placed over every third figure in any 
integral number, beginning with the unit*' place, the number 
of points will show the number of figures in the cube root, 

221 1 The cube of any number, consisting of more than one 
place of figures, is equal to the cube of the tens, plus three 
times the product of the square of the tens by the units, plus 
three times the product of the tens by the square of the units, 
plus the cube of the units. 

For, if the tens of a number be denoted by a, and the units 
by b, the number will be denoted by a -f- 6, and its cube by 

(a -f by = a 8 + 3 a 8 b -f 8 a b* + b*. 
Then, by this formula, if a = 8 tens, or 30, and b =* 6, we have • 

3 tens -[- 6 units = 30 + 6 = 36, 
and 36 8 —. (30 -f 6) 8 

= 30 3 -f 3 (80 s X 6) + 3 (30 X G 2 ) + 6 8 -= 46656. 

Again, since every number, consisting of more than one place of 
figures, may be considered as ' composed of tens and units, the for- 
mula is general. 

CASE I. 

222. To extract the cube root of entire numbers. 
1. Let it be required to find the cube root of 405224. 

How may the number of figures in the cube root of a number be 
shown ? To what is the cube of any number consisting of more than 
one figure equal ? 
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OPERATION. 



405224 
343000 



14T00 

840 

16 

15556X4 = 



70 + 4 



62224 



62224 



By pointing the given number according to Article 220, it ap- 
pears that the root consists of two places of figures. 

Let, now, a-\- b denote the root, where a is the value of the figure 
in the tens' place, and b of that in the units' place. Then a must be 
the greatest multiple of ten whose cube is less than 405000 ; this we 
find to be 70. Subtracting a 3 , that is the cube of 70, or 343000, 
from the given number, we have the remainder 62224, which must 
contain three times the product of the square of the tens by the 
units, plus three times the product of the tens by the square of 
the units, plus the cube of the units, or 3 a 1 b -\~ 3 a ft* -j- ft 8 . Divid- 
ing this remainder by 3 a*, that is by three times the square of 70, 
or 14700, we obtain the value of &, or 4. Then (3 a*-f- 3 ab + &*) b, 
that is, (14700 + 840 -f 16) 4, or 15556 X 4 = 62224, is the quan- 
tity to be subtracted; and as there is now no remainder, we con- 
clude that 70 >|" 4, or 74, is the required root. 

For brevity in the operation, instead of writing 70 in the root, 
we may simply write 7 in the tens' place, and for the cube of 70 
write the cube of 7, or 343, without the ciphers, observing to place 
the figures under the proper period. 

Had the root consisted of three figures, we could have let a rep- 
resent the hundreds, and b the tens ; then, having obtained a and b 
as before, we might let the hundreds and tens together be consid- 
ered as a new value of a, and find a new value of b for the units. 

From the preceding example we deduce the following 



Explain the operation. 
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RULE. 



Separate the given number into periods, by pointing every third 
figure, beginning with the units 9 place. 

Find the greatest cube in the left-hand period, and place its 
root on the right ; subtract the cube of this root from the first 
period, and to the remainder bring down the next period for 
a dividend. 

At the left of the dividend write three times the square of the 
root already found, for a trial divisor ; divide the dividend 
omitting the last two figures, by it, and write the quotient for the 
next figure of the root. 

Add together the trial divisor, with two ciphers annexed; 
three times the product of the last root figure by the rest of the 
root, with one cipher annexed; and the square of the last root 
figure; and the sum will be the complete divisor. 

Multiply the complete divisor by the last root figure, and sub- 
tract the product from the dividend. 

If there are more periods to bring down, continue the opera- 
tion in the same manner as before. 

Note 1. The observations made in Notes 1, 2, 3, and 4, nnder the 
rale for the extraction of the square root (Art 215), are equally ap- 
plicable to the extraction of the cube root, except that two ciphers 
must be placed at the right of the trial divisor when it is not contained 
in its corresponding dividend, and in pointing off decimals each period 
must contain three places of figures. 

Note 2. As the trial divisor is necessarily an incomplete divisor, it is 
sometimes found, both in cube and in square root, that after completion 
it gives a product larger than the dividend. In such a case, the root figure 
last found is too large, and the one next less must be substituted for it 

Examples. 
2. What is the cube root of 8.144865728 ? 

Repeat the Rule. Repeat Note 1. Repeat Note 2. 
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OPERATION. 

8.1 4486 5 T 28 2.0 12 
8 



120000 
600 

1 

120601 X 1 = 
12120300 
12060, 

4 

12132364 X 2 = 



144865 



120601 



24264728 



24264728 



It will be observed that, in consequence of the in the root, ire 
annex two additional ciphers to the trial divisor, 1200, and bring 
down to the corresponding dividend another period. 

3. What is the cube root of 941192? Ans. 98. 

4. What is the cube root of 389017 ? Ans. 73. 

5. What is the cube root of 37259704 ? Ans. 334. 

6. What is the cube root of 251239591 ? Ans. 631. 

7. What is the cube root of 46268279? Ans. 359. 

8. Required the cube root of 1481.544. " Ans. 11.4. 

9. Required the cube root of .008649. 

Ans. .2052+. 

CASE n. 

223. To extract the cube root of fractions. 

1. What is the cube root of $$%? 

Since to cube a fraction we cube 
both of its terms separately (Art. 191), 
we find the cube root of the given 
1 fraction by taking the cube root of 

its terms for corresponding terms of 
the root Hence, 



OPERATION. 



Jus 

V 729 



4 s/343 _ ft 343 
729 — ^729 



m Explain the operation of Example 3. Of Example 1, Caae IL 
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When both terms of a fraction are perfect cubes, its cube 
root may be obtained by extracting the cube root of both numer- 
ator and denominator. 

Note. If the fraction has not both terms perfect cubes, and cannot 
be reduced to an equivalent fraction having such terms, it may be re- 
duced to a decimal, and the root found as provided in Art. 222. 

2. Find the cube root of £§ $ . Ans. £. 

3. Extract the cube root of $f§f£- . Ans. 1^-. 

4. Required the cube root of f$. ~ Ans. .472 -|-. 

ROOTS OF MONOMIALS. 

224. The rules for evolution must be deduced from 
those for involution, for the one is the reverse of the 
other. (Art. 204.) 

1. Let it be required to extract the cube root of 
27 a 6 b*. 

OPERATION. 

^27 a 6 ft 3 = 27* X a* X i* = 3 a 2 b. 

Since to cube a monomial we cube the coefficient and multiply 
the exponent of each of its letters by 3, the exponent of the re- 
quired power (Art 190), to find the cube root of the given mono- 
mial, we reverse the process, and extract the cube root of its coef- 
ficient, 27, and divide the exponents of each of its letters, a and b, 
by 8. The result, 3 a* b, being an odd root, is positive (Art. 206). 

2. Let it be required to extract the square root of 

OPERATION. 

^/ToJb 1 = 9* X a* X &*= ± 3a 2 ft. 
Since extracting the square root is the reverse of the formation 

When both terms of a fraction are perfect cubes, how is the cube root 
obtained? Bow, when its terms are not perfect cubes? Explain the op- 
eration of Example 1. Of Example 2. 
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of the square, we extract the square root of the coefficient 9, and 
then divide the exponents of the letters a and b by 2. The re- 
sult, being an even root of a positive quantity, may be either posi- 
tive or negative (Art. 207), and therefore is written with the double 
sign ±. 

From these examples is deduced the following 

RULE. 

Extract the required root of the numerical coefficient, and 
divide the exponent of each letter by the index of the root. 

Note 1. Prefix to odd roots of positive quantities +, to odd roots 
of negative quantities — , and to even roots of positive quantities ±. 

Note 2. The root of a monomial fraction may be found by extracting 
the required root of each of its terms separately. Thus, 



Examples. 

3. Find the square root of 16 x*. Ans. ± 4 x. 

4. Find the cube root of 27 a 8 . Ans. 3 a. 

5. Find the fourth root of 16 a 4 x*. Ans. ±2 ax 2 . 

Note. The fourth root of a quantity is one of its four equal factors, 
or it is the square root of its square root, since the fourth power of a 
quantity may be found by squaring its second power. 

6. What is the square root of 144 a*b*c*1 

T. What is the cube root of 125 a 6 x*? Ans. 5 a 2 *. 

8. What is the fifth root of — S2a l0 x 5 ? 

Ans. — 2 a 3 x. 

4 b* x A 2 b x* 

9. What is the square root of . 4 A Ans. ± ^— i— . 

^ 9 a 4 if 5a*y 

___^ — . — «■ 

Repeat the Rule. Note 1. How may the root of a monomial frac- 
be found 1 What is the fourth root of a quantity ? 
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27 ^s x 

10. Required the cube root of . . Ans. r-^. 

11. Required the square root of 2bal?(?. 

Ans. ± 5 ar $ c. 

Note. As we cannot extract the square root of either a or ft 8 , we in- 
dicate the division of the exponents by 2. Hence the propriety- of indicat- 
ing roots by fractional exponents (Art. 203). 

12. Required the cube root of — 729 a"* b' 6 . 

Ans. — 9«r l fr- B . 

13. Required the value of 4/ 243 a* 5 y. Ans. 3xy*. 

14. Required the value of (169 a n b- 1 <r 2 )* 

Ans. ± 13 <$ b * c- 1 . 

15. Required the seventh root of , y . 

Ans. — — . 
J 2 arty 

16. Required the value of (a n }/*<?* d~* n ) n . 



Ans. aiV <*-*. 



5^> 



SQUARE ROOT OF POLYNOMIALS. 



225. The manner of forming the square of a polyno- 
mial must, by reversing the process, lead to the discov- 
ery of its root. If we take any binomial, as a-\-b, we 

have 

(a + *) a = a a + 2a& + J ; 

and the last two terms of this expression factored give 
(2a + b)b. 

1. Let us now reverse the involution, and discover 

How may we discover the process of finding the square root of a 
polynomial ? 

17 
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OPERATION. 



a i _|_ 2 ab + P 



2a+b 



+ • 



2a6+_6 2 



how the root a~\-b may be derived from the square 

a 9 + 2oH JJ! . 

The square root of the 

first term, a*, is a, which is 

the first term of the required 

root. Subtracting the square 

of a from the given polyno-. 

mial, we have 2 a b -{- ^, or 

(2 a -f- b) 5, for a remainder 

or dividend. Dividing the first term of the dividend, 2 a b, by 2 a, 

which is double the first term of the root, we obtain 6, the other 

term of the root, which, connected to 2 a, completes the divisor, 

2 a -\- b. Multiplying this divisor by the last term of the root, b, 

and subtracting the product, lab -J- 5 s , from the remainder, we 

have nothing left. 

By a like process, a root consisting of more than two terms may 

be found from its square, since all such roots can be expressed in 

a binomial form. Thus, 

a + b + c=(a-\-b) + c, 
and its square, 

a « + 2 aft + P + 2ac + 2bc + c* « (a + b)* + 2 (a-f- b) c-f c*, 

which, factored, gives 

a* _j_ (2a + b) b + (2a + 2b + c) c. 

2. Let it next be required to find the square root of 
a a_|_2a& + £ 2 + 2ac-j-2£c-j-c 2 . 



OPERATION. 



« 3 + 

a 2 


2 a b + £ 3 + 


2ac-f 25c + c 2 


+ * 


2 a 6 + ¥ 
2a& + & 2 


2 


a -j_2£-j-c 


2ac + 26c-fc 2 
2ac + 2bc + c* 



a + 6 + c 



Explain the operation of Example 1. How may the process be ex- 
tended to square roots consisting of more than two terms ? Explain the 
operation of Example 2. 
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We find a -f- b of the root as in the preceding example, and 
have, on subtracting and bringing down the remaining terms, 
2ac -\- 2b c -|- c*» for a remainder or dividend. Dividing the ^irst 
term of this quantity, 2 a c, by 2 a, which is double the first term of 
the root, we obtain c, the third term of the root, which, con- 
nected to 2 a -f- 2 6, or double the part of the root already 
found, completes the divisor, 2 a -\- 2 b -\- c. Multiplying this di- 
visor by the last term of the root, c, and subtracting the product, 
2ac -f- 26c -f- c*, from the dividend, there is nothing left. 

From these examples and illustrations we derive the 



RULE. 

Arrange the terms according to the powers of some letter. 

Find the square root of the first term, write it as the first 
term of the root, and subtract its square from the given poly- 
nomial, by bringing down two or more terms for a dividend. 

Divide the first term of the dividend by double the part of 
the root already found, and annex the result to the root, and 
also to the divisor. 

Multiply the divisor as it now stands by the term of the root 
last obtained, and subtract the product from the dividend. 

If there are other terms remaining, continue the operation in 
the same manner as before. 

Note 1. Since all possible even roots may be either positive or neg- 
ative (Art. 207), the square root obtained by the rule will remain a root, 
when all its signs are changed. 

Note 2. The fourth root may be obtained by taking the square root 
of the square root. 

Examples. 
3. Find the square root of 4 x k — 12 X s + 5 x* -f- 6 x + 1. 

Repeat the Rule. What is Note 1? Note 2? 
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OPERATION. 

2 a 2 — 3: 



4a 4 
4 a 4 


— 12x 3 -j-5a: a + 6ar4-l 


3* 


— 12 a 3 + 5 a? 

— 12 a 8 -}- 9 * 51 



4a 2 — 6a — 1 



_4a 2 + 6a+l 
— 4a 2 +6a-f 1 



4. Find the square root of a 4 -f- 4 a 2 6 -}- 4 ft 2 . 

Ans. a 2 + 2 ft. 

5. What is the square root of 9 a 4 — 12 a 3 + 16 a 2 — 
8a+4? Ans. 3a 2 — 2a + 2. 

6. What is the square root ofa 2 + 4fta-j-4ft 2 ? 

7. What is the square root of a 4 -\- 4 a 8 ft -f- 10 a 2 ft 2 -|- 
12 a ft 3 + 9 ft 4 ? Ans. a 2 + 2 a ft + 3 ft 2 . 

8. Required the square root of a 4 — 2c?-\-2a 2 — a -\- £. 

Ans. a 2 — a -|- £. 

9. What is the square root of a 4 — 2 a 2 -f- 1 ? 

Ans. a 2 — 1. 

10 : What is the square root of a 2 — 2 -f or 2 ? 

Ans. a — a" 1 . 

11. What is the square root of 4 a 2 — 12 a ft -|- 4aa 
+ 9ft 2 — efta + a 2 ? Ans. 2 a — 3 ft -f- a. 

12. Required the fourth root of d 4 -f- 8 a 8 ft + 24 a 2 ft 2 + 
a2aft*+ 16ft 4 . Ans. a + 2ft. 

CUBE ROOT OF POLYNOMIALS. 

226* An investigation of the formation of a polynomial 
cube, by reversing the process, must lead to the discovery 
of its root. If we take any binomial, as a -f- ft, we have 

. Explain the operation. In what way may we discover the process of 
finding: the cube root of a polynomial ? 
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and the last three terms of this expression factored give 
(3 a 2 + 3 a b + W) b. 
1. Let us now, by reversing the involution, discover 
how the root a -J- b may be derived from the cube a 8 -|- 
3 a*b -f 3 a W + V. 



OPERATION. 



rf + SaH + ZaP + P 



3a a + 3a& + 6 2 



a + b 



SaH + ZaP + P 
Zcfib + SaP + P 



The cube root of the first term, a 8 , is a, which is the first term 
of the required root. Subtracting the cube of a from the given 
polynomial, we have 3 a* b + 3 a b* -(- b\ or (3 a* -f- 3 a b -f- J 8 ) 6, for 
a remainder or dividend. Dividing the first term of the dividend 
by the trial divisor, 3 a*, which is three times the square of the first 
term of the root, we obtain b, the other term of the root. Adding, 
now, to the trial divisor, 3 a*, three times the product of the first 
term' of the root by the last, and the square of the last term of 
the root, we have for the complete divisor, 3<£ -\- 3ab -\-&. Mul- 
tiplying this by b, the last term of the root, and subtracting the 
product from the dividend, there is no remainder, and the root is 
obtained. 

By a like process, a root of more than two terms may be found 
from its cube, since all such roots can be expressed in a binomial 
form. Thus, 

a + b + c = (.a + b) + c, 
and its cube, 

fl »-J_3a 8 &+3a6 2 + & 8 +3a a c+6a6c+3& 2 c + 3ac a 4-8 6c a + c , 

»( a +j)»+8(a-(-J) f (?+8(a+6)c l +(! 1 

which, factored, gives 

f ?+(Za*+3ab-\-b i )b+(3a*+Gab + 3b*+3ac + 3bc + c*)c. 

Explain the operation. How may a cube root consisting of mono than 
two terms be obtained from its power? 
17* 



198 ELEMENTARY ALGEBRA. 

2. Let it now be required to derive the cube root 
-j- b -f- c from its power. 

OPERATION. 

I a -\- b -|- c, root.* 

a t -\-3a t b+3ab % +b t +3a*c + 6abc+$Pc -f 3ac*-f 3bc*+c* 
a 1 



3a* + 
3ab+b* 



3a»& + 3a&» + &» 



3a*+6a&+3&*-[- 

3ac-\-3bc-{-c? 



3a*c+6abc+3b*c-\-3ac*+3bc*-{-c* 
3a*c4-6a6c4-3^c-f- 300*4-36^4-^ 



We find a-\-b of the root as in the preceding example, and have, 
on subtracting and bringing down the remaining terms, 3a*c-\-6abc 
-\-3&c-\-3ac*-\-3bc?-{-c?, for a remainder or dividend. Di- 
viding the first term of the dividend by the first term of the trial 
divisor, 3 a*, we obtain c, the third term . of the root. Adding to- 
gether three times the square of the first two terms of the root, 
which is the trial divisor, three times the product of the first two 
terms by the third, and the square of the third, we have for the 
complete divisor, 3a*-{-6ab-\-3P-\-3ac-\-3bc-{-c*. Multiply- 
ing this by c, the last term of the root, and subtracting the pro- 
duct from the dividend, there is no remainder, and the root is ob- 
tained. 

Hence, we deduce the following 

BULE. 

Arrange the terms according to the powers of some letter. 

Find the cube root of the first term, write it as the first 
term of the root, and subtract its cube from the given polyno- 
mial, by bringing down three or more terms for a dividend. 

Take three times the square of the part of the root already 

Explain the operation. Repeat the Rule. 

* The root is written, in this case, above the power, and the divisors each 
on two lines, to economize space. 
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found for the tried divisor, divide the first term of the dividend 
by it, and write the quotient for the next term of the root. 

Add together the trial divisor, three times the product of the 
first term by the last, and the square of the last, for a complete 
divisor. 

Multiply the complete divisor by the last term of the root, 
and subtract the product from the dividend. 

If there are other terms remaining, form a new dividend, 
and continue the operation in the same manner as before. 

Note 1. The terms of each new dividend mast be arranged, if neces- 
sary, according to the powers of the leading letter of the root. 

Note 2. If there are three terms in the root, the first two terms must 
take the place of the first term in obtaining the third. The trial divisor 
will strictly contain three terms, but only the first need be used, till the 
divisor is completed. 

Examples, 
t- What is the cube root of x* + 6 x 6 — 40 ** + 96 x — 64? 




OPERATION. 



a? 6 -f6aj 6 - 40x 3 + 96a; — 64 



o? + 2x — 4 



3a? 4 +6* 3 + 4a: 2 6x B — 40 x 8 

6 x 6 -f- 12 x* + 8 x 3 

3a; 4 +12^ — 24 a: + 16 



— 12 x* — 48 a? -f 96 x — 64 

— 12 x k — 48 x 9 + 96 x — 64 



We here bring down only two terms at each time, instead of 
three, since in the given expression two terms, those containing tf 4 
and a?, are wanting. In the last complete divisor, 12 a? and — 12 a? 
cancel each other. 

4. What is the cube root of ar 5 + 3 x*y -^Sxf-\- tf 1 

Ans. x -|- y. 

Repeat Note 1. Note 2. 
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5. Find the cube root of y 6 — 3y* + 5y* — By — 1. 

Ans. y 2 — y — 1. 

6. Find the cube root of 2tar 8 + 54x 2 y+ S6xy 2 + 8y». 
1. Find the cube root of w 6 + 6 m 6 — 40 m 8 -f- 96 m — 64, 

Ans. i» a -f- 2 w — 4. 
8. Required the cube root of a 8 + 3 a -f- 3 a -1 + <*"*• 

Ans. a -|" tf " 1 - 

RADICALS. 

227# A Radical is a root of a quantity indicated ei- 
ther by a radical sign or by a fractional exponent; as, 

\/~a, a 8 , and 2-^/1 + a.. 

When the root indicated can be exactly obtained, it is 
called a rational quantity, and when it cannot be exactly 
obtained, it is called an irrational or surd quantity. Thus, 
4/ 27 a 3 , which can be expressed by 3 a, is called a ra- 

2 

tional quantity ; and fy a 2 , or a?, is called an irrational 
or surd quantity. 

An even root of a negative quantity cannot be obtained, even 
approximately, and is therefore called an imaginary quantity (Art. 
209). 

228i The Coefficient of a radical is the quantity or 
factor prefixed to it. Thus, in 2\/2bc 8 f and a(c-\-d) *, 
2 and a are the coefficients. 

229i The Degree of a radical is denoted by the index 
of the radical sign, or by the denominator of the frac- 
tional exponent. Thus, 

\/ a, s/ y, (ab cy, are radicals of the second degree ; 

Define a Radical. When is a quantity called rational ? When irra- 
tional or surd ? When imaginary ? Define the Coefficient of a radical 
The Degree of a radical. 
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fy x*, 6*, (2o 2 x 8 yy, are radicals of the third degree ; 
\f ac, 3 ffy m, (a-\- b)* are radicals of the nth degree. 

230# Similar Radicals are those of the same degree, 
with the same quantity under the radical sign. Thus 

5 ty a x, and 1 \/ ax are similar radicals ; and also a 
and c yn . 

REDUCTION OF RADICALS. 

231* Reduction of Radicals is the process of changing 
their forms without altering their values. 

232* The reduction of radicals depends upon the gen- 
eral principle, that 

The root of any quantity is equal to the product of the like 
roots of its several factors. 

For, in obtaining the root of a monomial, we obtain the root of 
each of its factors, whether numerical or literal (Art. 224). 

CASE I. 

233. To reduce radicals to their simplest form. 
A radical is in its simplest form, when it has under the 
sign no factor which is a perfect power. 

1. Reduce ^135a 6 6 4 to its simplest form. 

OPERATION. We firSt reS0lve the <l Uan - 

tity under the radical sign 

^135a 6 6 4 = ^ / 27a 6 y X 56 i^ two factors, one of 

= \/21 a 6 b* X 4f$o w hich, 27o fl 6 8 , is a perfect 

« 2 7 j/TT cube. Then, since the root 

of a quantity is equal to the 
product of the roots of its 

Define Similar Radicals. Reduction of Radicals. Upon what principle 
ioes the reduction of radicals depend ? Explain the operation. 
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TT»f 



Beveral factors (Art. 232), we find the root, 3 a* b, of the rational part, 
and multiply it by the indicated root of the surd factor, or, which 
is the same thing, write it as the coefficient of the surd factor placed 
under the sign ; and thus we obtain 3 a* b S/b 6, the simplest form of 
the radical. Hence the 

J I J . RULE. 

Resolve the quantity under the radical sign into two factors, 
one of which shall contain all the perfect powers of the same 
degree as the radical. Extract the required root of this factor, 
and write it as a coefficient of the other factor, placed under 

' 'X *) '/\ > f \ ! ?7* £'/". Examples. ft* 

Reduce the following radicals to their simplest forms. 
2. */9a*x. Ans. 3 a 2 s/~x. 



3. s/Z2a 2 x. Ans. 4a\/2ar. 

4. 1\/80x. Ans. 28\Z~5a\ 



5. a*/ 125 V. Ans. 5 a 6*/ 5 6. 



6. ^Utflf. Ans. 4 a fl 2 ^ a* 



1. */50aPA 

8. (a a* + 6 a* 4 )* Ans. x(a + bx)K 

9. 2 (X s — a 2 * 2 )*. Ans. 2a?(* — a 2 )* 
10. # 5"(a» + d*"6). Ans. a^5(l+a&)\ 



11. 6\/54a 3 #V Ans. I8ab\/6abc. 

12. 3^32a 6 W. Ans. GatoVaP. 

I 13. (T2a:+108y)* Ans. - 6 (2 * + 3 y)* 

j 14. 5 (a — b) \/a 2 c + 2abc + b 2 c. 

Ans. 5 (a 2 — b 2 ) */7. 

Repeat the Rule. 
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234* When the given radical is in a fractional form, 
It will often be convenient, before applying the rule, to 
multiply both terms of the fraction by such a quantity as will 
make the denominator a perfect power of the degree indicated. 
Then the factor under the sign in the simplest form of 
the radical will be an entire quantity. 

1. Reduce \/% to its simplest form. 

OPERATION. 



/4 a* 
2. Reduce 3 * /- — to its simplest form. 



OPERATION. 



Reduce the following radicals to their simplest forms. 
3. 2\/J. Ans. £\/6. 



f. 8 /2ax> 

1 4 - iy-r- 




Ans. 7 \/6 a x - 

4 


• •• (W 




Ans.^(2«)*. 


*■ VK- 




Ans. t \A> a b. 


'• >m- 




Ans. ^(10a£c)i 




CASE n. 





235i To reduce a rational quantity to the form of 
a radical. 

1. Reduce 2 a 2 to the form of the cube root. 

When the radical is in a fractional form, how may we proceed ? Ex- 
plain the first operation. The second operation. 
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OPERATION. Since the radical required 

a A 6 l is of the third degree, we 

2a —(2a) — (8a) cube each rf ^ factorg of 

2 a', and obtain 8 a*, which, 
written under the sign of the root indicated, gives the required 
form, or Z/&a*. The value of this expression is evidently 2 a* ; and 
in general, since evolution is the reverse of involution, powers and 
roots of the same degree cancel each other like the terms of 
fractions. Hence the 

RULE. 

Raise the quantity to the power indicated by the given root 
and write it under the corresponding radical sign. 

Examples. 
2. Reduce 3 a x to the form of the square root. 



Ans. */9a 9 x*. 
i 
. 3. Reduce — 5 a* b to the form of the cube root. 

Ans. f^^b~a T ¥. 

4. Reduce 2x — 3 to a radical of the second degree, 

Ans. (4 a 2 — 12x + 9)* 

5. Reduce 2a*x*y to a radical of the fourth degree. 

3 a a* 

6. Reduce ^i— = to a radical of the fifth degree. 

2 btf ° 



• Ans 



V? 

Y 32 6 6 y w " 

236* A coefficient, or a factor of a coefficient, of a radi- 
cal may be placed under the radical sign, by raising it to 
the power indicated by the radical, and multiplying the quan- 
tity already under the sign by the result. 

1. Reduce 3a\Zl to a radical without a coefficient. 

Explain the first operation under Case II. Repeat the Rule. How 
may a coefficient, or a factor of a coefficient, be placed under the radical 
sign ? 
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OPERATION. 

3 a sfi = V(3 a) 2 X 1 = \Z63a 5 

| 2. Reduce 5 v^y — I to a radical without a coefficient. 
\ Ans. ^125 x y — 125. 

\ 3. In the expression 2a a ^3a&, place the factor 2 
(under the sign. Ans. a 2 ^/48 a 5. 

4. Reduce (a -{- &) \/c to a radical without a coefficient. 

Ans. (a 2 c + 2«6c + ^c)i 



a / y c 
& y a 8 — 5* 



5. Reduce r t / -; — ^ to a radical without a coefficient. 

Ans. 
CASE in. 



/ a*Pc 
3 * y a 2 6 3 ~^F 



237 • To reduce radicals of different degrees to 
equivalent ones having a common index. 

1. Reduce cr and 5* to a common index. 

operation. Since anv q^ntity may be 

J = J= (a*)* or i/o7 raiSGd to aDy ^^ indi0at ~ 

i « i ' ed by a given root, and writ- 

** = $ = (fl 2 )*, or tyP ten under a corresponding 

radical sign, without chang- 
ing the value of the expression (Art. 235), it is evident that a? 
and ft* are equal to a* and & 6 , respectively. That is, we may re- 
duce the given exponents to equivalent ones having a common de- 
nominator. Now, a* is equal to (a 3 )*, or <£/<?, and b* is equal to 
(ft*)*, or tyV. Hence the 

RULE. 

Reduce the given exponents to a common denominator ; raise 
each quantity to the power denoted by the numerator of the re- 
duced exponent, and indicate the root denoted by the denomi- 
nator, ' 

Explain the second operation under Case II. Explain* the first opera- 
tion under Case III. Repeat the Rule. 
18 
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Note. Radicals may be reduced to a common index, without the use 
of fractional exponents, by multiplying the index and the exponents of 
each by such a quantity as will make its index the least common mul- 
tiple of the given indices. 

Examples. J 

2. Reduce a\/x and b\fy to a common index. 

OPERATION. 
1 _m_ J_ 

a\/x=ax n = ax mn = a (x m ) mn = a \^a: m . 
i JL ' JL 

/ 3. Reduce s/ 2 and 3^3 to a common index. 

' Ans. ^2 and 3^2*. 

4. Reduce ^a, (5 b) *, and (a 2 -\-l?y to a common, in- 
dex. ■ Ans. (o») A , (25 &*) A , and [(rf + P) 4 ]* 

5. Reduce \/ a, fy a — b, and *l/a-{-b to a common 
index. Ans. &&, & > — *)*, and &(a + bf. 



ADDITION OF RADICALS. 

238. When radicals to be added are similar, the com- 
mon radical part* with the sum of their coefficients, will 
constitute the sum of the radicals. 

1. Find the sum of \/l$ and \/8. 

OPERATION. We ?edu f ^ e & Yen rad " 

icals to their simplest forms, 



ytt8 — y ^9 X 2 — 3^2 ftnd haye ^^ which ^ are 

sj~ 8 = \J± X 2 = 2y^2 similar. Finding, then, ^2 to 

g r in be the common radical part, 

we have 3 times and 2 times 
/2, equal to 5 times y^2, or 
b)/l. 

Explain the operation of Example 2. What may constitute the unit 
of addition when radicals are added? Explain the operation of Ex- 
ample 1. 



OPERATION. 



V S 3 : 


= S / x*Xz = 


x^x 


V^S 3 : 


= ^4 x 2 X * = 


2xsjx 


^CpX : 


= ^ a a X * = 


a^x 
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2. Find the sum of # X s , # 4 X s , and # a 2 a\ 

Reducing the given rad- 
icals to those which are sim- 
ilar, of which ^x is the com- 
mon radical part, we have x 
times, 2x times, and a times 

y/x, or 3 x + a times y/x, or 
Sum = (3 x 4- a) Jx /t% . x 7- 

Hence the following 

RULE. 

Reduce each radical, if necessary, to its simplest form. If, 
then, the radicals are similar, add their coefficients, and to the 
sum annex the common radical; but if they are dissimilar, 
indicate the addition by the proper sign, \ 

Note. Since dissimilar radicals have no common radical paifviit 
is evident that their addition can only be indicated. \^\ >V 

Examples. 

m 

3. Find the sum of 5 #98 a: and 10#2a\ 

Ans. 45 #2 2:. 

4. Find the sum of #48o* and #162 «• 

Ans. 5 #6 a. 

5. Find the sum of #32 and 5 #2". Ans. 1 #£ 

6. Find the sum of #3~a 2 6 and #3 x 2 b. J__ 

Ans. (a -|" x ) #3 £. 



T. Find the sum of 5 #20 a 2 x and 3#45a 2 ar. 

"Ans. 19 a #5 a. 
8. What is the sum of (3 a 2 b$ and (21 a 2 b$ ? 

Ans. 4 a (3 b)K 
9: What is the sum of (45 c 8 )* (80 c 8 )* and (5 a 2 c)* ? 

Explain the operation. Repeat the Rule. Why can the addition of 
dissimilar radicals he only indicated ? 
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10. What is the sum of ffifiy and \/ht/*? 

Ans. (b-\-y)\/by. 

11. Find the sum of \/3 and s/%. Ans. %s/3. 
Note. ^ — */j">T8 — i */8 ; ys + jyl^yJ. 

12. Find the sum of 12 \f± and 3 #£. _ 

Ans. ^#2. 

13. Find the sum of 2 ^"6, 5 V^, and \/Z7. 

Ans. 24/6 + 5^/60 + 2^/^ 



14. Find the sum of sfx + 1 and \A a; + 4. 

Ans. S\/x + 1. 

15. Find the sum bf (a*y)*, (ary 8 )*, and (8a 4 y)*. 

Ans. ary'+a'y + 2 a (ay)*. 



16. Find the sum of J yV £ c and £ \/4 6 c a; 4 . 

Ans - (5 + ¥) ^ 

IT. Find the value of ^16^5 + \/ltfl + #54o?T + 
V^. Ans. 5a^2l + 3a-v/A; 

SUBTRACTION OF RADICALS. 

239. When the radicals are similar, the common radi- 
cal part, with the difference of their coefficients, will 
constitute the difference of the radicals. 



1. Find the difference between \/125a and \/20 a. 

operation. Reducing the given radi* 

j- — cals to their amplest forms, 



V^125a = V25X5a = 5y/5a we ^ ^ wUdl ^ 

^20a=V*X5o = 2y r 5a similar. Finding, then, ^5 a 

Difference = 3 i/5^ to be the common radical 
part, we take 2 times \/5a 
from 5 times ^5 a, and have as their difference S times ^5 a, or 
3 y/5 a. Hence the 

When the radicals are similar, what constitutes the unit of subtraction ? 
Explain the operation. 
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EULE. 



Seduce each radical, if necessary, to its simplest form. If 
then the radicals are similar, subtract the coefficient of the sub- 
trahend from that of the minuend, and to the difference annex 
the common radical; but if they are dissimilar, indicate the 
subtraction by the proper sign. 

Examples. 



2. From <>/45 a take s/b a. Ans. 2 <>/5 a. 

3. From #192 take #24. Ans. 2^3. 

4. From (9a 4 *)i take (4 a 4 *)*. Ans. a*\/x. ' 

5. From btysTaTb take af/cFo 7 . Ans. dtbtyb. 

6. From 4 (2 + y)* take 3 {y + 2)*. Ans. (2 -f yft . - 



7. Find the difference between \Zl08ax 2 and -\Z48aar 1 . 

8. From \/~$ take \/~i. Ans. £V~3. 



9. From 2 V 3 a 2 b 2 c take \/ 5 a b*. 



Ans. 2ai^3c — b^bab. 



10. From # 32 a take 2 # 40 a. 

Ans. 2 (#2 a — 2 #5 a). 

11. Find the value of ^ 8 a 8 6+T6~a 4 — ^T 4 + 2 a b\ 

Ans. (2a — 5)^2a + £. 

MULTIPLICATION OF RADICALS. 

240* The multiplication of radicals depends upon the 
principle, that 

The product of like roots of two quantities is equal to the 
same root of their product. 

Repeat the Rule. Upon what principle does the multiplication of rad 
icals depend? * 

18* 
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To prove the principle, let a and b be any two quantities. 
Then, by Art. 232, ^ab = V*Xfii 

Whence, /cX^ 58 V^a b. 



1. Multiply ±as/2by by Sb\/2bx. 

OPERATION. 



) 4a<\/2£yX3&\/2&:*: = 4aX3&V2£yX26* 

= \2ab*S±V i xy 

= !2abX 2b\/xy 

= 2±abW~zy 

Since it is immaterial in what order the factors are taken (Art. 
58), we multiply together the coefficients 4 a and 3 J, and obtain 
12 aft; and then the radical parts ^2 by and yj2bx, and, in accord- 
ance with the above principle, obtain y'4 6 8 xy; or, for the whole 
product, 12 a b ^^Wxy, which, reduced to its simplest form (Art. 
233), is 24 a J" yfx~y. 

2. Multiply 3^ by 2&Ya 

OPERATION. 



3^20 X 2</3a = 3^2 3 a 3 X 2 ^3 2 a 2 = 3 X 2*5/2* a 3 X 3 2 a» 

= 6^T2^ 

We reduce the given radicals to equivalent ones having a com- 
mon index (Art. 237), and then multiplying, in the same manner 
as in the last example, obtain 3X2 $/ 2 3 a 3 X 3 * <*\ which, reduced 
to its simplest form, is 6 <*/72a 5 . 

Hence we deduce the following 



RULE. 

Reduce the radical parts, if necessary, to a common index; 
then multiply the coefficients together for the coefficient of the prod- 
uct, and the parts under the radicals for the radical part. 

Explain the first operation. The second operation. Repeat the Rule. 
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Examples. 

3. Multiply 3\/b by b */ x. Ans. 15 \^Tx. 

4. Multiply §*/bi by 3*/2. 



\ 5. Multiply 1\/axy by 3\/2ax. 
^ Ans. 21 ax\/2y. 

• 6. Multiply a^a- by b$Ty. Ans. ab^af'f. 



7. Multiply 4^ax by Z\/xy. Ans. 12^a 2 a^. 

8. Multiply ±\/6 by fW~9. Ans. tV-n/6. 

9. Multiply 2^/f by 3^£. Ans. 2^15. 
10. Multiply 3 6* by 4 a*. Ans. 12 tyoTV- 



11. Multiply 3a4/8a 2 by 25^4a 2 c. 

Ans. 12 a 8 b# 2 c. 

12. Multiply (a + 5)* by (a + 5)*. Ans. (a + »)*. 

13. Required the product of U -|^ by W - — . 

/ . f3tfb 

Ans. 4 / . 

)£ tv V c 



14. Required the product of ^6 a* 5 c- 1 by 4f&- l (T*_bA 

Ans. #2 >~<?. 



^ 



211 • When either or both of the radicals are connected 
with other quantities by the sign -|- or — , each term of 
the multiplicand: must be multiplied by eacfy term of the multi- 
plier. (Art. 64.) 

1. Multiply a + 2 a/1 by a — \/b. 

When the radicals are connected with other quantities by + or — , 
how do we multiply? 
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FIRST OPERATION. SECOND OPERATION. 

a + 2 a/I a + 2 $ 

a — s/ b a — $ 

a 2 + 2aVi a»+2a6* 

— at/b—'LsP* . — afi — Zb* 

a*+ a*Jb — 2b a 2 + ab^ — 2b 

It will be seen that both operations give precisely the same re- 
sult 

From this and previous examples, it may be inferred that, in mul- 
tiplication of radicals expressed by fractional exponents, the same rules 
apply as when the exponents are integral. If fractional exponents 
having different denominators are to be added, they must of course 
be reduced to a common denominator, and this is precisely the 
same process as reducing radicals to a common index. 

When fractional exponents are used, it is often most convenient 
to allow each factor to take a separate one; but when the radical 
sign is used, it is most convenient to employ a common one for all 
the irrational factors of any given term. 

/ 2. Multiply 4 + 2 \/2 by 2 — sf2. Ans. 4. 

3. Multiply (a + x)* by (a — *)*. Ans. (a 3 — x 2 )*. 



4. Multiply \/a -f- b by \/a + b. Ans. a -\- b. 

5. Required the product of £ -|- £ <>/5 by f -f- £ \/5. 

Ans. 1 -f- £ \/5. 



6. Required the product of \/x -\- h/a -f- x by \/a -\- x m 

Ans. *s/ ax -f- a? -f- a -f- x. 

7. Required the product of a* + b by or — 2 b*. 

Ans. a 2 + aM — 2 a* £* — 2 J*'". 



What is said of multiplication by fractional exponents ? 
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DIVISION OF RADICALS. 

242. Division of radicals depends upon the principle 
that 

The quotient of like roots of two quantities is equal to the 
same root of their quotient 

To prove this principle, let a and b represent two quantities. 
Then, by Art. 240, y/o"x ft = V*b 

Whence, ^ab + fit — \f~ — %/57 

1. Divide 6 V54a by Sa/2o. 

operation. We divide the coefficient, 6, of the 

6 x/54Ta 6 /54 a dividend by the coefficient, 3, of the 

r~~y=-r- = 3 i/ ~2a divisor, and obtain 2, and the radi- 

cal part of the dividend by that of 

= Z yJ7 t ^ e divisor^ an( j, in accordance with 

= 6 y/ 3 the above principle, obtain y/27 ; or, 

for the whole quotient, 2 y/27, which, 
reduced to its simplest form, is 6 y/8. 

2. Divide 16 #? by 8 */* 

operation. We reduce the given rad- 

16 !/a* 16 -J/a* * ca * s to e< l u ^ va l ent ones nav " 

-— = ft/T = 2 <^a ing a common index (Art. 

237), and, dividing in the 
same manner as in the preceding example, obtain 2 !/a. 

Hence the following 

RULE. 

Reduce the radical parts, if necessary, to a common index; 
then divide the coefficient of the dividend by the coefficient of 
the divisor, and the radical part of the dividend by that of the 

Upon what principle does division of radicals depend ? Explain the 
first operation. The second. Repeat the Rule. 
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divisor, and prefix the first quotient to the last written under 
the common index. 

Examples. 

/ 3. Divide \/40 by a/% Ans. 2 a/5. 

A l fa 

4. Divide o* by fr\ Ans. iV^- 

5. Divide #135 by #5. 

6. Divide 4^7 by 2 4/a. ^ns. 2fl ^«- 

4 ry 

7. Divide ±fyax by Za/x%j. Ans. -^/-i. 

8. Divide bcj/ab by &></a. Ans. c^. 

9. Required the quotient of (1 — x 2 )* divided by 
(1 _|_ a:)^. Ans. (1 — xft. 

10. Required the quotient of 4 hr divided by W-r 

Ans - y/£r 

11. Required the quotient of £&£ divided by £^|. 

Ans. |^l2. 

12. Required the value of (a/12 + \/32 — 4) ~ \Z£ 

Ans. 3 + ^4/14. 

13. Required the quotient of m i / ~7 \ divided by 

y a -j- o * 



— b 



m 



14. Required the quotient of */a* — b* divided by a — b. 

Ans. 



Ja + b 



The remarks already made (Art. 241) respecting fractional ex- 
ponents will apply also to the division of radicals. 

15. Divide a 3 -f a $ — 6 b by a — 2 $. 

Ans. a + 3 6*. 
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16. Divide a 2 -f- 2 J ** — 4 J $ — 8 ^ by a* — 4 6*. 

Ans. a* + 2 6* 

INVOLUTION OF RADICALS. 

243. Involution of radicals depends upon the same 
general principles as involution of rational quantities 

1. Raise 2\/a to the third power. 

OPERATION. 

2 *Ja X 2 *Ja X 2 */« = 8 V? = 8 a <>/a. 

By the definition of involution (Art. 186) we take the given quan- 
tity, 2 y^a, three times as a factor, and performing the multiplication 
(Art 240), we obtain 8 y^a 8 . This, reduced to its simplest form 
(Art. 233), gives 8 a Ja\ 

2. Raise3a-|-Vy to the second power. 

operation. Since the second power is required, 

_ we take the given quantity twice as 

' Vy a factor, and, it being a polynomial, 

3 a -J- yy we perform the multiplication as in 

9a*+Sa^y Art. 241. 

8gyV+y 

9a a +6aVy +y 

Hence the following 

RULE. 

Raise the rational part of a monomial to the required power, 
and annex the required power of the radical part, written under 
the given sign. 

If the radical part is connected with other quantities by -f- 
or — , perform the involution by multiplication of the several 
terms, as in the multiplication of polynomials. 

Explain the first operation. The second. Repeat the Rale. 
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Note 1. When a quantity is aftected by a fractional exponent, its 
involntion may be performed by multiplying that exponent by the expo- 
nent of the required power (Art. 190). 

Note 2. The result shouifl be reduced to its simplest form. Any 
factor common to the index of the given radical and the exponent of 
the required power should be canceled (Art. 235). Hence, when the 
given radical and the required power are of the same degree, the involn- 
tion may be performed by removing the radical sign. 

\ 

Exaxples. 

3. Required the square of 5 a . Ans. 25 a*. 

4. Required the cube of bafyy. Ans. 125 a 8 y. 

5. Raise a^v^Oto the second power. Ans. x A /$/36. 

6. Raise 4a a ^/3c to the fourth power. 



7 Raise 3 ^25 a a: to the second power. 

A n s. ±b^/ax. 

8. Required the fourth power of >/3 — \/2. ~~ 

Ans. 49 — 20 \/6. 



9. Raise \^2a to the nth powei\ Ans. \/2"a n . 

10. Required the square of \/S -f- x \/3. 

Ans. 3-f 6ar+ 3x*. 

11. Required the square of x* — y~*. 

Ans. x — 2 x*y~* -\- y~*. 



EVOLUTION OP RADICALS. 

244. Evolution of radicals depends upon the same gen* 
eral principles as evolution of rational quantities. 



1. Find the cube root of 8 \/aP. 



Repeat Note 1. Note 2. 



OPERATION. 
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Since the coefficient 8 is a 

perfeot cube, we have for its 

^8 )/a* = ^8 X Vy/a 1 = 2s]a cube root 2, and the quan- 
tity under the sign, a*, being 
also a perfect cube, we have for its cube* root a ; hence the entire 
root is 2 y^a. ' (Art. 232.) 

2. Find the square root of 20 \/5a. 



OPERATION. 



Vio^TTa — V4 X 5 \/5 a — \/i X \A \/5 a « 2 ^125 a. 

The coefficient 20 is not a perfect square, but is composed of 
two factors, 4 and 5, of which 4 is a perfect square. The square 
root of 4 is 2, which is the coefficient of the required root. As we 
cannot take the square root of 5, we square it and introduce it as 
a factor under the sign. As the quantity under the radical sign is 
not a perfect square, we denote its root by multiplying the index 
of the sign by the index of the required root, and we then have 
as the entire result, 2 */125a. 

Hence the following 

RULE. 

Extract the required root of the rational part of a monomial, 
if it is a complete power of the required degree, otherwise in- 
troduce it under the radical sign. 

Extract the required root of the quantity under the radical 
sign, if it is a complete power of the required degree, other- 
wise multiply the index of the radical by the index of the re- 
quired root. 

Note. When a quantity is affected by a fractional exponent, its evo- 
lution may be performed by dividing this exponent by the index of the 
required root (Art. 224). 

Explain the first operation. The second operation. Repeat the Rale. 
The Note. 

19 
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Examples. 

8. Find the cube root of s/aP. Ans. fy a&< 

4. Find the square root of 4 fy 5 c.. Ans. 2-^5c. 

5. Find the cube root of ^{xyy. Ans. a*x* y*. 

6. Find the square root of 25 <v^4 a 2 b. 

1. Find the sixth root of a*/ a. Ans. \/ a. 

8. Required the cube root ofrJr. Ans. J\/3a. 

l x 

9. Required the cube root of 125 x*. Ans. 5r. 



10. Extract the fourth root of 64 a* b* \f 2 c d. 

Ans. 2<*b&'Wid. 

11. Extract the square root of x*-\-6x* y* -|~ 9 y, by 
means of the rule found in Art. 225. . ^_|_3 t 

RATIONALIZATION. 

245. Rationalization is the process of removing the 
radical sign from a quantity by multiplication. 

It is often necessary to transform a fraction having an 
irrational denominator, into one whose denominator is 
rational. 

CASE I. 
246* To rationalize any monomial surd. 
1. Rationalize \/ a. 

*m . ... . L i i.. -i 

Define Rationalization. 
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OPERATION. We ■W^J Ae P ven 

— it radical, ^a, by the same 

yaX^ = « Xfl' = « quantity, with such an index 

as will make the sum of the 
corresponding fractional exponents of the two quantities equal to 
unity. 

2. Rationalize a*. 

operation. We multiply the given radic^ a f 

J | by the same quantity with such a 

fractional exponent as will make the 
sum of the fractional exponents of 
the two quantities equal to unity. Hence the 



RULE. 

he given surd by the same quantity with such a 
fractional exponent as, when, added to the fractional exponent 
of the given quantity, shall be equal to unity. 

Examples. 

3. What factor will rationalize x*? Ans. x*. 

4. What factor will rationalize kffaW'l Ans. f/cfib. . 

5. What factor will rationalize a"*, and at the same 
time make its exponent positive? Ans. a*. 

CASE n. 

247. To rationalize a binomial surd containing only 
the square root. 

1. Rationalize \/a + \/b. 

Explain the first operation. The second. Repeat the Rule. 



y/a + y/b 
yfd— y/b 


a-\- ^ab 
— yjab—l 
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' Since the product of the sum and 
difference of two quantities is equal 
to the difference of their, squares 
(Theo. HI. Art 78), we multiply the 
given binomial by the same terms, 
with one of the signs changed, and 
obtain a — b, a rational quantity. 
a — b Hence the 

RULE. 

Multiply the given binomial by the scone terms, with one of 
the signs changed. 

Examples. 

2. Rationalize a -\- \/b. Ans. a s — b. 

3. Rationalize. \/5 — \/l. Ans. 5 — 1, or 4. 

248* A trinomial surd may be reduced to a binomial 
surd by multiplying it by the same terms, with the sign 
of one of them changed, and then the binomial may be 
rationalized. 

Thus, to rationalize <>/7 + \/3 — ^/2, we have 

(*/*"+ V5 — VS) (V f t+V3 + V2) = 8 + 2V2T, 
and then 

(8 + 2 ^21) (—8 + 2 ^21) = 84 — 64 = 20. 

CASE m. 

249. To rationalize either of the terms of a frac- 
tional surd. 

a 
1. Reduce "7^ to a fraction whose denominator shall be 

rational. 

Explain the operation. Repeat the Rale. How may a trinomial surd 
be rationalised'? 
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operation. ^ e nraltiply both terms of the 

a \/b a s/b fraction by /ft, and it becomes."-?-, 

1? X ~== —j— i n which the denominator is rational, 

and the value of the fraction is not 

changed. Hence the 

RULE. 

Multiply both numerator and denominator by a factor thai 
will render either of them rational, as may be required. 

Examples. 
2. Reduce ^= to a fraction having a rational numerator. 

A-, ' Ana. -=• 

/O ^a b 

^ 3. Reduce -= to a fraction having a rational de- 

V8 + 1 
nominator. . y3 — 1 

2 

2 

4. Reduce - to a fraction having a rational denom- 

inator. 

5. Reduce — - = to a fraction having a rational de- 

v'J+v'* _ _ 

nominator. » a (y ft — yjc) 

b — c 

6. Reduce — - — = to a fraction having a rational de- 
nominator. * 8^2 + 2 

7 

7. Reduce _ ' L to a fraction having a rational de- 

^* — >ly ' _ 

nominator. . (y/x -f- Vfy)* 

x — y * 



Explain the operation. Repeat the Rale. 
19* 
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IMAGINARY QUANTITIES. 

250.* An Imaginary Quantity is an indicated even root 
of a negative quantity. Other quantities, whether ration- 
al or irrational, are called reed. 

Although this root of a negative quantity is a symbol 
of an impossible operation (Art. 209),. yet it is not with- 
out its use in mathematical analysis. 

251.* Every imaginary quantity can be resolved into two 
factors, one of which i s rea l, and the other the imaginary 
expression, \/ — 1, or v — !• 

For, let a denote any real quantity, and tf — a any imaginary 
quantity of the second degree. 



Then, y/—a -= •« (— *) — ± •« X •— * 5 

also, tf^a* — /«* (~ — ± V** X tf^l — ± a V~-** 

and so on. 

Hence, ^ — 1. or £/ — 1, may be regarded as a universal factor of 
every imaginary quantity, and, consequently, may be used as the 
only symbol of such a quantity. 

252.* In the addition and subtraction of imaginary quan- 
tities, the operations are the same as for other radicals ; 
but with regard to their multiplication and division, the 
rules for common radicals require some modification. 

253.* The product of two imaginary terms is real, with the 
sign before the radical as by the common rule reversed. 

For, if we take the product of two imaginary quantities in which 
the imaginary parts are equal, it is evident that the sign of the 
product is changed by removing the radical. Thus, 
b^ — aXcV — a = 6c( — a) = — abc. 

Define an Imaginary Quantity. Into what two factors may an imagi- 
nary quantity be resolved? Give the illustration and inference. What 
is said of the addition and subtraction of imaginary quantities ? What 
is said of the product of two imaginary terms 1 
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But , if we take two unequal imaginary quantities, ^ — a and 
/ — £, by the common rule (Art 240), we have 

Now, since the quantity whose root is to be extracted was not pro- 
duced by that root, but from two unequal factors, it does not im- 
mediately appear whether the result obtained is to be taken posi- 
tively or negatively. We may, however, resolve the imaginary 
• quantity into two factors, of which one is y/ — 1 (Art 251). Then 
we have 

(+ v=*) (+ •=*) = (+^x v~in+ ^ x v^i) 

- +Vo6X (•-!)* 
= +^X(-1) 

— —tfab. 

Hence it appears that the result is properly negative. . 
In like manner it may be shown, that 

and (+ ^^a) (— y^6) — + \faT. 

Whence, also, it appears that 

Like signs proauce — , and unlike signs -)-. 

254.* The quotient of one imaginary quantity divided by 
another is real, with the sign be/ore the radical as by the com* 
mon rule. 

For, t^^ + ^xyg ^^ 

+y-« w« x*/-i ^ y 

and -TS=jTb_^bxJ=Tl_ i 

Whence it appears that 

Like signs produce ~\-, and unlike signs — . 

255.* To show the application of the foregoing princi- 
ples, there are introduced the following 

What is said of the quotient of one imaginary quantity divided by 
another 1 
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Examples. 



1. 


Multiply \/ — 9by\/ — 4:. Ans. — V" 36 = — 6. 


2. 


Multiply 2/v/ — 3 by 3*/— 2. Ans. — 6/v/6. 


3. 


Multiply 1+V— 1 by 1—^—1. Ans. 2. 


4. 


Divide a\/ — 1 by b\/ — 1. Ans. t. 


5. 


Divide 6*/ — 3 by 2/^ — 4. Ans. g \/ 3. 



6. Divide 2\/— 10 by — 5\/ — 2. Ans. —\*/b. 

RADICAL EQUATIONS 

LEADING TO SIMPLE EQUATIONS. 

256. Radical Equations are those containing radical 
quantities ; as, 

^"3^ + 4 = 5, or (4 -far)* = 5. 

257t The solution of a radical equation consists in ra- 
tionalizing the terms containing the unknown quantity, 
and in determining its value. Only those which reduce to 
simple equations can be considered here. 

More will depend upon the ingenuity of the learner 
than upon any rules that can be given. 

1. Given y/ x — 2 = 3, to find the value of x. 

OPERATION. 

\A*— 2= 3 
Transposing and uniting, \/ x =5 
Squaring (Art. 151), x = 25. 



2. Given ^/ 11 + y/ 5 x = 3, to find the value of x. 

Define Radical Equations. In what does the solution of a radical 
equation consist? Explain the first operation. 
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OPERATION. 



Involving to the fourth power; ll-f-\/5a; = 81 
Transposing and uniting, \/ 5 x = TO 

Squaring, 5 x = 4900 

Whence, x = 980. 

3. Given \/ax = \/a-\-\/x, to find the value of x. 

OPERATION. 

*/ ax=.*/ a -\-\/x 

Transposing, \/ax — a/ x =\/a 

Factoring, \fx(\/a — 1) = \f a 

Squaring, x (\/ a — l) 2 = a 

a 



Whence, x = 



(•a-l)'" 

From the foregoing illustrations are deduced the follow- 
ing general directions : — 

1. Transpose all the terms so that a radical expression may 
stand on one side of the equation, and the rest of the terms on 
the other side; then involve each side to a power of the same 
degree as the radical. 

2. If there is still a radical expression remaining, the pro 
cess of involution must be repeated, 

3. Simplify the equation as much as possible before per* 
forming the involution. 

Note. Radicals may sometimes be removed by multiplying or divid- 
ing both members of an equation by a radical expression ; hence they 
sometimes disappear on clearing of fractions. It is also occasionally con- 
venient to rationalize the denominator of a fraction before removing de- 
nominators or involving. 

Explain the second operation. The third. Repeat the general direo 
tions. The Note. 
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Examples. 



4. Given \/x -\- 1 — 2 = 3, to find the value of x. 

Ans. x = 24. 



5. Given \^x + 7 = \^x + 1, to find the value of x. 

Ans. x = 9. 



6. Given 2 -f- \/3 x — 30 = 5, to find the value of x. 

Ans. x = 13. 



?. Given \^3 — x -f- 6 = 8 — 1, to find the value of x. 

8. Given or — ? = — 3, to find the value of x. 

Ans. a? = 16. 



9. Given \/x + 6 = 3, to find the value of x. 

Ans. x = 3. 



10. Given \/4 -|- x = 4= — \/x, to find the value of x. 

Ans. x = 2£. 

11. Given y* -f- 5 = **> to ^^ *^ e value of y. 

Ans. y = 216. 

12. Given ^20 — \/2x — 2 = 0, to find the value of x. 

Ans. x = 8. 

re — ax ^ 

13. Given — ;= — = — , to find the value of x. 

yx x 

Ans. x = 



1 — a 



14. Given x (x* + x*) = ar, to find the value of x. 

Ans. x = a — 1 ." 

15. Given V^L? + 3 = -!£-, to find the value of x. 

3 y^a: — 3 

Ans. x = 36. 

a x — 1 v^fl"iz 1 

16. Given , — , „ = 4 + - — - , to find the value 

ya x -f- 1 2 

of x. A 81 

Ans. x = — 
a 

Notk. Perform the division indicated in the first member (Art 78). 
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QUADRATIC EQUATIONS. 

258t A Quadratic Equation is an equation of the second 
degree (Art. 145), or one in which the square is the highest 
power of the unknown quantity ; as, 

• ax*z=zb y 0*4-80: = 20, or a 8 ** — b* x =: c*. 

259. A Cubic Equation is an equation of the third de- 
gree; as, 

ax* = b, x* + ** = 12, or ax* — b x 2 -f- c x = <L 

260. A Biquadratic Equation is an equation of the 
fourth degree; as, 

ax* = b, x* -\-x* =z20, or ax* — bx*-±-cx* — dx = e. 

261 • A Pure Equation is one which contains only a 
single power of the unknown quantity ; as, 
ax 2 = b, x* = 8, or c*x* = m. 

PURE QUADRATIC EQUATIONS. 

262. A Pure Quadratic Equation is one which con- 
tains only the second, power of the unknown quanti- 
ty 5 as, oa j = Jf 3. _ l00f or ^ = c\ 

Notb. Pure quadratic equations are sometimes called incomplete equa- 
tions of the second degree. 

263. Any numerical pure equation may always be re- 
duced to two terms, one containing the unknown quantity, 
and the other consisting of all the known terms united 
in one. Thus, the equation 

3 *>*>•* 4 ' 3' 

Define a Quadratic Equation. A Cubic Equation. A Biquadratic Equa- 
tion. A Pure Equation. A Pure Quadratic Equation. To how many 
terms may a pure equation be reduced? 
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by clearing of fractions and transposing, reduces to 
5x 2 =80. 
In a literal pure equation, all the terms which contain 
the unknown quantity may be united, since, expressing 
the same power of the same letter, they are similar ; and 
as the remaining terms are all known quantities, they may 
be considered as one. Hence the equation 

ax* + bx> — cx* = d* — ro 2 + n a 
may be thus expressed : 

( a + b---c)x* = (d* — m* + n i ). 
Pure equations are therefore sometimes called binomial 
equations. 

1. Given 5 ;c* == 80, to find the values of x. 

By dividing equation (1) by 5 (Art. 
151), we obtain (2), and by extract- 
ing the square root of both members 
of the equation (Art 151), we obtain 
x =s ± 4. As an even root of a posi« 
tive quantity is either positive or neg. 
ative (Art. 207), we obtain ar=»4 and x *= — 4, as the roots of 
the equation (Art. 155). These we write in one expression, thus, 
x= ±4. 

Note. It may seem to the student that x should also have the doublt 
sign, thus, ± x = ± 4. The results are the same, however, in eithei 
case ; for ± x = ± 4 would include four expressions, -f- x = -f- 4, 
+ x =3 — 4, — x sa -f- 4, and — x =» — 4, of which the third reduces to 
the second, and the fourth to the first, by a change of signs (Art. 152, 
Note). Hence we obtain all the possible values much more readily by 
prefixing the double sign to the second member of the equation. 

From the preceding solution it will be seen that 
A pure quadratic equation has two roots, which are equal 
in numerical value, but differ in their signs. 

Explain the first operation. Why is not the double sign prefixed to 
both members ? What is said of the number and relation of the roots 
of a pare quadratic equation ? 



OPERATION. 




f>X* = 80 


(1) 


X*= 16 


(2) 


x = ± 4 


(3) 
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2. Given — r- - = -,, to find the values of x. 

a ' x z d' 

FIRST operation. Clearing equation (1) of 

, fractions gives us (2), trans- 

- + - = - — 2 (*) P° sin g e ives us ( 8 )> and 

dx*+abd = acd-ax* (2) Storing gives us (4). Di- 

■«*■ + dx> = acd-abd (3) ^ ^ th Z'"***** 

' v ' a -\- d, the coefficient of a*, 

(a + <*) s* = arf(c— 6) (4) ^ w (5)> the value rf .,,. 

j.4 __ a »( c p) /g\ and extracting the square 

~t~_ root of both members (Art. 

ad(c — 6) . isi), gives ns (6), the value 

+ d W o(x. 



— J. l ad[ 



SECOND OPERATION. 

•f+ I = c - * (i) 

a ' x x d v ' 

a -i x -\-bx~ l =cx~ 1 — d- 1 x (2) 

a-itf + b =c—d- 1 x* (3) 

-i^ -|- rf-i^ = c _ h (4) 

( a -i + <*-»)**=<._& (6 ) 



a- 1 +rf- 1 






—ft 



+rf- a 



(8) 



l ad(c — b) 
a + d 

Equation (1) expressed by the aid of negative exponents changes 
to the form of (2), and the negative exponents of the unknown 
quantity are removed by multiplying all the terms by x (Art. 153, 
Note 3), producing equation (3). This equation is solved as in the 
previous operation, giving (7) as the value of x. This is freed 
from negative exponents by multiplying both numerator and de- 
nominator by a d (Art. 142, Note). 

Explain the operations of Example 2. 
20 
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From the foregoing principles and illustration's we in- 
fer that any pure quadratic equation may be solved by 
the following 

BULK 

Obtain the value of the square of the unknown quantity as 
in simple equations (Art. 159). 

Extract the square root of both members of the equation thus 
obtained. 

Note 1. A similar application of Ax. 8 will serve to obtain one 
root of any pore equation of a higher degree. In treating of equations 
which take the form of affected quadratics, we shall have occasion to 
solve various cubic, biquadratic, and higher /rare equations. 

Note 2. It will be observed that many equations, which do not at 
•first appear to be pure quadratics, reduce Jo such equations after clearing 
of fractions or performing the operations indicated. 

' V._ Examples. 

3. Given 3 a* — 2 = 23*4-2, to find the values of a?. 

Ans. x = ± 2. . 

4. Given — - -f- «* = 126, to find the values of x. 

Ans. x = ± 6. 

5. Given y 2 = 9 a 6 , to find the values of y. 

6. Given 1 (2 x* — 6) -f- 5 (3 — x*) = 198, to find x. 

Ans. a? = ± 5. 
?. Given (ar + 1) 2 = 2a: + IT, to find x. 

Ans. x = ± 4. 

8. Given x* -f- a b = 5 x 2 , to find x. 

Ans. x = ± £ */ a b. 

9. Given ' — =1 J — , to find x. 

15 25 

Ans. x =z ± 5. 
Repeat the Role. What is Note I ? Note 2 1 



Y+ \ 



v 
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lO^Oiven (x4-^) 2 = 4x + 5, to find x. 

-^^*i t Ans. x—±l. 

11. Given (2af— 5) 2 = a 3 — 20 a: + 73, to find x. 

12. Given 4 a: — 150 x~ x = a: — 3 ar 1 , to find x. 

Ans. x= ± ?. 

13. Given ^4 1- ~~ = 8, to find x. 

1 -}- * ' 1 — x ' 

Ans. x = ± £. 
14 Given a 2 — ~ + 3a& = 2a 2 + $ 2 , to find ». 



^ 



Ans. x = ± /-a — fcl. 



15. Given c(^ + 4a5 + 4ftc) = a(a+2c) 2 + rfx 2 — a 2 *, 
to find x. 



Ans. # =; ± {a -f- 2 c) i/— — > 



16. Given ^" -I r— ^ == — , to find x. 

x — 2 ' «-(- 2 6 ' 

Ans. x = ± 10. 

IT. Given a: = 3ar 1 s— -, to find x. 

bx 

Adb. x= ±2, 

■ 18 - GiVCn ^"7STOf= 9 (»/+!) ' t0 find * 

Ans. y = ± 3. 

^19. Given — £ ^^ = — , to find* 

Ans. z = ± 2. 

20. Given (a + a:) 8 + (a — ar) 8 = 2 V, to find a?. 

"X Ans. *.= ± y/^=^. 

264. Radical Equations sometimes reduce to the form 
of pure quadratics. The preliminary reductions should 
be effected as in Art. 257. 



1. Given 22£ + V5 (4 a: 2 — 1) = 25, to find x. 

Ans. x = ± £ . 

2. Given a/x 2 -f- \/a: 4 — a 4 = a, to find x. 

Ans. a: = ± o. 
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3x 



3. Given \fx* — 16 = — , to find x. 



4. Given o/a* + x 2 = #& + x\ to find x. 

Ans. x=± K /^^. 
V 2o« 

5. Given i/ ~ = 2 \/ar, to find x. 



Ans. a: = ± 4. 



6. Given V^+o" = V* + */#* + **, to find a\ 



Ans. x = ± \/a* — #*. 

7. Given a: (10 + a 2 )* = 5 — x*, to find or. 

Ans. x= ±£\/5*. 

8. Given x -f- (a» -f a? 2 )* ='2 a* (a* -f a*)"* to find x. 

Ans. a: = ± -=• 
•3 



9. Given " = 6, to find x. 

a + v'o* — ** 

Ans. x=± 2 _5V^. 
1 + 6 

Note. Rationalize the denominator of the first member of the last 
equation, and then extract the square root of both members (Art. 257, 
Note, and Art. 249, Ex. 7). 



10. Given fit* + fi^± = 5, to find *. 

Ans. x = ± f \/21. 

Note. Square the last equation as it stands, and thus remove all 

radicals. 

SIMULTANEOUS EQUATIONS. 

265. Simultaneous equations. (Art. 1T0) sometimes pro- 
duce pure equations after elimination. The methods of 
elimination are the same as in simple equations; butBub- 1 *' * 

What methods of elimination are here employed ? 
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stitution will be found best adapted to most of the ex- 
amples which follow. 

Some of the equations will be found to be of a higher 
degree than the second. (Art. 263, Rule, Note 1.) 

1. Given 3 x 2 — 2tf = 40, and x — 2y = 0, to find the 
values of x and y. 

OPERATION. Equation (2) gives the 

o^s 2t^ = 40 (Y\ value* of x, in terms of y. 

rt /o\ Substituting 2y, this value 

3(2y)'-2^ = 40 y (3) <* * j* * » "V"^ 0>, 

v *' * v y we obtain (3), which re- 

12^—2^ = 40 (4) ducest0 ( 6 ). Extracting the 

10 y 2 = 40 (5) square root of (G), we have 

y 2 = 4 (6). (7), the value of y. Sub- 

y = ±2 (7) stituting the value of y in (2), 

x = 2 y = ± 4 (8) we have the value of x. 

2. Given ix 2 — 3y 2 =21, and £a: + 2y = 0, to find 
x and y. Ans. x = ± 12 ; y = :p 3. 

3. Given 5 #y — 3y 2 — 100, and 5 x — 4y = 0, to find 

a: and y. Ans. a: = ± 8 ; y = ± 10. 

4. Given a: y -f~ V* — *26, and 5 y = 2 ar, to find a: and y. 

5. Given 4 ar* + 7 y 2 = 148, and 3 a: 2 — y* = 11, to find 
ar and y. Ans. a?=±3; y = £ 4. 

6. Given a:-|-y = 3 » — 3 y, and x 8 — y 8 = 56, to find 
x and y. Ans. x = 4 ; y = 2. 

7. Given a? -j-y 2 : ar 2 — y 2 : : 17 : 8, and 2^ = 45, to 
find x and y. Ans. x = 5 ; y = ± 3. 

8 * Given ar 4 + y 4 = 97, and 9 ar 2 = 4y 2 , to find x and y. 

Ans. x = ± 2 ; y = ± 3. 

Note. There are also two imaginary values for each of the unknown 
quantities in the last example, viz. x = ± 2^/ — 1, y = ± 8^/ — 1 J 
for ** = 4 or — 4, and y* = 9 or — 9. 

Explain the first operation. ;' 

20* 
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PROBLEMS 
LEADING TO PURE EQUATIONS. 

266# The methods of stating these problems are the 
same as in the case of those leading to simple equations. 
(Arts. 160, 16T.) Either one or two unknown quantities 
may be used in many cases. 

1, Find two numbers, one of which is three times as 
great as the other, and the sum of whose squares is 90. 







SOLUTION. 




Let 


x — the first number, 




and 


3 x = the second number. 


Then, 


**+ 


9 x 2 = 90 


Uniting terms, 




10^ = 90 


Dividing by 10, 




x 2 = 9 


Evolving, 




x = ± 3, the first number, 
3 x = ±9, the second number. 



The only arithmetical numbers which will answer the conditions 
are 3 and 9. 

2. Find two numbers, one of which is five times as 
great as the other, and the difference of whose squares 
is 96. Ans. 2 and 10. 

3. The length of a field is to its breadth as 3 to 2, 
and its area is 3 acres and 3 roods. What are its di- 
mensions ? Ans. Length, 30 rods ; breadth, 20 rods. 

4. A merchant bought two pieces of cloth, which to- 
gether measured 36 yards. Each of them cost as many 
dimes a yard as there were yards in the piece, and their 
entire prices were as 4 to 1. How many yards were 
there in each piece? 

Ans. 24 yards in one; 12 yards in the other. 

Explain the solution of Problem 1. 
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5. The product of two numbers is 750, and the quo- 
tient when one is divided by the other is 3£; find the 
numbers. Ans. 50 and 15. 

6. A detachment from an army was marching in reg- 
ular column, with 5 men more in depth than in front: 
but upon the enemy being discovered, the front was in- 
creased by 845 men, and by this movement the detach- 
ment was drawn up in five equal lines. What was the 
number of men? Ans. 4550. 

7. Find three numbers which shall be to each other as 
5, 7, and 9, and. the sum of whose squares shall be 620. 

Let 5x, 1 x y and 9x represent the numbers. 

8. A certain number of boys went out to gather nuts, 
each taking as many bags as there were boys in all, each 
bag being of a capacity to contain as many nuts as there 
were boys. Upon filling the bags, they found them to 
contain exactly 1000 nuts. How many boys were there ? 

Ans. 10. 

9. There are two cubical blocks of stone, one of which 
contains 117 cubic feet more than the other, and the side 
of the larger is 2£ times as long as that of the smaller. 
Required the dimensions of each. 

Ans. 5 feet, side of the larger ; 2 feet, side of the smaller. 

10. Two persons, A and B, set out from different places 
to meet each other. They started at the same time, and 
traveled on the direct road between the two places. On 
meeting, it appeared that A had traveled 18 miles more 
than B ; and that A could have gone B's distance in 
15 J days, but B would have been 28 days in going A's 
distance. How far did each travel? 

^ Ans. A, 72 miles; B, 54 miles. 
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AFFECTED QUADRATIC EQUATIONS, 

267t An Affected Quadratic Equation is one which 
contains both the second and first powers of the unknown 
quantity; as, 

tf + ax^b, 22? + 16 a: = 40, or ax 2 + bx = c. 

Note. Affected quadratic equations are sometimes called complete 
equations of the second degree. 

268. Any affected quadratic equation may always be 
reduced to three terms, one containing the second power 
of the unknown quantity, another its first power, and 
the remaining one the known terms of the equation. 
Thus, the equation 

(*+l) a -£-* + 21 = ¥ + 8, . 

after performing the operations indicated and clearing of 
fractions, reduces to 

4a? a — 3* = 2T; 
and ax* -\- bx — c = bx 2 — ax -f- d 

may be thus expressed : 

( a _ h) x 2 + (a + b) x = (c + d). 

Affected quadratic equations are therefore sometimes 
classed among trinomial equations. 

Note. If the first of the three terms is wanting, the equation is evi- 
dently of the first degree; if the second is wanting, the equation is a 
pure quadratic ; and if the third is wanting, the equation may be at once 
reduced to the first degree, by dividing both terms by the unknown 
quantity. 

FIRST METHOD OF COMPLETING THE SQUARE. 

269. If the second power of the unknown quantity 
has any coefficient expressed, the equation may be still 

Define an Affected Quadratic Equation. To what terms may any af- 
fected quadratic equation be reduced ? How may it be still further re- 
duced ? 
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further reduced by dividing all its terms by that coefficient. 

Thus, Zx 2 — 6 x = 9 reduces to x 2 — 2 x = 3, 

and 4 x 2 — 3 x = 21 reduces to x 2 — £ x = ^-. 

Hence any affected quadratic equation may be made to 

assume the form 

x 2 +px = q, 

in which p and q are understood to represent any num- 
bers whatever, whether .positive or negative, integral or 
fractional. 

1. Given x 2 -f- 4 x -f- 4 = 9, to find the values of x. 

OPERATION. Jt » evident that 

** + 4* + 4 = 9 (1) ** + 4* + 4 

(x 4- 2) 2 = 9 (2) * s a P er ^ ect square of a bi- 

" i o — 4.0 /o\ nomial; for X s and 4 are 

^ ^ positive squares, while 4 a: is 

"*" ^ ' twice the product of their 

xz==: *» or " square roots. Equation (1) 

may therefore take the form 

VERIFICATION. « , oN , A . ft/v v r™ • 

of (2). (Art. 90.) This may 

l J -f4X 1+4 = 9 (1) be regarded as a pure quad- 

{— -5) 2 -|-4 ( — 5) -}- 4 = 9 ) ratic, in which the unknown 

25 20 4- 4 = 9 \ ( ' quantity is not ar, but x -f- 2. 

Extracting the square root 
of both members, we have ±3 as the value of x -f- 2, and the 
equation is now reduced to a simple one. Taking the upper of the 
two signs, and transposing 2, we have x — — 2 j- 3 = 1; but 
taking the lower, we have x = — 2 — 3 = — 5; and these values 
are found to satisfy the equation. 

We thus obtain two roots of the equation, which differ both in 
sign and in numerical value. 

Note. The reason for prefixing the double sign to only the second 
member of the equation, in extracting the square root, has already been 
given. (Art. 263, Ex. 1, Note.) 

2. Given x 2 — 6 x -|- 12 = 3, to find the values of x. 

Explain the first operation. 





OPERATION. 




X*- 


-6a; + 12 = 3 


(1) 


X*- 


-6a?-f 9 = 


(2) 




x — 3= ±0 


,(8) 




x— 3 ±0 


W 




x = 3, or 3 
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Subtracting 3 from both 
members of equation (1), 
we obtain (2), whose first 
member happens to be a 
perfect square j for x* and 9 
are the squares of x and 3, 
while 6 a: is twice their prod- 
uct. Extracting the square 
root of each member, we obtain (3), which reduces by transpo- 
sition to i « 8. 

It will be seen that the two roots of the above equation are 
alike, both in sign and in numerical value. Such an equation is 
said to have equal roots. 

Note. The two roots of a pure quadratic equation are alike in nu- 
merical value, but diner in their signs (Art. 263), and hence are not equal, 
in an algebraic sense. No quadratic equation can have equal roots, unless 
its second member is when its first member is a perfect square, that is, 
unless its three terms make a perfect square when collected in one mem- 
ber. 

3. Given x* — 8 x = 20, to find the values of x. 

OPERATION. * fc 18 ev i Qent * nat tne fa** 

member is not a perfect 
ox ZU ^l; gq Uare) ag m the first exam- 

a* _ 8 x + 16 = 36 (2) p i e> ne i t her can it be made 

x — 4 = ±6 (3) guc h by the transposition of 

x = 4 ± 6 (4) the known term, as in the 

x = 10, or — 2 second example. Such a 

term must therefore be added 
to x* — Sx as will make it the square of some binomial. As x* is 
the first term of the equation, x, its square root, must be the first 
term of the binomial sought. The next term of the equation, 8 x, 
must be twice the product of the two terms of the binomial; and 
one half of 8 a:, or 4 a:, must be their product. But 4 x is the pro- 
duct of 4 and x ; hence 4 is the second term of the binomial sought, 
and its square, or 16, must be added to the first member of the 
equation to make it a perfect square, and also to the second mem- 
Explain the second operation. What is said of the roots of the equa- 
tion 1 Explain the third operation. 
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ber to preserve the equality, thus producing equation (2). The 
square root can now be extracted, thus producing equation (3). 
Taking 6, the positive root of 36, and transposing and uniting terms, 
we find x *= 10 ; but taking — 6, the negative root, we find 
ar*= — 2. 

4. Given 1 = - -| — — , fo find the values of x. 

3*5 

We first multiply by 5, to 
free the unknown quantity 
.of fractions, and, after trans- 
posing and uniting terms, ob- 
tain equation (3). As the 
square of the unknown quan- 
tity must be positive, we then 
divide all the terms by — 3, 
and obtain (4), the equation 
in its reduced form. 

If the first member of 
equation (4) is to be made 
a perfect square, - x must 
be twice the product of the 
two terms of the root. As 

x is one of those terms, one 

7 

half its coefficient, or -, must 
o 

be the other term, and the 
square of r» or — , must be 
added to both members of 

•e root of equation (5), we 

9 
obtain (6). Taking the positive root of — , and transposing and 

. * . 4 2 

uniting terms, we obtain x = — - = — -J but taking the nega- 
tive root, we obtain x = = — -. 

6 3 

It will be seen that the two roots of the above equation have 
the same sign, but differ in numerical value. 

5. Given x* -f- p x = q, to find the values of x. 

Explain the fourth operation. 



OPERATION. 




7x 5 , 3x* 
5 — 8+ 5 


(i) 


5 — f* = y + 3** 


(2) 


— 3x> — lx= l 4 

o 


(3) 


* + J x =-T 


(*) 


. , 7 ,49 9 
^"T? X -T"36 — 36 


(5) 


J_ 7 j. 3 
X +6 =± 6 


(6) 


7 8 
X = -6 ±6 


(?) 


* = -- 6 ,OT- 


10 
6 


2 


5 
~3 


the equation. Extracting the 


squa 
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OPERATION. 
**+/>* = ? 0) 

*+P*+£ = 9 + $ ( 2 ) 

*+f = ±y / ^+? (3) 

As in the other examples, /?x being twice the product of the 
two terms of the root of the completed square, and x being one 
of those terms, |- must be the other, and x* -|- p x can be made 
a perfect square only by adding to it ~. After adding the same 
quantity to the second member of the equation, we extract the square 
root of both members. The root of the second member, however, 
can only be expressed. By transposing /?, we find the two val- 

uesof x to be — | + 4/ ? +^and— | — 4/5+^. 

From the foregoing principles and illustrations we in- 
fer that any affected quadratic equation may be solved 
by the following 

RULE. 

Reduce the equation to three terms, placing the two which 
contain the unknown quantity on the first side, the higher- power 
first, and the known quantity on the second side. Divide each 
side by the coefficient of the first term, and the equation will he 
reduced to the form x* -j- p x = q. 

Add the square of half the coefficient of x to both members 
of the equation, and the first member will be a complete square. 

Extract the square root of both members, and solve the sim- 
ple equation thus produced. 

Notb 1. If the coefficient of the square of the unknown quantity 
happens to be negative, all the signs must be changed. This may be 
effected by using the negative coefficient as a divisor. 

Explain the fifth operation. Repeat the Rule. Note 1. 
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Note 2. After completing the square of the first member of the equa- 
tion, its first and third terms must be positive squares; but its second 
term may be either positive or negative. If the second member is then 
positive and a perfect square, both roots will be real and rational; if it 
is positive, but not a perfect square, both roots will be real, but irrational 
(Art. 227) ; and if it is negative, both roots will be imaginary (Art. 250). 

Note 3. The square root of the first member of the equation is com- 
posed of the square roots of its first and third terms, connected by the 
sign of the second term. 

The above rule may be applied in the solution of the 
following 

\ *- Examples. • 

6. Given x 2 -f- 2 x = 8, to find the values of x. 

Ans. x = 2, or — 4. 
T. Given x 2 — 4a; = — 4, to find the values of a:. 

Ans. x = 2, or 2. 

8. Given x 2 — 6 x = 55, to find the values of x. 

9. Given x 2 + 12 x + 35 = 0, to find the values of ae, 

Ans. x = — 5, or — 7. 

10. Given 3* 2 + 48 = 30z, to find the values of *.' 

Ans. z = 8, or 2. 

11. Given x 2 — 2 a x = b, to find the values of x. 



Ans. x = a ± ^ c? -\-b. 
1JL, Given x 2 = 3#-f- 10, to find the values of a\ 
s*£?f- Ans. x = 5, or — 2. 

i 13. Given 2 x + 60 == 2 x 2 , to find the values of x. 

Ans. x = 6, or — 5. 

14. Given 4# 2 -f-8# = 5, to find the values of y. 

Ans. y = £, or — £. 

15. Given 5 x 2 -f- 20 = 25 x, to find the values of x. 
^ Ans. x = 4, or 1. 

Repeat Note 2. Note 3. 
21 
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16. Given 3 x + 4 = 39 ar 1 , to find the values of x. 

Ans. x = 3, or — 4£. 

IT. Given bx* — 40 x = 70, to find the values of ar. 

Ans. x = 4 ± \A30. 

18. Given 3 x w*=i 10 + £ x*, to find the values of x. 

Ans. a: = 6 ± 2 V— 1. 

19. Given x* — 6a? = 0, to find the values of a;. 

Ans. x = 6, or 0. 

Note. Such an equation may be solved as an affected quadratic ; bat 
one of its roots will be found to be 0, as it evidently should be, since 
the equation can be at once reduced to a simple one (Art 268, Note). 

20. Given cr 1 x-\-a x" 1 = 2 ar 1 , to find the values of x. 

> 2 _ • 

(X "* ~~y - & Ans. x=l±\fl^-a*. 

270i The equation x* -{- p x = q may be regarded as the 
general expression of any affected quadratic equation re- 
duced to that form. (Art. 167, Prob. 34.) As this equation 
has already been solved (Art. 269, Ex. 5), we may use 

its roots, — 1+\/ ?+f and — | — t/y + f-, as the 

general formulas for the roots of any affected quadratic 
equation. Instead, then, of going through the full pro- 
cess of solving each equation by itself, according to the 
foregoing rule, we may write out its roots at once, by 
substituting the particular values of/? and q in the above 
formulas. Hence, 

The roots of any equation reduced to the form x 2 -f- px = q 
may be found by taking one half the coefficient of x, with a 
contrary sign, plus or minus the square root of the sum of the 
second member and the square of half the coefficient of x. 

How may any affected quadratic equation be solved without going 
through the full process of completing the square ? 
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This process is to be employed in the solution of the 
following 

Examples. 

1. Given x* — 8 x = 9, to find the values of x. 



Ans. x = 4 ± \/9 + 16 = 9, or —1. 

2. Given x 2 -f- 16 x = — 55, to find the values of x. 

Ans. x = — 8 ±z *A=r~5 5 + 64 = —5, or —11. 

3. Given x 2 — 20 x = 800, to find the values of x. 

4. Given ar^-j- 5 x = 14, to find the values of x. 

Ans. a: = — | db Vl* + ^ = 2, or — ?. 

2 



ar* 3 z 
Given —-(- — = 21, to find the values of x 



Ans. x — 6, or — 10 J. 
6* Given £ x* — \ x -f- Vf- = 8, to find the values of a:. 

Ans. a: = f, or — f. 



SECOND METHOD OF COMPLETING THE SQUARE. 

27 L Any affected quadratic equation whatever may be 
solved by the method employed in Art. 269. It will be 
seen, however, that a fraction must be added to complete 
the square, unless the coefficient of the first power of the 
unknown quantity in the reduced equation becomes an 
even whole number ; and even then the second member 
may sometimes be fractional. But by employing' another 
mode of completing the square, sometimes called the "Hin- 
doo method," all fractions can be avoided till the roots 
are obtained. 

272i Any equation may be reduced to three terms, as 
Why do we introduce a second method of completing the square f 
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before, cleared of all fractions, and divided by the great- 
est common measure of its terms. It will thus be reduced 

to the form 

ax*-\- bx = c, 

in which a, b, and c represent any whole numbers whatever 
which have no common measure greater than unity. 

1. Given x 2 — 5 a: -|- 4 = 0, to find the values of x. 

Transposing the known 
term to the second member, 
we have (2). If we wish to 
complete the square of the 
first member without intro- 
ducing fractions, it is evident 
that the second term should 
be divisible by 2, as it is 
twice the product of the two 
terms of the root. But the 
first term must be a perfect 
square; hence, we multiply 
all the terms of the equation 
by 4, the smallest even square 
number, and obtain (3). The 
square root of the first term is 2 a;, which must be the first term 
of the binomial root, and as 20 a: is twice the product of the two 

terms of the root, 10 a: must be their product, and the other term 

10 ar 
must be — — = 5. Hence 5", or 25, must be added to the first 

member to render it a perfect square, and to the second member 
to preserve the equality, thus producing equation (4). Extracting 
the square root, we obtain (5), which, by transposing and uniting 
terms, and dividing by 2, the coefficient of x, gives 4 and 1, as the 
values of x ; and these values satisfy the equation. 

It will be observed that we have thus avoided the fractions which 
must be employed in solving this example by the previous rule. 
(Art. 269, Ex. 15.) 

To what form is the equation here reduced? Explain the first op- 
eration. 



OPERATION. 




^_5a;+*4 — 


(1) 


x 3 — 5 x = — 4 


(2) 


±x* — 20* = — 16 


(3) 


4^ — 20x4-25 = 9 


(4) 


2x — 5= ± 3 


(5) 


2x = 5 ± 3 


(6) 


2 x = 8, or 2 


0) 


x = 4, or 1 


(8) 


VERIFICATION. 




4 2 — 5x4 + 4 = 


(1) 


12_5 X l_|-4 = 


(2) 
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It will also be seen that the quantity added to complete the square 
is the square of the coefficient of x in equation (2). 

2. Given ^ — 8 ar 1 = 24 4- -?-, to find the values of x. 

5 l 5x 



OPERATION. 




5 'ox 


(1) 


18 a? — 40 = 120 x + 2 


(2) 


18 ar 1 — 120 a: = 42 


(3) 


3 a? — 20 a: = 7 


(4) 


9 s 2 — 60 a: = 21 


(5) 


9**— 60a: + 100 = 121 


(6) 


3ar— 10= ± 11 


(7) 


3 a: = 10 ± 11 


(8) 


3 a; = 21, or —1 


(9) 


* = . T, or — £ 


(10) 



We first remove the denominators and the negative exponent, 
by multiplying both members by 5x; then, after transposing and* 
uniting terms, and dividing by 6, the greatest common measure of 
the three terms of equation (3), we obtain (4) as the reduced 
equation. 

The coefficient of the second term, — 20 a:, is an even num- 
ber; hence there is no necessity for multiplying by 4, as in the 
last example. But 3 x* is not a perfect square, and we must there- 
fore multiply by 3, to render the first term a square, producing 
equation (5). 3 x, the square root of 9 a?, must be the first term 

of the binomial root, and 30 x, one half of 60 ar, must be the pro- 

30 x 
duct of the two terms of the root; hence -— , or 10, mus^be the 

OX 

second term, and its square, 100, must be added to both members. 
We then extract the square root of both members, and reduce 
as in the previous example. 

The number added to complete the square in the above example 
is the square of one half the coefficient of x in equation (4). 

3. Given a x 2 -f- h x = c, to find the values of x. 

- — »^- 

Explain the second operation. 
21* 
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OPERATION. 

ax* + bx = c (1) 

±a*x*-{-4:abx = 4:ac (2) 

4a s z a + 4a6* + &» = 4a* + P (3) 

2ax-\-b= ± ^4ac-f~P (4) 

2ax=z — b± ijlac + b 2 (5) 

2a v ' 

To make the first term a square, and the second term divisible 
by 2, we multiply both members by 4 a, producing equation (2). 
2 ax, the square root of 4a s x*, must be the first term of the 
root, and — - — , or 2 a b x, must be the product of the two terms ; 

hence -, or b. must be the second term of the root, and 6* 

lax ' ' ' 

must be added to complete the square, producing equation (3). We 
next extract the square root of the first member, and express the 
square root of the second ; then, by transposing and dividing, we ob- 
tain the values of x in equation (6). 

The quantity added to complete the square is the square of the 
coefficient of x in equation (1). 

As a, b, and c in the last example may have any value 
whatever, we derive from the solution of that equation 
the following 

RULE. 

Reduce the equation to three integral terms, placing the two 
which contain the unknown quantity on the first side, the higher 
power first, and the known quantity on the second side. Divide 
the three terms by their greatest common measure, and the equa- 
tion will be reduced to the form ax 2 -\-bx = c. 

Multiply both members of the equation by four times the co- 
efficient of x 2 , and add to each the square of the coefficient 
of x. 

Extract the square root of both members, and solve the sim 
yle equation thus produced. 

Explain the third operation. Repeat the Rule. 
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Note 1. It mast be observed, that in this rale we take the square of the 
coefficient which x has before it is multiplied ; but in the previous one we 
take the square of one half the coefficient which it has after it is divided. 

Note 2. Any quadratic equation may also be solved by using the co- 
efficient of x 2 as a multiplier, instead of four times that coefficient, and 
adding the square of one half Hie coefficient of x, instead of the square of 
that coefficient. If the coefficient of x is an even number, this method 
will avoid fractions, and at the same time make each term only one fourth 
as great as it would be by the rule given above. 

Note 3. If the coefficient of x 2 is negative in the reduced form of the 

equation, all the signs must be changed. This may be effected by including 

the negative sign in the multiplier. 

-t- »/4 ac -\- b* 

Note 4. The formula x -= ==-^ — — , obtained by the solution 

of Example 3, may be used for the solution of any quadratic equa- 
tion of the for m ax 2 + o x = c, in the same manner as ~the formula 

x = — | ± /Uq + ■? is nsed m Art * 27 °* 

The use of fractions is to be avoided in the solution 
of the following 

Examples. 

4. Given x 2 — 7 a: -f- 6 = 0, to find the values of x. 

Ans. x = 6, or 1. 

5. Given a^ -j- - = 3, to find the values of x. 

Ans. x = 1 J, or — 2. 

6. Given 10ar = 6a?-}-4, to find the values of a\ 

7. Given 5a^ = 57 — 4 a-, to find the values of x. 

Ans. x = 3, or — 3$ . 
a * 5* 

8. Given 7= 2 ax — ex 2 , to find the values of x. 

c 

Ans. x = . 

c 

9. Given — \- b or 1 = c, to find the values of x. 



. ac± \/ cPc* — 4ab 
Ans. x = . 



Repeat Note 1. Note 2. Note 3. Note 4. 
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10. Given (ar+1) (2* + 3) = 4 s 2 — 22, to find the 
values of x. Ans. x = 5, or — £ . 

11. Given £ (f — 3) = $ (y — 3), to find the values 
of y. Ans. y = £ , or — § . 

12. Given x~ 2 -\- £ a?"* 1 + J = 0, to find the values of x. 

Ans. x = — 1, or — § . 

Note. When a// the exponents of the unknown quantity are negative, 
as in the last equation, the negative exponents may be retained until the 
value of x -1 is found. The value of x will be its reciprocal. If it is 
preferred, however, the negative exponents may be removed at once, as in 
previous examples. 

THIRD METHOD OF COMPLETING THE SQUARE. 

273 B The following statement includes all the methods 
of completing the square already given, for it is founded 
directly upon the nature of the square of a binomial. It 
will be seen that it is substantially the method employed 
in the solutions on which the rules have been founded, 
the main difference being that we here multiply the divi- 
sor by two, instead of dividing the dividend by that 
number. 

The terms of the equation being arranged in the same 
manner as before, 

Make the coefficient of the first term a positive square, either 
by multiplication or by division. Divide the second term by 
twice the square root of the first, and add the square of the 
quotient to both sides. 

The character of the solution will depend upon the 
multiplier or divisor used to render the coefficient of the 
first term a perfect square. If the smallest factor or 
divisor be used, this method will, of course, frequently 

What statement will include all the rules for completing the square ? 
On what does the character of the solution depend? 
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require the use- of fractions ; but it may occasionally be 
applied to advantage, and give a solution preferable to 
that obtained by either of the rules before given, espe- 
cially when the coefficient of the first term is either a 
square, or contains a square factor, as in the following 

Examples. 

1. Given 9 x 2 — 6 x = 8, to find the values of x. 

Ans. * = |, or — $. 

Note. ^/9 jc 2 = 3 a;, and — = 1. Hence the addition of 1 will com- 
plete the square. 

2. Given 4 x 2 -f- 4 x = 3, to find the values- of x. 

3. Given 27 a x 2 4- 6 b x = -, to find the values of x. 

A h b 

Ans. x— — , or — — • 
Note. Multiply by 3 a, or multiply by a and divide by 3. The for- 

(1 ft n A f\ 2 
- j — 6 s will complete the 

square. 

4. Given 50 x 2 -f- 4 x = -&, to find the values of a:. 

Ans. x = T \y, or — &• 

Note. Either divide by 2, or multiply by 2. Fractions must be used 
in either case. v 

5. Given 5 or 1 (5 x" 1 — 12) = — 36, to find the values 
of x. Ans. x = £ . 

6. Given — -{-4:X=1 > 1, to find the values of x. 

Ans. a: = 4, or — 68. 
<f . Given — + 3 a: = 21, to find the values of x. 

Ans. x = 6, or — 42. 



When may this method be used in preference to the rules before 
given? 
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274* The following equations are to be solved by ei- 
ther of the methods which have been explained, care 
being taken to select the method best adapted to the 
example under consideration. 

The radical equations introduced in this connection are 
such as reduce to quadratics by the methods already ex- 
plained and applied. (Art. 257.) 

Examples. 

1. Given x* — 14 a: = 120. Ans. x = 20, or — 6. 

8 x 

2. Given x* = 2<T. Ans. a: =6, or — 4J. 

3. Given 2 a: 2 — 10 x = 100. 

4. Given 16 or 1 — 4 = 12 x~*. Ans. x = S, or 1. 

5. Given x* — ^ x = ^. Ans. x = J, or — £. 

6 . G iven^ + 3J = | + 8. 

z* 20 
1. Given — r + — = 2 z. Ans. z = 20, or 4. 

8. Given 2 a: 2 + 15 = 3 x. Ans. x = 8 ± ^ U1 . 

9. Given x* — 6a:-}- 19 = 1 3, to find the approximate 
values of x. Ans. x = 4.? 32, or 1.268. 

10. Given 4 a a? — 2bx = c. 

4a 

11. Given x* — 4 = 16 — (x — 2) 2 . 

Ans. x = 4, or — 2. 

12. Given (3 a: — 5) (2 x — 5) = (x -f 3) (a: — 1). 

Ans. at = 4, or J. 

13. Given (2 a: — 3)* = 8 x. Ans. a: = $ , or £. 

14. Given £ (a: — 3) 2 + f = a:. An # s. x = 6, or 6. 

15. Given a? + (* + l) a = -& x (x + 1). 

Ans. a: = 2, or — 3. 



-~l- 



How are the equations of Art 274 to be solved ? 
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16 Given 3(2 — x) + 2 (3 — x) = 2(4 + 3a*). 

Ans. x = £, or — J. 

11. Given 4 (x — 1) — ^± = 3£ . 

Ans. x — 2, or T ! F . 

18. Given —?— + - = 3. Ans. x = 2, or — A. 

7 2 
19 Given —,-7 -| 5 = 0, to find the approximate 

x — j - 1 x 

values of a:. Ans. x = 1.148, or — 0.348. 

x 7 

20. Given — j-— - = - -• Ans. x = 14, or — 10. 

x -\- 60 3 a: — 5 

^21. Given 8 a: + 11 + f ar 1 = 3 + ^. 

Ans. x = 1, or — J. 

^^2. Given K — % = 3f Ans. a: = — 2, or -^- 16. 

5 — a: 7 7 ' 

23. Given **""** = x — 3 + a:" 1 . 

a; -J- 8 ! 

Ans. a: = 1, or $. 
-24. Given^ + 8*-i = J -jL. 

Ans. x = — 4, or — 4. 

r~ />.. a: 4-8 , a:— 3 2x — 3 
28. Given — j— 4 = -. 

ar-|-2 1 a; — 2 x — 1 

"^ N , Ans. x = 4, or 0. 

Note. If the second member of the reduced equation becomes" before 
completing the square, one of the roots will be (Ex. 19, Note, Art. 
269) ; bnt if the second member becomes after completing the square, 
the roots will be equal (Ex. 2 and Note, Art. 269). 

o* n- 3a?— 2 . 2a: — 5 10 

2 «- 6l ™ 2^-5 + 87=2= T 

Ans. a? = -y^, or f. 

21. Given a? + aa? + &x-f a&= 0. 

Ans. x = — a, or — b. 
28. Given adx — acx*=.bcx — Id. 

Ans. x = -, or • 
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ac 



29. Given (a + b)x* — ex^z^j 



Ans. x = — - 1 , — ' . 

30. Given V** + */■? = 6 s/x. Ans. a: = 2, or — 3. 

31. Given (4 x -f 5)* (U+ 1)* = 30. 

Ans. x = 5, or — 4^. 

32. Given s/2x — 7 ar = — 52. Ans. a: = 8, or ^ 3 /- 



33. Given \fx -f- 3 + \/* + 8 = 5 Va:. 

Ans. x = 1, or ^ 



34. Given */* + 4 — s/x = */x + f . 

Ans. x = £, or — ^, 

35.- Given ^-™| = * + (-) • Ans - * = f # o? f> 

36. Given s/x + \/« ~^~x = sfi- ) 

.• a ± ^2ab — b* 
Ans. a? = T — . 



EQUATIONS IN THE QUADRATIC FORM. 

tl&n The rules already given for the solution of quad- 
ratic equations will apply to any equation which can be 
made to assume the quadratic form. 

An equation takes the quadratic form when it is ex- 
pressed in three terms, and of the two terms which con- 
tain the unknown quantity, one has an exponent twice as 
great as the other. The quadratic form, then, is 

a x** -f- b x* = c, or a^ n -|- p x* = q, 

in which n may have any value whatever, positive or 
negative, integral or fractional, x may also represent 

To what other equations may the rales for quadratics be extended ? 
What is the quadratic form? 
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either the unknown quantity itself, or some expression 
containing the unknown quantity. 

276# Higher Equations in the quadratic form usually 
reduce to pure equations of some higher degree than the 
first, after the completion of the square and extrac- 
tion of the square root. The solution must, therefore, be 
completed by the rule for pure equations. (Art. 263, 
Eule, Note 1.) 

1. Given z?-\-Ba? = 810, to find the values of x. 

This equation evidently has 
the quadratic form, since a" 
is the square of z 8 . As the 
coefficient of the second term 
is an odd number, we avoid 
fractions by using the second 
method of completing the 
square ; that is, we multiply 
by 4, and add the square of 
3 to both members. Extract- 
ing the square root of (3), we 
obtain (4), a pure cubic equa- 
tion, which reduces to (7) by 
transposing, uniting, and di- 
viding. Extracting the cube 
root of both members, we ob- 
tain (8). 

2. Given x 2 + 4 ar 2 = 5, to find the values of x. 

We first remove the de- 
nominator by multiplying 
both members of the equa- 
tion by z*, and then transpose 
the terms, producing equa- 
tion (3), which is evidently 
in the quadratic form. Com- 
pleting the square by the 
first method, extracting the 
22 



OPERATION. 




x*-\-Zx s = SlO 


(1) 


4ar 6 + 12 a* = 3240 


(2) 


4*«+ 12 ** + 9 = 3249 


(3) 


2z 8 + 3 = ±57 


(4) 


2^ = — 3 ± 57 


(5) 


2^=54, or —60 


(6) 


X s = 27, or —30 


•(7) 


x = 3, or ^—30 


(8) 


^ VERIFICATION. 




729 + 3 X 27 = 810 


(1) 


900 + 3 (— 30) = 810 


(2) 



FIRST OPERATION. 






**+!.= 


:5 




(1) 


** + 4 = 


5x 2 




(2) 


x *_$ x * = 


:— 4 




(3) 


^—5^4-^=: 


i 




(4) 


x*— £ = 


= ±5 




(5) 


x* = 


: 4, or 1 




(6) 


X = 


: ±2, or 


±1 


V) 



SECOND OPERATION. 




x» + 4x-* = 5 


(1) 


.«_j_4_j_4a;-* = 9 


(2) 


X -|- 2 x" 1 = ± 3 


(3) 


x* + 2 = ±3x 


(*) 


ar 8 T3a: = — 2 


(5) 


««T3x + | = i 


(6) 


x=FJ=±*' 


(») 


*= ±f ± i 


(8) 


x = ±2,or±l 


.(») 



254 ELEMENTARY ALGEBRA. 

square root, transposing and uniting terms, we obtain the value of z* 
in equation (6). Extracting the square root again, we have the value 
of x in equation (7). 

As x* and 4aT* are both 
positive squares, and the let- 
ters cancel each other when 
those terms or their roots are 
multiplied together, we may 
complete the square by sup- 
plying the middle term, which 
must be twice the product of 
the square roots of z* and 
4af~*, or 4. Extracting the 
square root, we have (8). 
Multiplying by x to remove 
the negative exponent (Art. 153, Note 3), we find that the equation 
becomes an affected quadratic, instead of a pure quadratic. Solving 
equation (5), we obtain the same results as by the other process. 

3. Given x K — 9a^ + 20==0, to find the values of x. 

Ans. x— ±\/5, or ±2. 

4. Given x*— 35 2* + 216 = 0, to find the values of x. 

Ans. x = 3, or 2. 

5. Given 5 a* — 90 a* — 270 = 945, to find the values 
of x. Ans. x = 3, or fy — 9. 

6. Given x 10 + 31 x 5 = 32, to find the values of x. 

Ans. x = 1, or — 2. 

7. Given x 2 * — 4a^ = 10, to find the values of x. 

i 

Ans. ar=.(2± */14)-- 

8. Given a? + 1225 or 3 = 74, to find the values of x. 

Ans. x = ± 7, or ±5. 

277,* Radical Equations sometimes . take the quadratic 
form, and reduce to pure equations. 

Explain the first and second operations of Example 1. 
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"Note. Some of the following equations may be changed to true quad- 
ratics by removing the radicals, as has heretofore been done (Art* 274). 
It is intended, however, that they should be solved by the quadratic form, 
and not as true quadratics. 

1. Given a? + 2 Vie = 15, to find the values of a?. 

operation. Th e exponent of the first 

__ term is 1, or } f and that of the 

x +_ 2 V* = 15 ( X ) second is£,for 2^—2**; 

* + 2\/a? + 1 = 16 (2) }, ence tn e equation has the 

s/x + 1_= ± 4: (3) quadratic form. Completing 

*/x = 3, or — 5 (4) the square by the first meth- 

x = 9, or 25 (5) od, and extracting the square 

root, we obtain (3) ; trans- 

VERIFICATION. 



9 + 2 X 3 = 15 
25 + 2 (—5) = 15 



(1) 
(2) 



posing and uniting, we have 
(4) ; and squaring both mem- 
bers, we have (5) . 

In verifying these values, 
we find that 9 is limited to the positive square root, while 25 is limited 
to the negative square root, as those roots only- will satisfy the equa- 
tion. It will be seen that (+ 3)* and (— 5) a are, then, the real roots 
of the equation, as we might infer from the origin of 9 and 25, equa- 
tion (4). 

2. Given 3 x 2 +tc* = 3104 a:*, to find the values of x. 

OPERATION. Dividing both members of 

7 i the equation by a;*, we ob- 

3 x 2 + a* = 3104 x* (1) tain (2), which is in the 



3 a: 1 



+ x* = 3104 



36 x% + 12 x* = 37248 

36 a:* + 12 a?* + 1 = 37249 

6x* + l = ±193 

6** =192,' or —194 



(2) 
(3) 
(4) 
(5) 



J 



= 32, or - ¥ CO 



x*= 2, or (— V)' 
* = 64, or (— ¥)' 



quadratic form, because the 
exponent -| is twice as great 
as the exponent £, and x* 
is therefore the square of x*. 
Multiplying by 4 X 3> or 12, 
/g\ adding 1, the square of the 
coefficient of a:*, extracting 
the square root, transposing, 
(°) uniting, and dividing by 6, 
(9) we obtain the value of x* 



Explain the operation of Example 1. Of Example 2. 
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in equation (7). Extracting the fifth root of both sides of the equa- 
tion, we obtain (8) ; and raising both sides to the sixth power, we 
obtain the values of x in equation (9). 

As we extract the corresponding root to remove the numerator 
of the exponent of a:, and raise to a corresponding power to remove 
its denominator, the effect is the same as if we at once transfer the 
exponent of x to the second member by inverting it. 

Note. It may be well to state in connection the three ways in which 
a quantity may be transferred from one member of an equation to the 
other, corresponding with the three changes of addition or subtraction 
(Art. 38, Ax. 1, 2), multiplication or division (Ax. 3, 4), and involution 
or evolution (Ax. 8). 

1. Any term may be transposed from one member of an equation to 
the other by changing its sign, that is, the sign of its coefficient. 

2. A factor of either member of an equation may be transposed to the 
other member by changing Hie sign of its exponent. 

3. An exponent of either member of an equation may be transferred to 
the other member by inverting it. 

It will be seen that the factor and exponent must belong to the whole 
member, not to a single term only, nor, in the case of the exponent, to a 
single factor only. 

3. Given x + 4\Ae = 21, to find the values of x. 

s ' ' Ans. x = 9, or 49. 

4. Given x" 1 -f- x~* = 6, to find the values of x. 

Ans. x = £, or £. 

5. Given x* -f- 10 ar = 1T1, to find the values of x. 

Ans. x = 27, or (— 19)i 

6 Given 5y"+y* = 22, to find the values of y. 



Ans. y = 16, or (— ~ J . 



7. Given ^/a?-f-^/o^ = 6, to find the values of x. 

Ans. x = 32, or — 243. 

How may an exponent be transferred from one member of an equation 
to the other? 



QUADRATIC EQUATIONS. 257 

I 2 

8. Given a:» — x» -|- 2 _ = 0, to find the values of a:, 

Ans. x = 2 n , or (—1)". 

n 

9. Given sc* -}- /> x* = g, to find the values of x. 

l 

Ans. x=(—ip±*/q + tf) n . 

Given <S x 5 — 3 x = 40 x *, to find the values of #. 



10. 



2 

Ans. x = 4, or ( — 5) . 



278* Polynomials may sometimes take the place of the 
unknown quantity, as the basis of the quadratic form. 
These polynomials may have the exponents 2 and 1, or 
4hey may have higher or fractional exponents, bearing the 
same ratio. 

Note. Most of the equations which belong to this class mast also be 
considered either higher or radical equations. The first Note found in the 
last Article will apply to the latter. 



1. Given x — ^x-\-& = l, to find the values of a:. 

OPERATION. 



x — ^ x + 5 = 1 (1) 

x + 5 — V^+~5 = 6 (2) 

(* + 5 )-(.r + 5)* = 6 (3) 

(* + 5)-(* + 5)* + i = ¥ (4) 

(* + 5)*-J=±* (5) 

(* + 5)* = 3, or —2 (6) 

x + 5 = 9, or 4 (T) 

x = 4, or — 1 (8) 

VERIFICATION. 

4-3 = 1 (1) 

_l-(-2) = l (2) 

We first add 5 to both members of the equation, in order that 

we may make the quantity without the radical the same as that 
within. The equation then assumes the quadratic form, (x -f~ 5) 
22* 



<*-6)i 
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being its basis, instead of x. The coefficient of (x + 5)* is 1, and 
we therefore add (£) s to both members to complete the square. 
Extracting the square root, transposing, and uniting, we find the 
value of (x -|- 5)* in equation (6). Squaring, and transposing 5, 
we have the value of x. 

In verifying these values of jc, we are obliged to take the positive 
root of x -\- 5 when x = 4, but the negative root when x = — 1, 
as these only will satisfy the equation. 

2. Given (x — 5) 8 — 3 (x — by = 40, to find the values 
of x. ' 

OPERATION. . 

(* _ 5) s — 3 (x — 5)* = 40 (1) 

f={x — 5)», andy=(*-6)* (2) 

<? — 3y = 40 (3) 

y = 8, or —5 (4) 

8, or— 5 (6) 

a— 5 = 4, or (—5)* (6) 

x=9, or5 + (— 5)* (T) 

x = 9, or 5 + ^/26" (8) 

This equation is of the quadratic form, because the exponent 3 
is twice as great as f . We may carry through the solution without 
any change of letters, as in the last example ; or we may substitute 
y* for (x — 5)*, and y for (x — 5)*, when equation (1) becomes (3). 
This last equation, solved by either of the rules for quadratics, gives 
(4), or, replacing the value of y, (5), which readily reduces to (7) 
or (8). 

3. Given (a: — l) a — a? = — £, to find the values of x. 

Ans. x = 2±, or £. 

Note. The above equation, by adding 1 to both members, assumes 
the form (x — l) 2 — (x — 1) = |, and may thus be solved. It will be 
seen, however, that the given equation can be readily reduced to a com- 
mon quadratic by expanding (x — 1 ) 2 and uniting 'terms, as in the Ex- 
amples of Art. 274. 

" ■ » — - — ■ ' • • 

Explain the first operation. The second. 
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4. Given (y 2 — 4y) a — 6 (y 2 — 4y) + 5 = 0, to find_the 
values of y. Ans. y = 5, or — 1, or 2 ± \/ 5. 

5. Given a 2 — 2 a? + 6 V* 2 — 2ar + 5 = 11, to find_the 
values of x. Ans. ar = 1, or 1 ± 2 */ 15. 

6. Given \/* + 2 + 2^a:4-2 = 8, to find the values, 
of x. Ans. x = 14, pr 254. 

e- T. Given (a* + 7)* + 2 (a? + 7)* = 80, to find the real 
values of a?. Ans. x= ±5. 

8. Given (a: — 3) 4 + 4 (* — 3) 9 = 117, to find the val- 
ues of x. Ans. x = 6, or 0, or 3±\/ — 13. 

9. Given a/z-\- 12 -f- ^s+12 = 6, to find the values 
of s. Ans. z = 4, or 69. 



SIMULTANEOUS EQUATIONS INVOLVING QUAD- 
RATICS. 

279# The Degree of an equation containing more than 
one unknown quantity is indicated by the highest sum of 
the exponents of the unknown quantities contained in any 
one of its terms. (Art. 145.) Thus, 

5a:y-f"2# + 3y_43 j g Q ^ ^ e second degree, 

and ax*y-\-&xy — c A is of the third degree. 

280# A Homogeneous Equation is one whose terms, ex- 
cept those which contain only known quantities, are ho- 
mogeneous with respect to the unknown quantities. (Art. 
30.) Thus, the equations v 

5a;y-|-2a j2 -f-3# 2 = 65, an( * ax*y-\-bxtf = c 4 , 
are homogeneous, for in each equation the sum of the ex- 
ponents of the unknown quantities is the same in every 
term which contains ian unknown quantity. 

How is the degree of an equation containing more than one unknown 
quantity indicated 1 Define a Homogeneous Equation. 
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281. A Symmetrical Equation is one in which the ur* 
known quantities are similarly involved. Thus, the equa- 
tions 

3*V=108 * + |=^, and x*+y*+xy—2x—2y=9, 

y x *> 

are symmetrical ; for in each of the equations x and y are 
affected by the same coefficients and exponents, and per- 
form the same office. 

Note. Many equations are both homogeneous and symmetrical ; as 
3a? + 3f = 39, or x 2 + xy + f = 6*. 

282* In general, two quadratic equations containing two 
unknown quantities will produce an equation of the fourth 
degree after elimination. The rules for quadratics are not, 
therefore, sufficient to solve aU simultaneous equations of 
the second degree. Most of those which are capable of 
solution by means of rules already given may be included 
in three cases : — 

I. When one equation is of the first degree and the 
other of the second. 

II. When both equations are homogeneous and of the 
second degree. 

III. When the equations are symmetrical. 

CASE I. 

283. When one equation is of the first degree and 
the other of the second. 

Equations belonging to this class can always be- solved. 
It is usually most convenient to find an expression for 

Define a Symmetrical Equation. Are the rales for quadratics suffi- 
cient to solve all simultaneous equations of the second degree? What 
ones can be solved ? How are equations belonging to Case L usually 
solved ? 



QUADRATIC EQUATIONS. 261 

the value of one of the unknown quantities in the simple 
equation, and eliminate by substitution. Examples have 
already been given in which a pure equation is thus ob- 
tained. (Art. 265.) 

Examples. 

1. Given 5 (a? — ar) + 3a;y — 2 f = 10, and 2*7 + ^=7, 
to find the values of x and y. 

OPERATION. 

5(^ — x) + 3 xy — 2tf = 10 (1) 

2* + y= 1 (2) 

From (2), y=T — 2 a; (3) 

Subs, in (1), b(x* — ar) + 3ar(T — 2*) — 2(1 — 2x) 2 =10(4) 
Expanding, 5a 2 — 5a; +21a:— 6 a?— 98 + 56 x— 8a?=10 (5) 
Uniting terms, — 9 x* + 12 x = 108 (6) 

Dividing by — 9, X 2 —Sx = — 12 (T) 

Completing square, a? — 8 x + 16 = 4 (8) 

Evolving, x — 4 == ± 2 (9) 

Whence, x — 6, or 2 

Substituting in (3), y = T — 12, or 1 — 4 

Whence, y= — 5, or 3 

VERIFICATION. 

First set of i 150 — 90 — 50 = 10 (1) 

values, ( 12 — .5 = 1 (2) 

Second set of | 10 + 18 — 18 = 10 (1) 

values, ( 4+ 3= 1 (2) 

It will be observed that the values of x and y must be taken 
in the same order; that is, when x — 6, y= — 5; and when 

Explain the operation. 
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2. Given x + y=1, and a^-f-2y 2 = 34, to find the 
values of x and y. f x = 4, or — . 

Ans. i ' * 

{y = 3, or -. 

3. Given « — ?-7^ = 4, andy — ^±~? = 1, to find 

the values of x and y. * ( x = 2, or 5. 

( y = 6, or 3. 

4. Given *-f 4y = 23, and 2* -f 3 * y = 54, to find 
the values of x and y. * t ar = 3, or — T2. 

(y=5, or V- 

5. Given 49 x* = 36 y 2 , and x (2 a + £) -}- 3 *y 
— y (6y+^) + 128 = 0, to find the values of x and y. 

#=6, or — 8. 
y=T, or — 3£. 

Note. It is evident that one of the equations can be readily reduced 
to a simple one. 



CASE n. 

284# When both equations are homogeneous and of 
the second degree. 

Equations belonging to this class can always be solved. 
It is usually most convenient to substitute for one of the 
unknown quantities the product of the other by a third 
unknown quantity. 

Examples. 

1. Given 2f — ±xy + 3x* = 17, and y* — x 2 =l6, 
to find the values of x and y. 

How are equations belonging to Case II. usually solved? 
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OPERATION. 

2y 2 — ± X y + 3x 2 z=17 (1) 

y 2 — ar 2 =16 (2) 

Let y = vx (3) 

Subs, in (1), 2v 2 x 2 — 4vx 2 + 3x 2 =17 (4) 

Subs, in (2), v 2 x 2 — x 2 = 1 6 (5) 

From (5), * 2 =^ < 7 > ' 

Hence, »*JI. + a =y=T (8) 

Clearing of fractions, 17 tr 1 — 17 = 32 v 2 — 64 v + 48 (9) 

Tr. and uniting, — 15 v 2 rf- 64 v = 65 (10) 

Dividing by — 15, v a _ f J v = — f £ (11) 

Whence, *=V> or $ 

Substituting in (7), a; 2 = 16 — 16 



>orr 



Reducing, gS—^ or g 

Evolving, x = ± f , or ± 3 

Substituting in (3), y = db 5 X V>> or ± 3 X S 

Reducing, y = ±y, or ± 5 

2. Given y 2 — x 2 =3, and y 2 — 2 xy -f 2a? 2 = 2, to find 
the values of x and y. 

Ans. |*=± 1 »«±*ve; 

(y = ±2f or±£v5. 
^3. Given x 2 + 3xy — y 2 = 27, and 8 a-»+2»y=63, to 
find the values of x and y. 

Ans. j* = ± 3 > or ±t*V23: 
(y = ±6,or±ftv f 2S; 
Note. If either x or y be directly eliminated from such equations as the 
above, the result will be a biquadratic equation in ihe quadratic form. 
(Art. 275.) Two homogeneous quadratic equations, containing two un- 
known quantities, may therefore be solved in that manner, without the aid 
of a third unknown quantity. 



Explain the operation. What method of solving homogeneous equa- 
tions is mentioned in the Note ? 
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It will be teen that the square root must be taken twice, whatever the 
method used, and that each unknown quantity most have four values, 
two of which differ only in their signs. (Art 263.) 

CASE m. 

285. When the equations are symmetrical. 

It is often convenient to combine and simplify quad* 
ratic and higher equations belonging to this class, before 
attempting to eliminate either unknown quantity. The 
proper application of the various expedients employed 
must be learned by experience, as the details vary with 
each new class of examples. The student must be thor- 
oughly conversant with the forms of the powers of bino- 
mials, the principles of factoring, and especially with the 
relations existing between the sum, difference, and prod- 
uct of two quantities. 

Examples. 



1. Given x -f- y = 1, 


and x y = 12, to find the values 


of x and y. 


OPEBATION. 






* + y= T 


(1) 




xy=12* 


(2) 


Squaring (1), 


* 2 + 2*y + 2 = 49 


(3) 


Multiplying (2) by 4, 


4txy =48 


(*) 


Subtracting (4) from (3), 


x* — 2xy+tf=z 1 


(5) 


Evolving, 


x — y=±l 


(6) 


Equation (1), 


x + y= T 




Adding (6) and (1), 


2 a; = 8, or 6 




Whence, 


x = 4,or 3 




Subtracting (6) from (1), 


2y=6,or8 




Whence, 


y=3,or 4 





What is said of the number of roots of homogeneous equations ? What 
is«eaid of the methods of solvfhg equations under Case III. 1 Explain 
the operation. 
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Many complicated equations reduce to the sum and product of 
the two unknown quantities. After reaching that point, the work 
may conform to the above. It is evident, however, that such equa- 
tions as the above belong under Case I. as well as Case III., and 
may therefore be solved by eliminating one of the unknown quan- 
tities from the original equations by substitution. 

It must not be inferred that x and y are equal to each other; 
for when x = 4, y ■= 3, and when x = 3, y = 4. Whenever two 
simultaneous equations are ~ symmetrical in their signs, as well as 
in other respects, it is evident that the letters may be exchanged 
without affecting the equation ; hence the values of the letters must 
be interchangeable, and when the two values of one letter are found, 
the same values may be assigned to the other letter, the order 
being reversed. 

2. Given ar 8 + # 2 = 25, and x y = 12, to find the val- 
ues of x and y. 

OPERATION. 

a* + ^ = 25 (1) 

*y=12 (2) 

Multiplying (2) by 2, . 2 x y = 24 (8) 

Adding (1) and (3), ** + 2*^ + ^ = 49 (4) 

Subtracting (3) from (1), x*— 2xy-\-tf = 1 (5) 

Extracting square root of (4), x -\-y = ±1 (6) 

Extracting square root of (5), x — y = ± 1 (7) 

Adding (6) and (*),* 2x — ±8, or ±6 

Subtracting (T) from (6), 2 y = ±6, or ±8 

Whence, x = ±4, or ±3 

Also, y = ±3, or ±4 

It is evident that the above Example might be classed under 
Case II. as well as under Case III.; but the method here adopted 
gives a simpler solution. 

3. Given X s - — y* = 19, and x 2 y — x ^ = 6, to find the 
values of x and y. 

By what other method might the equations be solved? What is said 
of the relative values of x and y in such equations ? Explain the second 
operation. By what ofeher method might Example 2 be solved? 
23 
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OPERATION. 



*» — y»=19 (1) 

x*y — xy* = 6 (2) 



Multiplying (2) by 3, 3 ** y — 3 x y 2 = 1 8 (3) 

Subtr. (3) from (1), x* — 3x*y + Zxf—t/ i = 1 (4) 

Extr. cube root of (4), x — y — 1 (5) 

Dividing (2) by (5), xy = 6 (6) 

Squaring (5), a J_2*y + y 8 = 1 (7) 

Multiplying (6) by 4, 4 x y =24 (8) 

Adding (7) and (8), a» + 2* y + y 2 = 25 (9) 

Extr. square root of (9), x-\-y — ±5 (10) 

Equation (5), . x — y— 1 

Adding (5) and (10), 2 x = 6, or — 4 

Whence, a? = 3, or — 2 

Subtracting (5) from (10), 2 y = 4, or — 6 

Whence, y = 2, or — 3 

As the original equations are not symmetrical in their signs, the 
values of x and y are not interchangeable. 

4. Given x -f- y = 4, and ar 1 + y" 1 = 1, to find the val- 
ues of x and y. . ( a: = 2. 

(y = 2. 

Note. Remove negative exponents, apply Axiom 7, and solve like 
Example 1. 

5. Given ar^-j-y 3 = 65, and a? + y = 5> to find the val- 
ues of x and y. * j x = 4, or 1 . 

( y = 1, or 4. 

Note. Divide one equation by the other (Art. 87), and square the 
second. 

/ 6. Given -+^ = 9, and x + y = 6, to find the val- 

ues of a? and y. * ( a: = 4, or 2. 

( y = 2, or 4. 

Explain the third operation. Why are not the values of the two un- 
known quantities interchangeable? 
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J 1. Given tf' + ar'yS + y 4 = 931, and a*-f xy -fy 2 = 49, 

to find the values of a? and y. 

Ans. |*=±5.°r±8- 
(y = ±3, or ±5. 

Note. Divide one equation by the other. 

8. Given x-\-y = 61, and x* -\- y * = 11, to find the 
/values of x and y. * ( x = 36, or 25. 

( y z= 25, or 36. 

Substitute » for a;*, and 2 for y% and the equations will become 
y* -(- 2 s = 61 and i; -f- z = 11 ; from which the values of v and z, 
and consequently of x and y, are readily found. Or, 

Subtract a; -f- y = 61 from the square of x* -|- y* = 11, and 
square the result. 

286. Sometimes one of the given equations, or some 
combination of the two given equations, takes the quad- 
ratic form, an expression containing both unknown quan- 
tities being the basis. (Arts. 2T6-2T8.) 

/jL. Given x 2 -\-y* -\-x y — 2a? — 2 y = 9, and x y = 6, 
to find the values of x and y. * ( x = 3, or 2. 

\y = 2, or 3. 

After adding the second equation to the first, their sum may be 
put in the quadratic form, thus: 

(* + Vf — 2 (* + V) = in- 
completing the square, evolving, and reducing, we obtain 
x -f y = 5, or — 3 ; 

but as the latter value produces imaginary results, we use onlj 
the former.. 

2. Given 4xy= 96 — a^y 2 , and x-\-y=z6, to find the 
/values of x and y. » j ar = 4, or 2, or 3 ±\/21. 

( y = 2, or 4, or 3 =F\/^1. 

How may an equation containing two unknown quantities take the 
quadratic form ? 
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Note. The signs ± and ^, if used independently, would have the same 
signification.; bat when taken in connection, one is the reverse of the 
other. When x takes the upper sign, or +, y mnst also take the upper 
sign, or — ; and when x takes the lower sign, or — , y must also take 
the lower sign, or +; that is, x and y most always take opposite signs. 

In the coarse of the operation, the sign ± is changed to :f whenever 
+ would be changed to — . 

2& 4 x 85 

"^"3. Given -j -\ = — , and x — y = 2, to find the val- 

y* ~ y 9 9 

ues of x and y. 

Ans. 



K 17 

x = 5, or -. 
y = 3,or-A. 



287# Two equations, neither of which is strictly sym- 
metrical in itself, may sometimes produce a symmetrical 
equation when properly combined. 

Two equations which are not symmetrical in respect to 
the unknown quantities themselves, may be symmetrical 
in respect to some multiple or power of those unknown 
quantities; that is, the same multiple or power is the 
basis of the forms found in both equations. 

Sometimes it is convenient to obtain one simple equa- 
tion by means of the expedients used in Case III., and 
then complete the solution as in Case I. 

1. Given x*-\-xy — §§ 9 and tp -\- x y = 84, to find the 
values of x and y. . jai=±5. 

n ' iy=±f 

Add the two equations, and the result is symmetrical. Extract 
the square root of the sum, and divide each equation by the result 

2. Given a? + 9^ =52, and # + 3y= 10, to find the 
values of x and y. * ( x = 6, or 4. 

I V — #, or 2. 
These equations are symmetrical in respect to x and By. By 
substituting z for 3 y, each equation will become strictly symmetri- 
cal, and the values of x and z will be interchangeable. 

How may equations not strictly symmetrical be brought under Case III. 1 
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5. Given ar*-|-y* = f, and x* y = 144, to find the val- 
ues of x and y. Ang ( x = ±8, or ±3\/~3. 

( y = 9, or 16. 

Substituting v for or, and 2 for y% the equations become 
t; -f- z = 7, and t^ z* = 144, from which the values of v and z are 
readily obtained. Replacing ar and y*, the values of x and y are 
found. 

After going through the operation as above, the student may take 
precisely the same steps, and find the values of ar and y* without 
the use of v and 2. 

Note, x = ( 7 ± /* 7 ) and y = (^^) 2 may also be obtained 
from the equations last given. 

4. Given x* -f- 3 xy = 54, and ccy + 4 y 9 = 115, to find 

the values of a: and y. [ x = ±3, or ±$1 

Ans. ) 23 

(y = ±5, or Ty 

Add the two equations together, and the result is a perfect 
square. 

288t The following equations are to be solved by either 
of the methods already explained. As has already been 
shown, many of those which come under Case III. may 
also be classed under one of the first two Cases. Several 
solutions of the same set of equations are often possible, 
and the student should therefore seek to obtain the best. 



Examples. 
1. Given j- 2 -y 2 = 24) ^ j*=5. 

a ± y/a« — 4 b 

x ~ A ' 



a :r i/a* — 4 b 



23* 
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3. Given x „T y „ =a • Ans. 



a ± y/2c- 


-a 2 


2 


-a* 



(a: +y =a) 
{«■ + ,»=«} 

4. Given i x + Jr 1 == !j. Ans. j*=}' 

5. Given K + ^ = fj. Ans. {'=*; w } 

I x- 1 + y 1 = 1 ) ( y = 3, or £. 



6. Given j** - ^~ J }. Ans. 
{a — y =2) 



a:=2, or 0. 
y = 0, or —2. 



**Giveni* 4 + ^ = 82 Q |. Ans. | «= ±«' 
7 ( xy= 3 J (y=±l, 

Notb. There are also the same number of imaginary roots. 



= ±3, or ±1. 
or ±3. 



8. Given j *-J^ J (•*-**) | . 

* ( y = 9, or 25. 

a: + y = ?2 ) Ang (*=64, or 8. 

x* -|- y* = 6 I ' ' ( y = 8, or 64, 



9. Given 



ia «• { x A- y : x — y :: 13 : 5 

10. Given \ ^* 3 

{ f + x = 25 

Ans. j*=9, or-14A. \ 
|y = 4, or— 6±. N 

11. Given * * + 4 * = !J 

U« — 2y + y a =ll 

. Ans. {^=2, or-46. 
( y = 3, or 15. 

12. Given i o * + ?* = ? j. 

(x 8 — 3a;y + 3y s =7 J 

-. J 

y = 2, or 1 



Ans. i x=1 ' or 4 - 



13. Given 
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-£}■ h;= 



*°-4 y ' = 9 1 Anfl j*=±5. 



14. Given \ a: : + ^+ I 2 ^I=; 4 j 



_-C Ans i x = ±3 ' 0r :p8 - 

15. Given! " + !< = ? 
a: y + 2 a: = 4 



tv .- ■ 



Ans J a! =± 1 ' or ±*^: 

^V-:/- ! (/= ±2. or TiV2. 



16. Given j *° + ^ + « +' = 18 

Ans |^= 3 ; or 2, or — 3 ±V3. 
( y = 2, or 3, or — 3 ^ \/3. 

/ "* 

THEORY OF QUADRATIC EQUATIONS. 

289t* Every complete quadratic equation may be re- 
duced to the form a? + p x = q, 



whose roots are 



1+vA+f 



and — Z — Jq+t. (Art. 269, Ex. 5.) 

It is evident that the sum of these roots is — p, and 
their product is j- — lq-\- ^\ = — q. 
Hence, when the coefficient of the first term is unity, 

1. The algebraic sum of the two roots of a quadratic equa- 
tion is equal to the coefficient of the second term, with its sign 
changed. 

2. The product of the two roots is equal to the second mem- 
ber, with its sign changed. 

What relation exists between the roots of a quadratic equation and 
the coefficient of the second term ? Between the roots and the second 
member ? 
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290** Using r and r 1 for the two roots of the quadratic 
equation x* + P x — 9 = ®» 

we have x = r, and x=. r 1 , 

or, x — r = 0, and x — r 1 = 0. 

Multiplying the last two expressions together, 
(x — r)(x — r<) = 0, 

or, jc* — (r -}- r 7 ) a: -j- r r 1 = 0. 

But, by Art. 289, r + r* = —p, and rr' = — q; 

hence, x*-{-px — q = (x — r) (x — r') = 0. 

That is, 

If all the terms of a quadratic equation be transposed to the 
first member, it may be resolved into the two binomial factors 
formed by subtracting each of the two roots of the equation 
from the unknown quantity. 

Examples, 

1. Resolve x* — 4a?-|- 3 = into binomial factors. 

Ans. (x — 3) (x — 1) = 0. 
A solution of the equation gives 3 and 1 as the roots. 

2. Resolve x* — ^ — £ = into binomial factors. 

Ans. (*— *)(* + *) =0. 

3. Resolve x* — *l x-\-12 = into binomial factors. 

4. Resolve a?* -J- 6 a: -f- 8 = into binomial factors. 

291.* The principle established in the last Article fur- 
nishes a method of resolving into factors any trinomial 
which contains the first and second powers of a letter or 
quantity. (Art. 90.) Such a trinomial is called a quad- 
ratic expression. 

Examples. 

1. Resolve x* — 5 x -|- 6 into binomial factors. 

Ans. (x— S)(x — 2.) 

How may a quadratic equation be factored* What is a quadratic ex* 
pression ? 
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Although this trinomial may have any value whatever, yet we 
find its factors by supposing it equal to 0, and obtaining the roots 
of the equation thus produced. The factors of the trinomial will re- 
main the same, whatever the values of x, and of the trinomial. 

2. Resolve x 2 — — — $ into binomial factors. 

Ans. (x — i)(x + t ). 

3. Resolve x*-{-3x — 28 into binomial factors. 

4. Resolve z 2 + 18 z -j- 80 into binomial factors. 

Note. The. factors will be irrational or imaginary whenever the roots 
of the assumed equation are of that nature. 

FORMATION OF EQUATIONS. 

292* The principle established in Art. 290 also fur- 
nishes a method of forming a quadratic equation which 
shall have any two given roots. 

RULE. 

Subtract each of the given roots from the unknown quantity, 
and place the product of the two binomial factors equal to 0. 

Examples. 

1. What is the equation whose roots are 1 and — 2? 

OPERATION. 

(x — 1) (x + 2) =^ + a: — 2 = 
Or, x*-{-x = 2 

2. What is the equation whose roots are 4 and 5? 

Ans. x 2 —9x = — 20. 

8. What is the equation whose roots are 6 and 7 ? 

How may a quadratic expression be factored ? When will the factors 
be irrational or imaginary ? Repeat the Rule for forming an equation 
haying any two given roots. Explain the operation. 
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4. Form an equation whose roots shall be — 1 and — 2 

Ans. x*-{-Sx = —2. 

5. Form an equation whose roots shall be 20 and — 30. 

Ans. a 2 +10 a; = 600. 

6. Form an equation whoscf roots shall be 1£ and — 2|. 

Ans. 10 x>-\-l3x = 42. 

Y. Required the equation whose roots are a and b. 

Ans. x* — (a -f- b) x = — ab. 
8. Required the equation whose roots are m-\-n and 
m — n. Ans. x* — 2mx = n* — ro 2 . 

Note. Most of the foregoing principles might be extended, with suit- 
able modifications, to equations of a higher degree than the second. In 
general, the number of roots, and consequently of binomial factors, will 
correspond with the degree of the equation. 

DISCUSSION OF THE GENERAL EQUATION. 

293* If q = 0, in the general equation x*-\^p x = q, 
the roots will become — ^ ± - , or — p and 0, and the 

equation may be considered a simple one. (Art. 269, Ex. 
19, Note.) 

If p = 0, the term p x disappears, the roots become 
-\-\/q and — \/ q, and the equation is found to be a 
pure quadratic. Hence the principles stated in Arts. 289, 
290, and 292 may be applied to both pure and affected 
quadratic equations. 

294,* The values of p and q in the general equation may 
be either positive or negative. If those letters be consid- 
ered essentially positive, and the signs be expressed, we 
shall have four forms. 

x> + px = q , «r = — f ± y/fi' + |'; (1) 

If q = o, what will be the effect on the general equation 1 What is 
said of pure quadratic equations ? What are the four forms ? 
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a*-px = q, *=£±y/?+J; (2) 

2* + px = -q, x = —£±^-q+£) (3) 

*»-px = -q, * = £±^/_0+£. (4) 

295 t * As q is positive in the first and second forms, 
and negative in the third and fourth, the roots must have 
different signs in the first two forms, and the same sign 
in the last two. (Art. 289.) Moreover, since ^ must be 



numerically greater than 4 / — q -j- j, the signs of the 
roots in the last two forms must be controlled by the 
sign of ^. Hence, 

1. In the first and second forms, one root is positive and 
the other negative. 

2. In the third form, both roots are negative. 

3. In the fourth form, both roots are positive. 

296* It is evident that the quantities under the radical 
sign of the roots in the first two forms can never be neg- 
ative, and that they can be negative in the last two forms 
only when J — is numerically less than q. Hence, 

1. In the first and second forms, both roots are always real. 

2. In the third and fourth forms, both roots are imaginary 
when the square of half the coefficient of x. is numerically less 
than the second member; otherwise they are real. 

297* It is evident that the radical portion of the roots 

can never become in the first two forms ; but if j- = q, 

.What will be the signs of the roots in each form? When will the 
roots be real, and when imaginary? 
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the radical portion will become in the last two forms, 
and both roots will be — \, or \. Hence, 

1. In the first and second forms, the two roots are always 
numerically unequal. 

2. In the third and fourth forms, the two roots are equal 
when the square of half the coefficient of x is numerically 
equal to the second member ; otherwise they are unequal 

Note. Examples to illustrate the foregoing principles, as well as a 
statement of some of the principles themselves, may be found in Art. 269. 



PROBLEMS 
LEADING TO AFFECTED QUADRATIC EQUATIONS. 

298.* The general principles involved in stating prob- 
lems leading to quadratic equations are the same as those 
which have already been given in connection with simple 
equations. 

The principles established in the Discussion of Prob- 
lems (Arts. 1*79-184) are also equally applicable here; 
but we must note certain peculiarities, arising from the 
facts that every quadratic equation has two roots, and that 
those roots are sometimes imaginary. 

'1. The positive root of the equation is usually the true 
answer to the given problem. If there are two positive 
roots, there may be two answers to the problem, either 
of which conforms to the given conditions. 

2. A negative result is sometimes the answer to an- 
other analogous problem, formed by attributing to the 
unknown quantity a quality directly opposite to that 
which has been attributed to it. As the algebraic mode 

When will the roots be unequal, and when equal? What is said of 
the statement of problems leading to quadratic equations ? What of the 
interpretation of results? 
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of expression is more general than ordinary language, 
the same equation often represents two analogous prob- 
lems in this manner. 

/'%. An imaginary result shows that the problem is an 
impossible one. 

299. Some of the following problems require the use 
of but a single unknown quantity, others require the 
use of two, and others still may be solved by either 
method. 

Some problems may also lead to either pure or affected 
quadratic equations, according to the notation assumed. 

PROBLEMS. 

A. A man fcuys a watch, which he sells again for $ 24, 
and finds that he loses as much per cent as the watch 
cost ; required the price of the watch. 

SOLUTION. 

Let x = the price in dollars. 

Then x = the loss per cent, 

X X* 

and — X * = — = his whole loss. 

Therefore, — = x — 24 

Or, x* — 100a; = —2400 

Completing square, a 2 — lOOar + 2500 = 100 
Whence, x — 50 = ± 10 

And, x = 60, or 40 

The price was either $ 60 or $ 40, for each of these values satisfies 
all the conditions of the problem. 

2. What number is that which exceeds the square of 
its fourth part by 3 ? Ans. 12, or 4. 



/its 



What is said of the number of unknown quantities? Explain the 
solution of Problem 1. 



* 24 



/*• 
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3. Divide the number 10 into two parts whose product 
stall be 24. 

SOLUTION. 

Let x = one part, 

and 10 — x = the other part. 

Then, x (10 — x) = 24 

Or, x 2 — 10a: = —24 
Completing the square, x* — 10 x -f- 25 = 1 

Whence, a: — 5 = ± 1 

And x = 4, or 6 

Also, 10 — x = 6, or 4 

One part must be 4, and the other 6, and there is only one 
mode of dividing 10 so that the product of the two parts shall be 
24; but it is immaterial which part is 4, and which is 6. 

The same results may be obtained by the use of two unknown 
quantities, producing the symmetrical equations 
x -\- y bk 10, and a?y=24. 

4.* A person bought a certain number of sheep for $ 80 ; 
f f he had bought 4 more for the same sum, each sheep 
would have cost $ 1 less ; required the number of sheep, 
and the price of each. 

SOLUTION. 

Let x = the number of sheep. 

Then — = the price of each, 

80 

and "on = *^e price of each if he 

had bought 4 more. 

™ ^ 80 80 
Therefore, — t—j = * 

Or, 80 x = 80 (x + 4) — x* — 4 x 

Hence, a^ + 4ar = 320 

Completing square, x 2 + 4 x -\- 4 = 324 

Explain the solution of Problem 3. Problem 4. 



4 



* + 2= ±18* 




x = 16, or 


— 20 


80 

— = 5, or - 


-4 
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Whence, 

And 

Also, 

The negative results are not admissible, as answers to the above 
problem in its present form. (Art. 298.) The number of sheep 
was therefore 16, and the price of each $ 5. 

If, in the above problem, u bought " be changed to sold, " 4 more " to 
4 fewer, and " $ 1 less " to $ 1 more, 20 and 4 will be the true answers. 
It will be well for the pupil to interpret the negative results in the 
problems which follow, whenever an obvious interpretation occurs. 

5. Having sold a piece of goods for $ 56, I gained as 
much per cent as the whole cost me,. How much did it 
cost? Ans. $40. 

/6. A person bought a lot of chickens for 96 cents, 
which he sold again at 13£ cents a piece, and gained as 
much as one chicken cost him. What number did he 
buy? Ans. 8. 

f*l. A printer, reckoning the cost of printing a book at 
so much per page, made the whole book come to $80. 
It turned out, however, that the book contained 5 pages 
more than he reckoned, and an abatement also was made 
of 50 cents per page. He received $61.50. How many 
pages did the book contain? Ans. 45 pages. 

/ 8. A company at a tavern had $8.15 to pay; but, be- 
fore the bill was paid, two of them went away, when 
those who remained had, in consequence, 50 cents more 
to pay. How many persons were in the company at 
first? Ans. 7. 

9. A sum of $1000 has to be divided equally among a 
number of persons ; but two new claimants appearing, it 
is found that each person will receive $25 less than he 
expected. Required the original number of persons. 

Ans. 8. 

Interpret the negative results. 
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10. The plate of a looking-glass is 18 inches by 12, 
and it is to be surrounded by a plain frame of uniform 
width, having a surface equal to that of the glass. Re- 
quired the width of the frame. Ans. 3 inches. 

/ 11. Twenty persons contribute to send a donation of 
$ 48 to a benevolent society, one half of the whole being 
furnished in equal portions by the women, and the other 
half by the men ; but each man gives a dollar more than 
each woman. How many are there of each sex, and 
what does each person contribute? 

SOLUTION. 

Let x = number of women, 

and y = contribution of each in dollars. 

Also, 20 — x = number of men, 

and y -|— 1 = contribution of each in dollars. 

Then xy = whole contrib. by the women, 

and (20 — x) (y -f- 1) = whole contrib. by the men. 

Therefore, xy = 2± (1) 

Also, (20 — x) (y + 1) = 24 (2) 

From(l), y= 2 * (3) 

From (2), 20^ + 20 — xy — x = 24 (4) 

Subst. (3) in (4), 20 (^\ + 20 — 24 — x = 24 (5) 

Or, l^_ x = 28 (6) 

Clearing of fractions, x 2 -f- 28 x = 480 (T) 

Completing the square, x 2 -f- 28 x -f- 196 = 676 (8) 

Evolving, x + 14 = ± 26 (9) 

Whence, x = 12, or — 40 

And y= 2, or— $ 

Also > 20-,*= 8, or 60 

And -s » + l= SfOPf 



Explain the solution of Problem 11. 



QUADRATIC EQUATIONS. 281 

The negative values of x and y, although furnishing a solution 
of the equations, evidently do not belong to the problem, and no 
obvious interpretation occurs for them ; consequently, the positive 
values of x and y are the only admissible results. Therefore, the 
number of women is 12, contributing 2 dollars each, and the num- 
ber of men is 8, contributing 3 dollars each. 

/T2. It is required to divide the number 40 into two 
such parts, that the sum of their squares shall be 818. 

Ans. 23 and It. 
^13. Divide the number 60 into two such parts, that 
their product shall be to the sum of their squares in the 
ratio of 2 to 5. Ans. 20 and 40. 

The last two Problems, as well as some others, lead to pure 
quadratic equations, when we let x — y and x -\- y represent the 
numbers. 

14. The fore wheel of- a carriage makes 6 revolutions 
more than the hind wheel, in going 120 yards ; but it is 
found that, if the circumference of each wheel be in- 
creased one yard, it will make only 4 revolutions more 
than the hind wheel, in the same distance ; required the 
circumference of each wheel. 

SOLUTION. 

Let x = circumference of hind wheel in yards. 

and y = circumference of fore wheel in yards. 

120 
Then — = number of revolutions of hind wheel. 

x 

120 
and — = number of revolutions of fore wheel. 
_y 

. -^Therefore, by the Problem, ij? = — — 6 ( 1 ) 

Or, xy = 20x — 20 y (2) 

Also, by the Problem, -i?L = -1*L _ 4 (3) 

Explain the solution of Problem 14. 
24* 
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Therefore, 30 (y + 1) = (x + 1) (29 — y) (4) 

Or, 30y+ 30 = 29 * + 29 — xy — y (5) 

Transposing and uniting, xy = 29 x — 31 y — 1 (6) 

From (2) and (6),' 29 x — 31 y — 1 = 20 x — 20 y (7) 

Or, 9a?=lly+l (8) 

Therefore, x = — y ^ (9) 

Substituting (9) in (2), — ^±* = 2 -^+^? — 20 y (10) 

Reducing, 11^ + ^ = 40^ + 20 (11) 

Or, 11^ — 39^ = 20 (12) 

Whence, y = 4, or — & 

And ar = 5,or — $ 

The negative values of x and y being inadmissible, the circum- 
ference of the hind wheel is 5 yards, and that of the fore wheel is 
4 yards. 

If we take -fa for the fore wheel, and £ for the hind wheel, the 
hind wheel must make 6 revolutions more than the fore wheel ; and 
if each circumference be made equal to the difference between itself 
and unity, the fore wheel will make 4 revolutions more than the 
hind wheel. 

* 15. A merchant buys two bales of cloth, each contain- 
ing 80 yards, for $60. By selling the first at a gain of 
as much per cent as the second cost him per yard, in 
cents, and the second at a loss of as much per cent, he 
finds he has made a profit of $ 5 on the whole. Required 
the cost of each bale per yard. 

Ans. First, 50 cents ; second, 25 cents : or, first, 
62£ cts. ; second, 12£ cents. 

/1 6. There are two numbers whose sum multiplied by 
the greater gives 144, and whoBe difference multiplied by 
the less gives 14 ; what are the numbers ? 

Ans. 9 and 7. 

11. A merchant bought as many bushels of corn as 
cost him $60, and, after reserving for his own use 15 
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bushels, sold the remainder for $54, and gained 10 cents 
a bushel ; how many bushels did he buy ? 

Ans. 75 bushels. 
yl8. The sum of the digits of a certain number is 15 ; 
and if 31 be added to their product, the sum will be 
equal to the number with its digits transposed. What is 
the number? Ans. 78. 

^19. In a purse containing 8 coins of gold and silver, 
each gold coin is worth as many dollars as there are sil- 
ver coins, and each silver coin is worth as many cents 
as there are gold coins ; and the whole is worth $ 15.15. 
How many are there of each ? 

Ans. 3 gold coins and 5 silver coins ; or, 5 gold and 
3 silver. 

/20. What are eggs a dozen, when two more for twelve 
cents lowers the price one cent per dozen? 

Ans. 9 cents. 

. 21. A farmer has inclosed a rectangular piece of land, 
containing 1 acre and 32 square rods, with 88 panels of 
fence, each 4 yards long ; how many panels has he 
placed in each side of the rectangle ? 

Ans. 33 on one side, and 11 on the other. 

^22. There are four consecutive numbers, of which if 
the first two be taken for the digits of a number, that 
number is the product of the other two. What are the 
four numbers ? Ans. 5, 6, 7, 8 ; or 1, 2, 3, 4. 

•23. A student traveled on a coach 6 miles into the 
Country, and walked back at a rate 5 miles less per hour 
than that of the coach. He found that he was 50 min- 
utes more in returning than in going. What was the 
speed of the coach ? Ans. 9 miles per hour. 

24. A gentleman sent a lad into the market to buy 
12 cents' worth of peaches. The lad having eaten a 
couple, the gentleman paid at the rate of a cent for fif- 
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teen more than the market price. How many did the 
gentleman receive? Ans. 18. 

25. A and B run a race. B, who runs slower than A 
by a mile in 5 hours, starts first by 2 J minutes, and they 
get to the 5 mile stone together. Required their rates 
of running. Ans. A, f> miles an hour ; B, 4f miles. 

z^26. A room is 40 feet long, and twice as broad as it 
is high. The cost of papering its walls, at 37£ cents per 
yard, is $ 71.50. Required the height of the room, no 
allowance being made for doors or windows. 

Ans. 13 feet. 

21. A mirror is in the shape of a double square. The 
cost of the glass, at $1.25 a square foot, exceeds the 
cost of the frame, at 75 cents a linear foot, measured 
on the inside of the frame, by $22. Required the di- 
mensions of the glass. Ans. 8 feet by 4 feet. 

y 28. Two detachments of soldiers being ordered to a 
station at the distance of 39 miles from their present 
quarters, begin their march at the same time ; but one 
party, by traveling £ of a mile an hour faster than the 
other, arrives there an hour sooner. Required their rates 
of marching. Ans. 3£ and 3 miles per hour. 

/29.* Find two numbers whose sum is 6 and whose pro- 
duct is 10. Ans. Impossible. 

The imaginary expressions 3 -f- V — 1 and 8 — V — 1 alone an- 
swer the conditions, and these are readily obtained. 

^30. There are two lots, each of which is an exact 
square ; it requires 200 rods of fence to inclose both, and 
their contents are 1300 square rods. What is the value 
of each at $ 2.25 per square rod ? 

Ans. The smaller, $900; the larger, $2025. 

31. A grocer sold 80 pounds of tea, and 100 pounds 
of coffee, for $ 65 ; but he sold 60 pounds more of coffee 
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for $20 than he did of tea for $ 10. What was the price 
of 1 pound of each ? 

Ans. Tea, 50 cents ; coffee, 25 cents. 

32. Two farmers drove to market 100 sheep between 
them, and returned with equal sums. If each of them 
had sold his sheep at the same price that the other ac- 
tually did, the one would have returned with $ 180, and 
the other with $ 80. At what price per sheep did they 
sell, respectively, and how many sheep had each? 

Ans. At $ 2 and $ 3 per sheep ; the one had 60 sheep, 
and the other 40. 



; RATIO AND PKOPORTION. 

300. The Ratio of one quantity to another of the same 
kind is the quotient arising from dividing the first quan- 
tity by the second. (Art. 162.) 

Thus, the ratio of a to J is t, or a : b. 

301 • The Terms of a ratio are the two quantities re- 
quired to form it. 

The first term is called the antecedent of the ratio, and 
the second, the consequent. 

Thus, in the ratio of a to b, or a : b, a and b are the 
terms, of which a is the antecedent and b the consequent. 

302. A Direct Ratio is one in which the antecedent is 
divided by the consequent. 

An Inverse Ratio is one in which the consequent is 
divided by the antecedent. 

Thus, the direct ratio of 6 to 3, or 6 : 3, is f , or 2, 
and the inverse ratio is £ , or £. 

Define Ratio. The Terms of a ratio. A Direct Ratio. An Inverse 
Ratio. 
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Note. When the kind of ratio is not mentioned, the interpretation is 
understood to be that of the direct ratio. Thi& method has the almost 
universal sanction of mathematicians in all countries. The so-called French 
interpretation is not that of the modern French mathematicians. 

303. A Proportion is an equality of ratios. 

Four quantities are in proportion when the ratio of the 
first to the second is the same as that of the third to the 
fourth. 

Thus, the ratios a : b and c : d, if equal to each other, 
form a proportion, when written 

a : b = c : d, or a : b : : c : d. 

304. The Terms of a proportion are the terms of the 
ratios forming the proportion. 

305. The Antecedents in a proportion are the first 
terms of its ratios, or the first and third terms of the 
proportion. 

The Consequents in a proportion are the last terms of 
its ratios, or the second and fourth terms of the pro- 
portion. 

Thus, a and c are the antecedents, and b and d the 
consequents, in the proportion 

a : b : : c : d. 

306. The Extremes of a proportion are its first and 
last terms. 

The Means of a proportion are its second and third 
terms. 

Thus, a and d are the extremes, and b and c the 
means, in the proportion 

a : b : : c : d. 

307. A Couplet consists of the two terms of a ratio. 

Define a Proportion. When are four quantities in proportion ? J)efine 
the Terms of a proportion. The Antecedents. The Consequents. The 
Extremes. The Means. A Couplet. 
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S. A Proportional is any one of the terms of a pro- 
portion. 

Thus, the fourth term, d, is the fourth proportional to 
a, b, and c, taken in their order in the proportion 

a : b : : c : d. 

309. A Mean Proportional between two quantities is 
either of the two means, when they are the same quan- 
tity. Thus, in the proportion 

a : b : : b : c, 

b is a mean proportional between a and c. 

310. A Continued Proportion is one in which each con- 
sequent is the same as the next antecedent. 

Thus, in the proportion 

a : b : : b : c : : c : d : : d : e, 

the quantities a, b, c, d, and e are said to be in contin- 
ued proportion. 

31 1 • Quantities are in proportion by Alternation, when 
antecedent is compared with antecedent, and consequent 
with consequent. 

312. Quantities are in proportion by Inversion, when 
each antecedent is made a consequent, and each conse- 
quent an antecedent. 

313. Quantities are in proportion by Composition, when 
the sum of antecedent and consequent is compared with 
either antecedent or consequent. 

314. Quantities are in proportion by Division, when the 
difference of antecedent and consequent is compared with 
either antecedent or consequent. 

Define a Proportional. A Mean Proportional. A Continued Proportion. 
When are quantities in proportion by Alternation % When by Inversion 1 
When by Composition ? When by Division ? 

~7" 
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THEOREM II, 



316 1 If the product of ttco quantities 
of two others, two of them may be made 
other two the means of a proportion. 
Let ad ^=z be. 

Dividing by b d and reducing, ^ = -^ > 

or, a : b : : c : 




ntai to (he product 
extremes and the 



THEOREM III. 

/317« If three quantities be in continued proportion, the 
product of the two extremes is equal to Ike square of the 
mean. 

Let a : b : : b : c. 

Then, by Theo. L, a c = b b = 5 s . 

Demonstrate Theorem I. Show that the fourth term of a proportion 
may be found when three are given. Demonstrate Theorem II. The- 
orem III. 
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THEOREM IV. 

y318« If four quantities be in proportion, they will h in 
proportion by alternation. 
Let a : b : : c : d, 

a c 

i=r 

Multiplying by -, and reducing, - = -, 
or, a : c : : b : d\ 

THEOREM V. 

/■319. If four quantities be in proportion, they wiU be in 

proportion by inversion. 

Let a : b : : c : d. 

Then, by Theo. I., a d = b c, or b c = a d ; 

whence, by Theo. II., b : a : : d : c. 

THEOREM VI. 

^320. If four quantities be in proportion, they wiU be in 

proportion by composition. 

Let a : b : : c : d ; 

then, a -\- b : b : : c -f- ~d : d. 

For, by equality of ratios, a = 5* 

a c 

Adding 1 to each side, t + 1 = -, + 1, 

C+J c+d 

whence, a-\-b : b :: c -\- d : d. 

THEOREM VII. 

/ 321 • If four quantities be in proportion, they will be in 
'proportion by division. 

Demonstrate Theorem IV. Theorem V. Theorem VI. Theorem VI I 
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Let a : b : : e : d ; 

then, a — b : b : : c — d ; 



For, by equality 


of ratios, 




a 
6"~ 


c 
: d' 




Subtracting 1 from each side, 


a 
1' 


-1 = 


c 

3~" 


-1, 


or, 




a 


— b 

b ~ 


c — 
d 


d 


whence, 


a - 


-b 


: b i : 


e — 


-d : d 




THEOREM 


vra. 







y^itt* If four quantities be in proportion, the sum of the 
'first and second is to their difference as the sum of the 
third and fourth is to their difference. 
Let a : b : : c : d; 

Then, a-\-b ; a — b : : c-{-d : c — d 

ByTheo.VL, <L+_ 6 = £±* 

and by Theo. VII., ^~- = c -=^ ; 

. , . a + 6 a — b e4-d e — d 

therefore, -J- -i- — = -^- -*- -g- , 

' a — o c — d' 

whence, a + b : a — b : : c + d : c — a\ 

THEOREM IX. 

/"B23. Quantities which are proportional to the same quan- 
tities are proportional to each other. 

Let a : £ : : : /, 

and c : a 7 : : e : /; 

then a : b : : c : d. 

a e 



For, by equality of ratios, -^ = j 9 



Demonstrate Theorem VIII. Theorem IX. 
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, c e 

and 5=? . 

Therefore, by Art, 38, Ax. 7, j = ^, 
or, a : b : : c : d. 

THEOREM X. 

/ 324 • If any number of quantities are proportional, any an- 
tecedent is to its consequent as the sum of all the antecedents 
is to the sum of all the consequents. 
Let a : b : : c : d : : e : /; 

then a : b : : a-\-c-\- e : b-{-d-\- f 

For, by Theo. I., a d = b c, 

and af=be; 

also, a b = b a. 

Adding, a b + a rf-f- a f = ba-\-bc-±-be, 

or, a (!> + d+f) = b(a + c + e)\ 

whence, by Theo. II., a : b : : a-\-c-\-e \b-\-d-\- f 

THEOREM XL 

/~Vt&% When four quantities are in proportion, if the first 
and second be multiplied or divided by the same quantity, as 
also the third and fourth, the resulting quantities will be pro- 
portional. 

Let a : b : : c : d\ 

then, ma : mb : : nc :na\ 

CL C 

For, by equality of ratios, 6 == 5' 

ma n c 
and — 7 = — -j, 

m b nd' 

or, ma : mb : : nc : nd. 

a b ^ c d 

m ' m ' ' n " n 

Either morn may be made equal to unity ; that is, either couplet 
may be multiplied or divided without multiplying or dividing the other. 

Demonstrate Theorem X. Theorem XI. 



In like manner, 
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THEOREM XIL 



s~ 326* When four quantities are in proportion, if the first ondb^ 
third be multiplied or divided by the same quantity, as also th& i 
second and fourth, the resulting quantities will be proportionally 



Let 






a : b : : c : d ; 


then, 


of ratios, 


ma : nb : : mc : nd. 


For, by equality 


a c 
b ~d'' 


therefore, 






ma mc 


and, 






ma mc 
~n~b~nd' 


whence, 






ma : nb : \ mc i nd. 


In like manner, 






a b c ^ d 

m ' n ' m * n 


Either m or n may 


be made 


equal to unity. 






THEOREM Xm. 



— -327. If there be two sets of proportional quantities, the pro- 
ducts of the corresponding terms will be proportional. 
Let a : b : : c : d, 

and e : / : : g : h ; 

then, a e : b f : : eg : dh. 

For, by equality of ratios, 

and 

By multiplication, 
or, 



328 • If four quantities be in proportion, like powers or 
roots of these quantities will be proportional. 

Demonstrate Theorem XII. Theorem XIII. Theorem XIV. 



itios, 


a 

b ~~ 


c 

: d' 






e 

7~ 


9 
h* 






a e 


eg 
dh' 




ae : 


:»/:: 


eg : 


dh. 


THEOREM XIV. 
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Let 


a 


: b : : c 


:<*; 


then 


a* 


: IT : : c* 


:<*", 




1, 


i i 


t 


and 


a" 


: £" : : c* 


:cf». 


For, by equality of ratios, 




a c 
b ~d' 




raising to nth power, 




a* c* 
&~ d*' 




extracting the nth root, 




l — i > 
6» d» 




whence, 


a* 


: & n : : c" : 


<*», 


and 


1 
a" 


i^ i 
: £» : : c" : 


1 



PROBLEMS IN PROPORTION. 

329. By means of the foregoing theorems, proportions 
may often be much simplified before changing them to 
equations. 

1. Find a number to which if 3, 8, and It be sever- 
ally added, the second sum shall be to the first as the 
third is to the second. 

SOLUTION. 

Let x = the number. 

Then ar + 8 : x-\-3 : : x + 11 : *+8 (1) 

From (1), by Theo. VII., 5 : x + 3 : : 9 : x + 8 (2) 

ByTheo. I., 9x + 21 = 5* + 40 (3) 

"Reducing, 4 x = 13 (4) 

Whence, x = 3£, number required. 

2. The sum of two numbers is 35, and their product 
Is to the sum of their squares as 12 to 25 ; what are the 
numbers t 



Explain the solution of Problem 1. 
25* 
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SOLUTION. 

Let x and y represent the numbers. 

Then, x + y = 35 (1) 

and xy :x* + y 2 :: 12 : 25 (2) 

By Theo. XII., 2 xy : a 2 -f y 2 : : 24 : 25 
By Theo. VIIL, ar» + 2a:y+y a : s 2 — 2*^+^ :; 49 : 1 

By Theo. XIV., x+y :x — y :: 1 : 1 

By Theo. VIIL, 2*:2y :: 8 : 6 

By Theo. XL, x : y : : 4 : 3 

By Theo. I., y = ^ 

Substituting in (1), and reducing, x = 20 

Also, y = 15 

3. The last three terms of a proportion being 4, 6, and 
8, what is the first term ? 

4. If 3, x, and 1083, are in continued proportion, what 
is the value of x ? Ans. x = 5?. 

5. If a -\- x : a — x : : 11 : T, what is the ratio of 
a to x? Ans. 9 : 2. 

6. Triangles are to each other as the products of their 
bases by their altitudes. The bases of two triangles are 
to each other as IT to 18, and their altitudes as 21 to 23 ; 
required the ratio of the triangles. Ans. 119 : 138. 

7. A quantity of milk is increased by water in the ra- 
tio of 5 : 4, and then 3 gallons are sold ; the rest, being 
mixed with 3 quarts of water, is increased in the ratio 
of 7 : 6. How many gallons of milk were there at first ? 

Ans. 6 gallons. 

8. A and B speculate with different sums. A gains 
$ 100, B loses $ 50, and now A's stock is to B's as 
4 to 3 ; but had A lost $ 50, and B gained $ 100, then 
l's stock would have been to B's as 5 to 9. Required 
the stock of each. Ans. A's, $ 300 ; B's, $ 350. 

Explain the solution of Problem 2. 
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9. The product of two numbers is 15, and the sum of 
their squares is to the difference of their squares as 1? 
to 8. What are the numbers ? Ans. 5 and 3. 

10. A and B have made a bet, each staking a sum of 
money proportional to all the money he has. . If A wins, 
he will have double what B will have ; but if he loses, B 
will have three times what A will have. All the money 
between them being $ 168, determine the circumstances. ' 

Ans. A has $ ?2, and B has $96; each stakes ■& of 
his money. 

SEKIES. 

330* A Series is a succession of terms, so related that 
each may be derived from one or more preceding ones, 
in accordance with some fixed law. 

The Terms of a series are the quantities of which it is 
formed. 

The Extremes of a series are the first and last terms. 

The Means of a series are the terms between the ex- 
tremes. 

ARITHMETICAL PROGRESSION. 

331. An Arithmetical Progression is a series that in- 
creases or decreases from term to term by a common dif- 
ference. 

332« The progression may be considered as formed by 
the continual addition of the common difference ; there* 
fore, when the series is increasing, the common difference 
will be positive, and when decreasing, it will be negative. 
Thus, 

Define a Series. The Terms of a scries. The Extremes. The Means. 
Arithmetical Progression. How may the progression be considered as 
formed ? 
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1, 3, 5, ?, 9, 11, 13, etc. 
is an increasing arithmetical progression, in which the 
common difference is -f- 2 ; and 

19, IT, 15, 13, 11, 9, 7, etc. 
is a decreasing arithmetical progression, in which the com- 
mon difference is — 2. 

333. In arithmetical progression, if we regard the num- 
ber of terms as. limited, there will be five elements for 
consideration : — 

1. The first term. 

2. The last term. 

3. The number of terms. 

4. The common difference. 

5. The sum of the terms. 

These are so related to each other, that, any three of 
them being given, the other two may be readily deter- 
mined. 

CASE I. 

334« Given the first term, common difference, and 
number of terms, to find the last term. 

Let a denote the first term, d the common difference, n the num- 
ber of terms, and I the last term , then the progression will be 

o, (a + d), (a+2d), (a + 3d), (a + 4d), &c- 
That is, the coefficient of d in any term is one less than the num- 
ber of that term in the series; consequently, the nth or last term 

will be 

a _j_ ( n _ i) d. 

Whence, putting I for the nth term, we have 

I = a + (n — 1) d, 
in which d is either positive or negative, according as the series is 
an increasing or a decreasing one. 

How many elements are there for consideration ? How many must 
be given? Demonstrate the formula for finding the last term. 



SEKIES. 297 

Hence the following 

RULE. 

To the first term add the product of the common difference 
\y the number of terms less one. 

Examples. 

1. If the first term is 5, the common difference 3, and 
the number of terms 20, what is the last term ? 

Ans. 62. 

2. If the first term is 4, the common difference 5, and 
the number of terms 30, what is the last term ? 

Ans. 149. 

3. When the first term is 10 and the common differ- 
ence — 2, what is the fifth term ? Ans. 2. 

4. When the first term is — 6 and the common differ- 
ence £, what is the fifteenth term? Ans. 1. 

5. If the first term is 15, the common difference — 3, 
and the number of terms 6, what is the last term ? 

Ans. 0. 

CASE II. 

335, Given the first term, common difference, and 
number of terms, to find the sum of the terms. 

Let a denote the first term, d the common, difference, n the num- 
ber of terms, I the last term, and S the sum of the terms. Then, 

S= «+(<, + <?) + (a + 2d) + + *, 

or, writing the terms in the reverse order, 

S — I + (I — d) + (I — 2d) + + a. 

Therefore, by adding these equations, term by term, 

2S = (a + t) + (a + t) + (a + t)+ + (a + Q. 

Repeat the Bale. Demonstrate the formula for finding the sum of an 
arithmetical series. 
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Note. When the kind of ratio is not mentioned, the interpretation is 
understood to be that of the direct ratio. Thj& method has the almost 
universal sanction of mathematicians in all countries. The so-called French 
interpretation is not that of the modern French mathematicians. 

303. A Proportion is an equality of ratios. 

Four quantities are in proportion when the ratio of the 
first to the second is the same as that of the third to the 
fourth. 

Thus, the ratios a : b and c : d, if equal to each other, 
form a proportion, when written 

a : b = c : d, or a : b : : c : d. 

304. The Terms of a proportion are the terms of the 
ratios forming the proportion. 

305. The Antecedents in a proportion are the first 
terms of its ratios, or the first and third terms of the 
proportion. 

The Consequents in a proportion are the last terms of 
its ratios, or the second and fourth terms of the pro- 
portion. 

Thus, a and c are the antecedents, and b and d the 
consequents, in the proportion 

a : b : : c : d . 

306. The Extremes of a proportion are its first and 
last terms. 

The Means of a proportion are its second and third 
terms. 

Thus, a and d are the extremes, and b and c the 
means, in the proportion 

a : b : : c : d. 

307i A Couplet consists of the two terms of a ratio. 

Define a Proportion. When are four quantities in proportion ? J)efine 
the Terms of a proportion. The Antecedents. The Consequents. The 
Extremes. The Means. A Couplet. 
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308. A Proportional is any one of the terms of a pro- 
portion. 

Thus, the fourth term, d, is the fourth proportional to 
«, b, and c, taken in their order in the proportion 

a : b : : c : d, 

309. A Mean Proportional between two quantities is 
either of the two means, when they are the same quan- 
tity. Thus, in the proportion 

a : b : : b : c, 

b is a mean proportional between a and c. 

310. A Continued Proportion is one in which each con- 
sequent is the same as the next antecedent. 

Thus, in the proportion 

a : b : : b : c : : c : d : : d : e, 

the quantities a, b, c, d, and e are said to be in contin- 
ued proportion. 

31 It Quantities are in proportion by Alternation, when 
antecedent is compared with antecedent, and consequent 
with consequent. 

312. Quantities are in proportion by Inversion, when 
each antecedent is made a consequent, and each conse- 
quent an antecedent. 

313. Quantities are in proportion by Composition, when 
the sum of antecedent and consequent is compared with 
either antecedent or consequent. 

314. Quantities are in proportion by Division, when the 
difference of antecedent and consequent is compared with 
either antecedent or consequent. 

Define a Proportional. A Mean Proportional. A Continued Proportion. 
When are quantities in proportion by Alternation ? When by Inversion 1 
When by Composition ? When by Division 1 

~7 r ' 
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^ Examples. 

1. Required the first term, when the last term is 62, 
the common difference 3, and the number of terms 20. 

Ans. 5. 

2. Required the common difference, when the last term 
is 149, the first term 4, and the number of terms 30. 

Ans. 5. 

3. Required the number of terms, when the last term 
is 1, the first term — 6, and the common difference £. 

Ans. 15. 

4. Required the first term, when the sum of the terms 
is 99, the number of terms 9, and the last term 19. 

Ans. ?. 

5. When the last term is 2, the first term 10, and the 
number of terms 5, what is the common difference ? 

Ans. —2. 

CASE IV. 

337. Given two terms, to insert any number of 
arithmetical means between them. 

The terms between any other two terms of an arith- 
metical progression are called arithmetical means. 
One mean between two terms is half their sum. 

For, the number of terms is 3 ; therefore, the mean is a -j- d y and 
the last term is 

l=*a-\-2d. 
Hence, l-\-a = 2a-\-2d, 

a + d = l + °. 
That is, — T- is the arithmetical mean between a and 7. 

Let it now be required to insert any number, m, of 
arithmetical means between two given terms, a and /, 
v the common difference still being denoted by d. 

Define an arithmetical mean. Demonstrate the method of finding it 
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The common difference added to the given first term will evi- 
dently give the first arithmetical mean, the common difference add- 
ed to the first mean will give the second, and the m required means 
will be 

a + <f, a + 2<f, a-|-3cf, a-\-md\ 

Hence the following 

RULE. 

Add the common difference to the given first term for the 
first arithmetical mean, add it to the first mean for the sec- 
ond mean, and so on. 

Examples. 

1. Find the arithmetical mean between 6 and 20. 

Ans. 13. 

2. Insert two arithmetical means between 5 and 14. 

Ans. 8 and 11. 

14 5 

Notb. The nnmber of terms is evidently 4 ; hence, d = — - — • 

3. Find the arithmetical mean between £ and £. 

Ans. <f£. 

4. Insert three arithmetical means between 1 and 3. 

Ans. 1£, 2, 2£. 

5. Find the arithmetical mean between - and -. 

Ans. £ (a + b). 

6. Insert two arithmetical means between £ and Jgk 

Ans. £ and $. 

7. Insert two arithmetical means between x and y. 

Ans. *£±1 an( j X -±M. 

o o 

Demonstrate the method of inserting any number of means between 
two given terms. 
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PROBLEMS. 

338. Some of the following problems can be solved at 
once by means of the preceding rules, while others re- 
quire an application of the principles of arithmetical pro- 
gression in the course of an ordinary algebraic solution. 

1. When a clock strikes the hours only, how many 
strokes does it make in 12 hours? Ans. 78. 

2. Required the 15th term in the series £, $, 1, etc. 

Ans. 5. 

3. Required the sum of 20 terms of the series, 15, 11, 
7, etc. Ans. —460. 

4. A certain debt was discharged in 25 weeks, by pay- 
ing $ 2 the first week, $ 5 the second, $ 8 the third, and 
so on. What was the amount of the debt? 

Ans. $950. 

5. Insert five arithmetical means between £ and — £. 

Ans. i, $, 0, — i, —i. 

6. What is the common difference when the first term 
is 1, the last 50, and the sum of the terms 204 ? Ans. 7. 

Eliminate n from the fundamental formulas, or find its value by 
(8), and substitute in (5). 

7. Find how many terms there are in the series whose 
first term is 3, last term 7, and sum of the terms 25. 

Ans. 5. 

8. A person saves $20 a year, which he places at in- 
terest at 4 per cent., simple interest. To how much do 
his savings amount, with interest, in 20 years? 

Ans. $552. 

9. The sum of 8 terms of an arithmetical progression 
is 140, and the 8th term is 7. Required the series. 

Ans. 28, 25, 22, etc. 

10. The annual expenses of a person, whose only source 
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of income is an entailed estate yielding $ 3300 a year, are 
$5300. He is therefore obliged to borrow $2000 a year, 
at the rate of 10 per cent, the high rate of interest be- 
ing requisite to cover insurance on his life. In how many 
years will he be ruined, reckoning the simple interest 
which accumulates? Ans. 11 years. 

At the end of x years, his yearly debts will constitute an arith- 
metical progression, whose extremes are 

2000 and 2000 (l + ^r) ' 

The whole amount of his debts, or the sum of the terms, will then be 

5y=(t+^)"-ioo*+i.oo.. 

By the conditions of the problem, the interest on this must be equal 
to the income from his estate, or 

100*+ 1900* = 3300 

11. A hare runs at the rate of 8 feet per second. A 
greyhound pursues her, starting from a distance of 60 
feet, and running 8 feet the first second, 8£ the second, 
9 the third, etc. In how many seconds will he catch the 
hare? Ans. 16. 

12. There is a series of terms in arithmetical progres- 
sion, of which the sura of the first two terms is 2£, and 
the 4th term is 2£. What is the series? 

Ans. 1, 1£, 2, 2J. 
Let x = the first term, and y = the common difference. 

13. A heavy body, falling from rest and unobstructed, 
passes through a space of 16^ feet, nearly, in the first 
second of time, and afterwards in each succeeding second 
32£ feet more than in the second immediately preceding. 
Now a heavy body fell from the car of a balloon, and it 
was ascertained to have been exactly 20 seconds before 
it struck the earth. What was the height of the balloon, 
supposing the resistance of the air not worth reckoning! 

Ans. 1.22 miles. 
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GEOMETRICAL PROGRESSION. 

339. A Geometrical Progression is a series, each term 
of which is equal to the preceding one, multiplied by a 
constant factor. 

The constant factor is called the ratio of the. progression. 

340. The successive terms of the progression may be 
considered as derived from the first by continually multi- 
plying it by the ratio ; therefore, if the first term is pos- 
itive, the series is increasing when the ratio is greater 
than 1, but the series is decreasing when the ratio is less 
than 1. Thus, 

3, 6, 12, 24, 48, 96, 192, etc. 

is an increasing geometrical progression, in which the first 
term is 3, and the ratio 2 ; and 

2T, 9, 3, 1, i, I, aV, etc. 
is a decreasing geometrical progression, in which the 
ratio is ^. 

341 • The terms between any other two terms of a 
geometrical progression are called geometrical means. 

342. In geometrical progression, if we regard the num- 
ber of terms as limited, there will be five elements for 
consideration : — • 

1. The first term. 

2. The last term. 

3. The number of terms. 
4 The ratio. 

5. The sum of the terms. 

Define Geometrical Progression. The ratio of the progression. How 
may the successive terms be considered ? When is the progression increas- 
ing, and when decreasing ? What are geometrical means ? How many 
elements in-« geometrical progression ? 
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These are so related to each other, that, any three of them 
being given, the other two may be readily determined 

CASE I. 

343. Given the first term, the ratio, and the number 
of terms, to Jind the last term. 

Let a denote the first term, r the ratio, and n the number of 
terms ; then the successive terms of the series will be 
a, ar, ar*, ar 8 , ar*,^ ar*- 1 . 

That is, the given first term is a factor of each of the terms, and 
the exponent of r in the second term is 1, in the third term 2, in 
the fourth term 3, and so on, to the nth term, in which it is n — 1. 

Therefore, if I denote the last term, we shalj have 
I = ar*- 1 . 

Hence the following 

RULE. 

Multiply the first term by the ratio raised to a power whose 
exponent is one less than the number of terms. 

Examples. 

1. Find the last term of- a series whose first term is 5, 
ratio 4, and number of terms 8. Ans. 81920. 

2. Find the Tth term of a series whose first term is 
286T2, and ratio £. Ans. 1. 

3. The first term of a geometrical progression is 5, the 
ratio 4, and the number of terms 9. What is the last 
term? Ans. 32T680. 

4. Required the 6th term of the series whose first term 
is 100, and ratio §. Ans. 13&V 

5. Required the 9th term of the series 3, 6, 12, etc. 

Ans. T6S. 

» 

Demonstrate the formula for finding the last term. Repeat the Rule. 
26* 
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CASE h. 

344. Given the first term, the ratio, and the number 
of terms, to find the sum of the terms. 

Let a denote the first term, r the ratio, n the number of terms, 
and S the sum of the terms. 

Then, S — a + ar + at* -\-ar* + ar»~* + ar*~ l (1) 

Multiplying by r, 

rS = ar + ar* + af* + ar* +af*- 1 + ar^ (2) 

Subtracting (1) from (2), and factoring, 

(r-l)S-a(^-l). (3) 

Therefore, S = a ^"^ ■ CO 

Again, if I denote the last term, by Case I., 

l^ar*- 1 . (5) 

Multiplying by r, 

rl = ar*. (6) 

Substituting the value of a r* in (4), 

«-.£=?• en 

Hence the 

' RULE. 

Multiply the last term by the ratio, subtract the first term, 
and divide the remainder by the ratio less 1. 

' Note. If the last term is not given, it may be found by Case L ; or, 
formula (4) may be used instead of formula (7). 

Examples. 

1. Find the sum of a geometrical series whose first 
term is 1, ratio 2, and last term 1024. Ans. 2047. 

2. Find the sum of a series whose first term is 6, ra- 
tio 4, and number of terms 8. Ans. 131070. 

Demonstrate the formulas for finding the sum of the terms. Repeat the 
Rule. The Note. 



SEBIES. 30T 

8. If the first term of a series is £, the ratio $, and 
the last term T fa, what is the sum of the terms ? 

Ans. if£. 

4. Required the sum of the series 1, 3, 9, 2T, etc., 
continued to 12 terms. Ans. 265720. 

5. Required the sum of the series 4, 2, 1, etc., to 16 
terms. 



Ans. 8(l-i- 6 ) = 8-^^. 



345. The limit to which the sum of a decreasing geo- 
metrical series approaches, as the number of terms be- 
comes larger and larger, is called the sum of the series to 
infinity. 

When r is less than 1, to prevent the terms of the fraction in 
equation (4), Art.. 344, from becoming negative, that formula may 
be placed under the equivalent form (Art. 121), 

„ __ a( l — r") _o ar* 

1 —r 1— r 1— r 

Now when the number of terms, n, becomes infinitely great, op 
equal to oo, the fraction must become infinitely small, or equal 

to 0, and may be rejected. Hence, when the number of terms in 
a decreasing geometrical series is infinite, 

That is, the sum of the terms of a decreasing geometrical 
series to infinity is equal to the first term divided by 1 less 
the ratio. 

L Find the sum of 4, 2, 1, £, etc., to infinity. 

Ans. 8. 

2. Find the sum of the infinite series £, 7 e F , T * r 8 r , etc. 

Ans. £ 

3. What is the sum of the series .79, to infinity ? 

Ans. J|. 

What is meant by the sum of a series to infinity? Demonstrate thvr 
formula for obtaining it. To what is the sum equal ? 
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4 What is the sum of 1, -j^, T i TF , etc., to infinity? 

Ans. 1£. 
5. Find the sum of 1, -, -5, -5, etc., to infinity. 

Ans. 



x — 1 

6. Required the sum of the infinite series 1, — £, + \ 
— - i, etc., of which the ratio is — $. Ans. $. 

CASE m. 

346. Given any three elements of a geometrical pro 
gression, to find either of the other two. 

The formulas established in Arts. 843, 844, 

l^at*- \ (1) 

are fundamental ones ; and, since they contain the five elements, if 
any three of these are given, formulas may be deduced for finding 
the other two. Thus, 

The formulas for the first term: 

a = rl — (r — 1) S. (4) 



The formulas for the ratio: 



L\*-i. ( 5 ) 



© 



The formulas for the number of terms, since n enters only as an 
exponent, would require a knowledge of logarithms for their ap* 
plication. 

Note. There will be twenty cases, as in arithmetical progression ; and 
when neither of the given formulas contains the required letters, the su- 
perfluous letter may be eliminated by combining the two fundamental 
formulas. 

Give the fundamental formulas. The formulas for the first term. For 
the ratio. 
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RULE. 

Substitute the given quantities in one of the fundamental 
formulas, or in a formula deduced from them, and reduce the 
result. 

Examples. 

1. Find the first term, when the last term is 405, the 
ratio 3, and the number of terms 5. Ans. 5. 

2. Find the ratio when the first term is 3, the last 
term T68, and the number of terms 9. Ans. 2. 

3. Find the ratio when the first term is 7168, the last 
term 7, and the sum of the terms 9555. Ans. £. 

4. The last term of a geometrical series is 30 7 2, the 
ratio 2, and the sum of the terms 6141 ; required the 
first term. Ans. 3. 

5. The first term of a geometrical series is 2, the ratio 
3, and the sum of the terms 6560 ; required the last 
term. Ans. 4374. 

CASE IV. 

347. Given two terms, to insert one or more geo- 
metrical means between them. 

1. Let a be the first term, r the constant ratio, and n the num- 
ber of terms; then the terms of the series will be 

a, ar, ar*, ar*, ar*, at*, a r*- 1 . 

Now, by mere inspection of this series, the following properties are 
obvious : — 

If any two terms be taken as extremes, their product 
is equal to the product of any two means equally distant 
from them ; or, 

If the number of terms be odd, the product of the ex- 
Repeat the Bale. What properties of a geometrical series are obvious 
by inspection ? 
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trcmes is equal to the square of the middle term ; conse- 
quently, 

A geometrical mean between two quantities is equal to the 
square root of their product. 

2. Again, let a and I be two. given terms, and m the number of 
means to be inserted. Then, let r denote the ratio, and from equa- 
tion (5), Art 846, we have 

'-©*• 

But m represents the number of means ; therefore, 

m -|- 2 = n, 
since the number of terms is always two more than the number of 
means. Hence, 

whence, r = ( - J *+*■ . 

This determines r, and the required means are ar, ar 9 , 
ar*, etc., and the series, 

a, ar, at 3 , ar*, . . . . ar", I. 
Hence the following 

RULE. 

Divide the greater of the given terms by the less, and ex- 
tract the root of the quotient to the degree denoted by the num- 
ber of means to be inserted plus 1, for the ratio ; and the given 
first term multiplied by the ratio will give the first of the re- 
quired means, that multiplied by the ratio wiU give the second 
mean, and so on. 

Examples. 

1. Find the geometrical mean between £ and f. 

Ans. £. 

How is a geometrical mean to be found ? Demonstrate the formula 
for inserting any number of geometrical means between two given terms 
Repeat the Rule. 
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2. Insert two geometrical means between 5 and 320. 

Ans'. 20, 80. 

3. Find the geometrical mean between 30 and 7£. 

Ans. 15. 

4. Insert three geometrical means between 6 and 486. 

Ans. 18, 54, 162. 

5. Which is the greater, the arithmetical mean, or the 
geometrical mean, between 1 and £; andr how much 
greater? Ans. The arithmetical mean, by %. 

PROBLEMS. 

348. The principles of geometrical progression are to 
be applied, either directly or indirectly, in the solution 
of the following problems. 

1. The first two terms of a series in geometrical pro- 
gression are £ and 1 ; what are the next two terms ? 

Ans. 3 and 9. 

2. If the third and fifth terms of a geometrical series 
are 75 and 300, respectively, what is the sixth term? 

Ans. 600. 

3. A laborer agrees to labor at the rate of $ 1 for the 
first month, $2 for the second, and so on; what is his 
price for the 10th month? Ans. $512. 

4. A person who saved every year half as much again 
as he saved the previous year, had in seven years saved 
$102.95. How much did he save the first year? 

Ans. $3.20. 

5. I wish to discharge a debt in one year by monthly 
payments in geometrical progression ; allowing the first 
payment to be $ 1, and the last $ 2048, what will be the 
common ratio ? Ans. 2. 

6. Suppose a body to move 20 miles the first minute. 
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. 19 miles the second, 18^ the third, and so on forever ; 
required the utmost distance it can reach. 

Ans. 400 miles. 

7. I have a rectangular piece of land, 18 rods wide by 
288 rods long. What is the side of a square piece con* 
taining the same number of square rods ? 

Ans. 72 rods. 

8. If the second term of a geometrical series is 6, and 
the fourth term 54, what is the first term ? Ans. 2. 

9. The first and eighth terms of a geometrical progres- 
sion are 1 and 128, respectively, required the series. 

Ans. 1, 2, 4, 8, 16, 32, 64, 128. 

10. In the geometrical progression -, x, xy f required 
the ratio. Ans. y. 

11. A gentleman divided $210 among three servants, 
the shares being in geometrical progression ; and the 
first had $90 more than the last. How much had each? 

Ans. $ 120, $ 60, and $ 30. 

If x represent the first term, and y the ratio, then 

x -\- x y -\- x if *** 210, and x — xtp *= 90. 

12. A series of terms are in geometrical progression; 
the sum of the first two is 1£, and the sum of the next 
two is 12. Find the series. Ans. £, 1, 3, 9, etc. 

13. The sum of three numbers in geometrical progres- 
sion is 35, and the mean is to the difference of the ex- 
tremes as 2 to 3. Required the numbers. 

Ans. 5, 10, 20. 

14. There are four numbers in geometrical progression, 
the second of which is less than the fourth by 24, and 
the sum of the extremes is to the sum of the means as 
7 to 3. Required the numbers. Ans. 1, 3, 9, 27. 
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1. What is the quantity made up of the factors ax, 
2b y, and z? Ans 2abxyz. 

2. Find the value 'of 2 a 2 — V -f- x 2 , when a = 4, b = 6, 

and x = — 2. Ans. 0. 

2 ic* — a x 

3. Find the value of — 5 — -r— , when a = 2, and x = — 4. 

a — or • 

Ans. if. 

4 Show that ( a 2 + a& + 5 2 ) (a 2 — afc + fi 2 ) is equal to 

5 Factor 48 a 2 b x*. 

Ans. 2X 2 X2X 2 X Baabxxx. 
6. What are the factors of 16 a 2 fl 2 — 9 x 2 ? 

Ans. 4 a 5 -f- 3 x, and 4 a 5 — 3 a;. 

'• Simplify 1— a? + r - f -^. Ans. r -^. 

Q . ,. r 5a4-3ar , N A 2a4-6ar 

8. Simplify ~ (a — x). Ans. ' . 

9. One factor of x 2 + 2 a; — 3 is x — 1 ; find the other. 

Ans. ar + 3. 

10. Multiply |±i by a— I. 

., -p.. .j Sx . — 2x A 2— a? 

11. Divide a? — — -= — by -— = — . Ans. — - — . 

l-\- x J 1 -{-x 2 

12. Factor 16a^y* and 2Saxy, and find the greatest 
common divisor of the two quantities. 

Ans Factors, 2 X 2 X 2 X 2xxyyyy, and 2 X 2 X T 
axy; greatest common divisor, kxy. 

13. A certain garden contained 3 times as many pear- 
trees as apple-trees. Afterwards 4 of each were cut 
down, and then there were 4 times as many pear-trees 
as apple-trees. How many were there of each at first? 

Ans. Apple-trees, 12 ; pear-trees, 36. 

14. A man dies, and leaves a widow, two sons, and 

27 
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three daughters; and in his will he orders that his per- 
sonal property, amounting to $ 1700, shall be so divided 
that the three daughters shall have as much as the two 
sons, and the widow as. much as a 6on and a daughter 
together. What are their respective shares? 

Ans. Each son's share, $ 300 ; each daughter's, $ 200 ; 
the widow's, $500 

15. A pump which lifts 2 gallons of water at each 
stroke, and makes 3 strokes in 2 minutes, is to be re- 
placed by another which can make only 2 strokes in 3 
minutes. What must be the discharge of .the latter per 
stroke, to do the same work ? Ans. 4| gallons. 

16. A person observes the discharge of a gun at a 
distance, and hears the report exactly 10JJ- seconds af- 
terwards. Assuming that light travels at the rate of 
192,000 miles, and sound 1090 feet per second, what is 
the distance between him and the gun ? 

Ans. 2£ miles, nearly. 
1*7. A servant is dispatched on an errand to a town 8 
miles off, and walks at the rate of 4 miles an hour ; 10 
minutes afterwards another is sent to bring him back, 
walking 4 J miles per hour. How far from the town will 
the latter overtake the former? Ans. 2 miles. 

18. A student has just an hour and a half for exer- 
cise. He starts off on a coach which travels 10 miles 
an hour, and after a time he dismounts, and walks home 
at the rate of 4 miles an hour. What is the greatest 
distance he can travel by the coach, so as to keep with- 
in his time ? 

19. An orange-woman bought some oranges, and after- 
wards forgot the price ; but she recollected that she paid 
for them in shillings and halfpence, that the number of 
each coin was the same, and that she had as many dozens 
of oranges as the number of shillings and halfpence taken 
together. What was the price per dozen ? Ans. 6£rf. 
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20. A clock is right at mid-day, Tuesday ; but it gains 
L minute per day. When it indicates mid-day on Wednes- 
day, what is the true time? 

Ans. r— r of a minute to mid-day. 

1441 " 

21. A man's principal is $ 100,000, some of which is 
at interest at the rate of 5 per cent, and the rest at 4. 
His total income is $4290. Required the portion which 
produces 5 per cent. Ans. $29,000. 

22. A person bought a lot of cattle for $ 180. "After 
reserving 2 of them, he sold the rest for the same sum, 
$ 180. Now he found that he had gained on each, one 
third more per cent than the cost price of each. How 
many did he buy ? Ans. 12. 

23. A person, dying, left his property equally between 
his two sons. After seven years, the one had quadrupled 
his money, and the other had lost $ 1000, and it was 
found that the former possessed five times as much as 
the latter. Required the sum left for each. 

24. Gold is 19£ times as heavy as water, and silver 
10£ times. A mixed mass weighs 4160 ounces, and # dis- 
places 250 ounces of water. What proportion of gold 
and silver does it contain? 

Ans. 3317 ounces of gold; 783 ounces of silver. 

25. A boy having worked 12 days, and been idle 5, 
received 35 cents, the cost of his board having been de- 
ducted ; but when he worked 16 days, and was idle 1, 
he received 33 cents. What were his daily wages, and 

l the charge for his board ? 

Ans. Wages, 61 cents ; board, 41 cents. 

26. Find a number such, that the sum of two thirds of 
it and one fourth of it, diminished by 2, shall be equal to 
eleven twelfths of it plus 3. Ans. ^, or oo . 

27. Find a factor that shall rationalize <r — b*. 
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a 



y "* + 2 A _ 4y~4*+2a 



28. Simplify ? j Ans. 



31 



29. Required the least common multiple of 4(1 — a*), 
8(1— a:), and 4(1+**). Ans. 8(1— x 4 ). 

30. Required the value of .9999, etc., to infinity. 

Ans. 1. 

31. A can do a piece of work in 20 days, and B and 
C can perform it in 12 days ; but if all three work 6 
days, C can finish it in 3 days. In what time would B 
or C perform it alone? 

Ans. B, 60 days; C, 15 days. 

32. Required the square factors of 10,000. 

Ans. 4, 25, 4, 25. 

33. What is the seventh power of — 2 cfo ? - 

Ans. — 128 o* 

34. A pile is one fifth of its whole length in the earth, 
three sevenths of its length in the water, and 13 feet out 
of the water. What is the length of the pile ? 

35. On the 4th of July, 1855, a poor man received 
from A as many times $4 as A was years old, and a 
similar gift each July for the seven years following, in 
the last of which A died, his bounty to the poor man 
having amounted in all to $ 1904. What was A's age 
when he died, and in what year was he born? 

Ans. 63 years ; A. D. 1199. 

36. Two persons, A and B, are traveling on roads 
which intersect at right angles. B is 540 yards short of 
the point of crossing when A passes it, and in 2 minutes 
they are equally distant from that point; also, in 8 min- 
utes more they are again equally distant from it. Re- 
quired the speed of each ? 

Ans. A's, 108 yards a minute ; B's, 162. 

31. There ate three numbers in geometrical progres- 
sion ; the sum of the first and second is 10, and the dif- 
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ference of the second and third is 24. What are the 
numbers? ' Ans. 2, 8, and 32. 

38. Find two numbers whose difference is 8, and pro- 
duct 105. Ans. 15 and 7, or — V and — 15. 

39. Two persons, A and B, set out together from a 
given point, to travel round the world, a distance of 
23661 miles, the one going east and the other west. A 
goes one mile the first day, two the second, three the 
third, and so on ; B goes 20 miles a day. In how many 
days will they meet, and how far will each travel ? 

Ans. They travel 198 days ; A goes 19701 miles, and 
B 3960 miles. 

40. Required a fraction, which, if a be added to its nu- 
merator, will become b ; but if c be added to its denom- 
inator, will become d. ad-\-bcd 

Ans. 



a-\-cd 
~f^~d 

41. Express x * without the use of a negative or a 
fractional exponent. 

42. If two men, working 8 hours a day, can copy a 
manuscript in 32 days, in how many days can a men, 
working b hours a day, copy it ? 

43. Divide the number m into two parts, so that one 

shall he m times as great as the other. 

. m* . m 

- Ans - ^TXT and ^.irT- 
m -(- 1 m -J- 1 

44. A and B go into partnership with a capital of 
$ 416 ; A's money was in trade 9 months, and B's 6 
months; when they shared stock and gain, A received 
$228, and B $252. Required each man's stock. 

Ans. A's, $192; B's, $224. 

45. If the interest of a national debt be $ 30,000,000 
per annum, and 3 per cent the average rate of interest 
paid, what reduction in the rate of interest would give 

27* 
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the same relief to taxation as paying $ 200,000,000 of 
the debt, allowing the interest paid on the remainder to 
continue the same? Ans. From 3 to 2f per cent. 

46. Simplify the expression (2 c — 3 r) x — (c — 1) x 
— (c — 2r)x — x. Ans. — rx. 

47. How much does t differ from r ? 

a — o a o 

48. How does compare with ? 

x r xx 

49. Divide a — b by a/ a — */b. 

50. A countryman being employed by a poulterer to 
drive a flock of geese and turkeys to London, in order 
to distinguish his own from any he might meet on the 
road, pulled three feathers out of the tail of each turkey, 
and one out of the tail of each goose ; and, upon count- 
ing them, found that the number of turkey's" feathers ex- 
ceeded twice those of the geese by 15. Having bought 
10 geese and sold 15 turkeys by the way, he was sur- 
prised to find, as he drove them into the poulterer's yard, 
that the number of geese exceeded the number of tur- 
keys in the proportion of 7 to 3. Required the number 
of each at first. Ans. 45 turkeys ; 60 geese. 

51. In the composition of a certain quantity of gunpow- 
der, two thirds of the whole, plus 10 pounds, was nitre ; 
one sixth of the whole, less 4£ pounds, was sulphur ; and 
the charcoal was one seventh of the nitre, less 2 pounds. 
How many pounds of gunpowder were there ? Ans. 69. 

52. Iron worth $ 10 in its raw state is manufactured 
half into knife-blades and half into razors, and is then 
worth $444. But if one third of it had been made into 
knife-blades, and the rest into razors, the produce would 
have been worth $30 more than in the former case. 
How much is one dollar's worth of the original material 
increased in value by these respective manufactures ? 

Ans. $ 52.40 in razors ; $ 34.40 in knife-blades 
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53. A clergyman, who had a charity of $110 to dis- 
tribute among a certain number of old men and widows, 
found that, if he gave $ 3 to each, he would be one dol* 
lar out of pocket ; but if he gave each of the men $ 2£, 
and each of the widows $ 3.50, he would have 50 cents 
to spare. How many were there of each ? 

Ans. 15 men ; 22 women. 

54. The year of our Lord in which the "change of 
style" took place possesses the following properties : 
the first digit being 1 for thousands, the second is the 
sum of the third and fourth, the third is the third part 
of the sum of all four, and the fourth is the fourth part 
of the sum of the first two. Determine the year. 

Ans. A.D. 1152. 

55. Seven horses and four cows consume a stack of 
hay in 10 days, and two horses can eat it alone in 40 
days ; in how many days will one cow be able to eat it ? 

Ans. 320 days. 

56. A farmer bought a certain number of sheep for 
$94; he lost 7 of them, and sold one fourth of the re- 
mainder at prime cost for $ 20. How many did he buy ? 

Ans. 47 sheep. 

57. A person had a certain number of coins, of equal 
size, which he tried to arrange in the form of a square, 
placing them as close together as possible on the table. 
At the first trial he had 130 coins over ; but when he 
enlarged the side of the square by 3, he had only 31 
over. How many had he ? Ans. 355 coins. 

58. A certain wagon has a mechanical contrivance 
which marks the difference of the number of revolutions 
of the fore and hind wheels in any journey. The rim of 
each fore wheel is 5£ feet, and of each hind wheel 7 J 
feet ; find the distance traveled when the fore wheel 
has made exactly 2000 revolutions more than the hind 
wheel. Ans. 7 J miles 100 yards. 



320 ELEMENTARY ALGEBRA. 

59. There is a wall containing 5400 cubic feet. The 
height is 5 times the thickness, and the length 8 times 
its height. What are the dimensions? 

Ans. 3 feet thick, 15 feet high, and 120 feet long. 

60. In a fleet of transports, the square root of half the 
number of ships expressed ^the number bound for the 
Gulf of Mexico, | of the fleet were for the Pacific coast, 
and the remaining 8 for coast defence. Required the 
whole number. Ans. 128 ships. 

61. A regiment of 594 men is to be raised from three 
towns, A, B, and C. The quotas of A and B are in the 
proportion of three to five ; and of B and C, in the pro- 
portion of eight to seven. Required the number raised 
by each. Ans. 144 by A, 240 by B, and 210 by C. 

62. A farm consisting of two kinds of land is let at an 
annual rent of $390, the pasture being valued at $1.50 
per acre, and the arable land at $ 3. Now the number 
of acres of arable land is to half the excess of the arable 
land above the pasture as 5 to 1. Required the quan- 
tity of each. 

Ans. 60 acres pasture ; 100 acres arable land. 

63. A merchant sold to one person 9 chests of tea 
and 7 bags of coffee for $ 300 ; and to another, at the 
same prices, 6 chests of tea and 13 bags of coffee for the 
6ame sum. What was the price of each ? 

Ans. Tea, $ 24 a chest ; coffee, $ 12 a bag. 

64. How far does a person travel in gathering up 200 
apples placed in a straight line, at intervals of 2 feet 
from each other, supposing that he brings each apple 
singly and deposits it in a basket, which is in the same 
line produced, 20 yards from the nearest apple, and that 
he starts from the basket? Ans. 19f£ miles. 

65. Required the arithmetical mean between 1 + x and 
1— x. 
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66. A farmer sowed a peck of wheat, and used the 
whole produce for seed the following year, the produce 
of this second year again for seed the third year, and the 
produce of this again for the fourth year. He then sells 
his stock after harvest, and finds that he has 12656£ 
bushels to dispose of. Supposing the increase to have 
been always in the same proportion to the seed sown, 
what was the annual increase? Ans. 15 times. 

67. Find the sum of 4 terms of a series in geometri- 
cal progression, of which the first term is £f , and the 
fourth is 2. Ans. 4$f . 

68. A gardener undertook to plant a number of trees 
at equal distances apart, and in the form of a square. 
In the first attempt, when he had finished his square, he 
had 11 trees left. He then added one to each row, as 
far as they would go, and found that he wanted 24 trees 
more to complete his square. How many trees were 
there? Ans. 300. 

69. At what times between 1 o'clock and 2 o'clock is 
there exactly one minute space between the two hands 
of a clock? Ans. 4^ T or 6-ft- minutes past 1. 

10. The difference of the squares of two consecutive 
numbers is 15 ; what are the numbers ? Ans. 7 and 8. 

71. A certain number is formed by the product of thref* 
consecutive numbers ; and if it , be divided by each of 
them in turn, the sura of the quotients' is 47. What is 
the number? Ans. 60. 

72. A gentleman is 39 years old, and his son is 17. 
In how many years will the father be three times as old 
as his son? 

73. A boat's crew row 3£ miles down a river and back 
again in 1 hour 40 minutes. Supposing the river to have 
a current of 2 miles per hour, find the rate at which the 
crew would row in still water. Ans. 5 miles per hour. 
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74. Find two numbers whose sum is 9 times their dif- 
ference, and whose product is equal to 12 times their 
quotient, together with the greater number. 

Ans. 5 and 4. 

75. Two travelers, A and B, set out at the same time 
from two places, M and N, respectively, and travel so as 
to meet. When they meet, it is found that A has traveled 
30 miles more than B ; that A will reach N in 4 days, 
and B will reach M in 9 days, after they meet. Find the 
distance between M and N. Ans. 150 miles. 

76. Find that whole number whose square added to its 
cube is nine times the next higher whole number. 

Ans. 3. 

77. A ship sails with a supply of biscuit for 60 days, 
at a daily allowance of I lb. a head. After being at sea 
20 days, she encounters a storm, in which 5 men are 
washed overboard, and damage sustained that will cause 
a delay of 24 days, when it is found that each man's 
allowance must be reduced to five sevenths of a pound. 
Find the original number of the crew. Ans. 40 men. 

78. One cask contains 12 gallons of wine and 18 gal- 
lons of water, and another cask contains 9 gallons of 
wine and 3 gallons of water ; how many gallons must be 
drawn from each cask so as to produce by their mixture 
7 gallons of wine and 7 gallons of water ? 

Ans. 10 gal. from one, 4 gal. from the other. 

79. A vessel can be filled with water by two pipes ; 
by one of these pipes alone the vessel would be filled 
2 hours sooner than by the other ; also the vessel can be 
filled by both together in 1J hours. Find the time which 
each pipe alone would take to fill the vessel. 

Ans. First, 3 hours ; second, 5 hours. 

80. The sum of the reciprocals of three numbers is 9 : 
the sum of two times the reciprocal of the first and three 
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times the reciprocal of the second is 13 ; and the sum of 
eight times the first and three times the second is 5. 
What are the numbers ? 

Ans. First, i, or 3 y 5 second, £, or |$ ; third, £, or ££ . 

81. A person leaves $12,670 to be divided amoug his 
five children and three brothers, so that, after the leg- 
acy duty has been paid, each child's share shall be twice 
as great as each brother's. If the legacy duty on a 
child's share were one per cent, and on a brother's share 
three per cent, find what amounts they would respec- 
tively receive. 

Ans. Each child, $1920.60 ; each brother, $960.30. 

82. There is a number consisting of two digits ; the 
number is equal to three times the sum of its digits, and 
if it be multiplied by three, the result will be equal to 
the square of the sum of its digits. What is the num- 
ber? Ans. 27. 

83. A sets out from a certain place and travels one 
mile the first day, two miles the second day, three the 
third, and so on. B sets out from the same place five 
days after A, and travels the same road, at the rate of 
12 miles a day. How far will A travel before the two 
will be together? Ans. 36 miles, or 120 miles. 

84. From 256 gallons of vinegar a certain number are 
drawn and replaced with water ; this is done a second, a 
third, and a fourth time, and 81 gallons of vinegar are 
then left. How much was drawn out each time ? 

Ans. 64 gallons. 

85. How many terms of the natural numbers, commen- 
cing with 4, give a sum of 5350 ? Ans. 100. 

86. There are four numbers, the first three of which 
are in geometrical progression, and the last three in arith- 
metical progression ; the sum of the first and last is 14, 
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and that of the second and third is 12. What are the 
numbers? Ans. 2, 4, 8, 12; or, ^, ty, $, J. 

87. Three numbers, whose sum is 15, are in arithmet- 
ical progression ; but if 1, 4, and 19 be added to them, 
respectively, they are in geometrical progression. Deter- 
mine the numbers. Ans. 2, 5, and 8. 

88. Two men, A and B, bought a farm of 200 acres, 
for which they paid $200 each. On dividing the land, 
A says to B, " If you will let me have my part in the sit- 
uation which I shall choose, you shall have so much more 
land than I that mine shall cost 75 cents per acre more 
than yours." B accepted the proposal. How much land 
did each have, and what was the price of each per acre t 

Ans. A, 81 867 A., at $2,443; B, 118.133 A., at $1,693. 

89. A and B engaged to reap a field for 90 shillings. 
A could reap it in 9 days, and they promised to com- 
plete it in 5 days. They found, however, that they were 
obliged to call in C, an inferior workman, to assist them 
the last two days, in consequence of which B received 
3 s. 9 d. less than he otherwise would have done. In 
what time could B and C reap the field ? 

Ans. B could reap it in 15 days; C, in 18 days. 

90. A certain number of workmen can move a heap of 
stones in 8 hours from one place to another. If there had 
been 8 more workmen, and each workman had earned 5 
lbs. less at a time, the whole work would have been com- 
pleted in 7 hours. If, however, there had been 8 fewer 
Workmen, and each had carried 11 lbs. more at a time, 
the work would have occupied 9 hours. Find the number 
of workmen, and the weight which each carried at a time. 

Ans. 36 workmen, each carrying 77 lbs. at a time ; or, 
28 workmen, each carrying 45 lbs. at a time. 



THE END. 
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